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ABSTRACT 
For long-span cable-stayed bridges, the unpredictable damages and complex structure result in signifi
cant challenges of solving displacement and quantifying the uncertainty of structural displacement. An 
effective approach to solve structural displacement and quantify its uncertainty is proposed based on 
the multiple response surfaces method. Taking a long-span cable-stayed bridge in China as an 
example, the main steps are illustrated. First, the damage modes of the materials, members, and struc
tures are determined to establish the corresponding damage uncertainty analysis models. Depending 
on the combinations of different damaged members, 13 typical damaged conditions are selected for 
the structural damage mode. After that, a surrogate model for solving the structural displacement is 
built based on the multi-response surfaces method and uncertainty parameters of damaged materials 
and other factors. Subsequently, the displacement under corresponding damage conditions is calcu
lated, the uncertainty of the structural displacement is quantified with MCS and Sobol method. 
Numerical results showed that the variation coefficient of the structural displacement is about twice 
that of the damaged material elastic modulus, and the damages do have a larger influence on the 
variation of displacement. Additionally, the proposed method can solve the structural displacement 
efficiently and be well applied to the long-span structures.
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1. Introduction

Long-span cable-stayed bridges are widely used in coastal 
areas; therefore, they are possibly subjected to damages 
caused by the corrosion of Cl-, SO4

2-, and CO2 in the envir
onment (Al-Mosawe, Neves, & Owen, 2022; Meda, Mostosi, 
Rinaldi, & Riva, 2014). Resultantly, the structural perform
ance degrades over time while the structural displacement 
increases. Furthermore, the damage uncertainties usually 
have an influence on the structural displacement. To accur
ately evaluate the structural displacement during service life
time, it is important to quantify the influence of damage 
uncertainty on the long-span cable-stayed bridges. Besides, 
the uncertainty quantification provides a foundation for 
implementing reliability-based optimization design (Jiang, 
Zhang, Beer, Zhou, & Leng, 2024) and improving long-term 
structural performance.

In engineering practice, the evolution process of struc
tural failure can usually be considered as an accumulation 
of damage. The accumulation of material damage leads to 
the damage of members, and a certain degree of accumula
tion of member damage leads to structural failure. Thus, 
material damage is the primary link to structural damage.

At the beginning of the studies, evolution equations of 
material performance were proposed (Kachanov, 1999; 
Rabotnov, 1963), and the damage variable D was initially 

introduced to describe the change in performance state caused 
by material damage. Next, Lemaitre (1971) innovated damage 
mechanics in different fields, e.g. ductile damage and low cycle 
fatigue damage. Then, several concrete damage models (Lu, 
Meng, Zhou, Wang, & Du, 2022; Wang, 2023; Wang & Li, 
2022; Zhang, Lu, & Cao, 2020) and steel fracture damage 
models (Chen, Zhang, Chen, Li, & Xing, 2023; Margolin, 
Fomenko, Shvetsova, & Yurchenko, 2022; Shang, Yang, Su, & 
Wang, 2023; Shen & Wu, 2007) were established by consider
ing various stress conditions and material types. With the 
aforementioned material damage models, it is possible to 
obtain the time-varying laws of strength, stress-strain relation
ship, and fatigue life, respectively, and the elastic modulus of a 
material is a critical parameter in these time-varying laws. 
Thus, the method of reducing the elastic modulus can be 
selected to study the damage mode of the material.

Moreover, the effects of damages were reported for the 
cable-stayed bridges, e.g. the effect of tension damages in sin
gle-cable and multi-cables systems on the stress loss of cables 
(Nazarian, Ansari, Zhang, & Taylor, 2016), the effects of mem
ber damages on the static performance of cable-stayed bridges 
(Ma, Peng, Lei, & Zhang, 2022), the effects of cable ruptures 
on the cracking behavior of the main girder (Zhang, Fang, 
et al., 2020), and the effects of cable ruptures on the impact 
resistance ability of bridges (Hoang, Kiyomiya, & An, 2018). It 
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is well known that long-span cable-stayed bridges have com
plex force transmission paths and many uncertain factors (e.g. 
stress conditions, damage conditions, and environmental con
ditions). Thus, the structural performance function is generally 
implicit and nonlinear.

On this condition, the Monte Carlo simulation (MCS) 
and response surface methodology (RSM) were employed to 
quantify the uncertainty of structural response in earlier 
studies. However, the fitting efficiency of the conventional 
RSM is usually low, and the fitting equation is inaccurate, 
too. Then, the iterative approach and Support Vector 
Machine (SVM) were integrated with the RSM to enhance 
the accuracy and efficiency of the function fitting. Due to 
the curse of dimensionality, these methods (Hadidi, Azar, & 
Rafiee, 2017; Ju, Shenoi, Jiang, & Sobey, 2013; Ren, Fang, & 
Deng, 2011) still cannot be well applicable for large complex 
structures with high-dimensional implicit failure equations. 
Therefore, the multi-response surfaces (MRS) method is 
proposed to reconstruct the high-dimensional explicit per
formance function of complex structural systems (Jiang, 
Huang, Liao, & Zhang, 2015a, Jiang, Luo, Liao, Zhao, & 
Zhang, 2015b).

In addition, it has been found that the structural per
formance function has a better fitting effect, and the MRS 
method is suitable for long-span structures with high- 
dimensional failure equations (Jiang et al., 2017; Jiang, 
Zhao, Beer, Wang, & Zhang, 2020; Jiang et al., 2021). 
Herein, the structural displacement of a long-span concrete 
cable-stayed bridge with damage can be solved based on the 
MRS method, and the uncertainty analysis of structural dis
placement can be performed. To simplify the analysis, the 
static effects of bridge structure under the basic load com
bination are considered, and the dynamic effects caused by 
autocorrelation of the loads are neglected, as reported by 
Truong & Kim (2017) and Zhang, Li, Ding, & Wu (2020).

The main sections of this study are illustrated. First, the 
elastic modulus of the material and the stiffness of the main 
girder cross-section are selected as the damage indicators 
for the material and the member, respectively. The struc
tural damage mode is considered by combining different 
damaged members. Then, a surrogate model for solving the 
structural displacement is built based on the multi-response 
surfaces method. Finally, the uncertainty of structural dis
placement is quantified with MCS, and the corresponding 
sensitivity analysis is conducted.

2. Damage mode of long-span concrete cable- 
stayed bridges

In this paper, the damage modes of material, member, and 
structure are considered for the long-span concrete cable- 
stayed bridge. The details are provided in the following.

2.1. Damage mode of material elastic modulus

The nominal elastic modulus of the material is selected as 
the damage index to establish the uncertainty analysis 
model. Moreover, the time factor is a critical parameter in 

this model because the mechanical performance of damaged 
materials often degrades with the increase of service years.

2.1.1. Degradation of the elastic modulus for concrete
According to Lemaitre’s principle of strain equivalence, the 
strain caused by the stress r acting on the damaged element is 
equivalent to the strain caused by the effective stress rt acting 
on the undamaged element. Thus, the constitutive relationship 
of the damaged material can be expressed using the nominal 
stress of the nondestructive material, and it is given by:

r

Et
¼ e ¼

rt

E0
¼

r

1 − DðtÞð ÞE0
(1) 

where E0 is the initial (undamaged) elastic modulus of mater
ial; Et is the actual elastic modulus of damaged material at 
moment t; D is the damage evolution factor, which is a critical 
damage parameter for the Damage Plasticity Model (DPM) 
(Lubliner, Oliver, Oller, & O~nate, 1989). Based on DPM, sev
eral damage factor models were established by considering dif
ferent force states and engineering characteristics, e.g. 
considering the effects of cracking (Mourlas, Markou, & 
Papadrakakis, 2019), considering the effects of uniaxial stress 
(Bian, Liu, Guo, Liu, & Shi, 2023), considering the effects of 
underwater environment (Wang et al., 2023).

However, the influence of time factor on D is not consid
ered in these damage factor models. Herein, the damage fac
tor model of concrete proposed by Zheng and Wang (2018) 
is selected, and D(t) (i.e. the amount of damage factor at 
moment t) is calculated as:

DðtÞ ¼ 4:13� 1012 exp −
t − 189:7

6:684

� �2
" #

þ 0:6599 exp −
t − 179
33:89

� �2
" #

− 0:01029 exp −
t − 189:7

6:684

� �2
" #

− 0:5366 exp −
t − 586:1

280:8

� �2
" #

þ 0:3169 exp −
t − 140:4

84:51

� �2
" #

(2) 

where t is the service time of the bridge. Then, the time-varying 
function of the nominal elastic modulus of concrete is obtained 
based on Equations (1) and (2), and it is given by:

ECðtÞ ¼ Et ¼ 1 − DðtÞð ÞE0

¼

1 − 4:13� 1012 exp − t−189:7
6:684

� �2
h i

−0:6599 exp − t−179
33:89
� �2

h i

þ0:01029 exp − t−189:7
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� �2
h i

þ0:5366 exp − t−586:1
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h i
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2.1.2. Degradation of the elastic modulus for cable
The cable is composed of steel strands, the elastic modulus 
reduction model is usually established by calculating the 
corrosion rate of the steel strands, e.g. the mass loss after 
chloride penetration (Yu, Gu, Zeng, & Zhang, 2022), the 
loss of cross-sectional area (Campione & Zizzo, 2022), and 
the relationship between area loss and mass loss (Lu, Zhou, 
Li, & Zhao, 2021). However, each degradation model has its 
specific assumptions and scope of application. Due to the 
geographical environment and the time factor, the models 
(Wang, Zhang, Wang, & Zhang, 2015; Yan et al., 2023) 
shown in Equations (4) - (6) are selected.

The degradation model of elastic modulus after the cable 
corrosion (Yan et al., 2023) is given by:

ES

ES0
¼ −0:04635gþ 1 (4) 

where ES0 and ES are the nominal elastic modulus (MPa) of 
the cables before and after the corrosions, respectively; g is 
the corrosion rate, which is given by:

g ¼
3
7

1 −
DrðtÞ

r

� �2
" #

(5) 

DrðtÞ ¼ 0:116icor t − tsð Þ (6) 

where ts is the beginning time of corrosion (years); icor is 
the corrosion current density, and takes the medium corro
sion current density 0.25 mA/cm2 reported by Wang et al. 
(2015); Dr(t) is the radius reduction of the steel wire at 
moment t; r is the radius of steel wire. Then, with 
Equations (4)–(6), the time-varying function of the elastic 
modulus of cable is given by:

ESðtÞ ¼ ES0 � −0:04635
3
7

1 −
0:116icor t − tsð Þ

r

� �2
 !" #

þ 1

( )

(7) 

2.2. Damage mode for sections of members

The bending stiffness of the damaged main girder section is 
selected as the damage index for the member sections, and 
it degrades over service time. It is assumed that the main 
girder is a constant section girder, the configuration of the 
half cross-section of this girder is given in Figure 1a. 
Besides, it is considered that the variability mainly comes 

from the corrosion of the concrete cover of the main girder, 
resulting from the contact with the sea.

For this simplified case, two assumptions are adopted for 
the damage analysis: (1) the whole cross-section of the main 
girder is divided into a damaged zone (S2 zone) and an 
undamaged zone (S1 zone) as shown in Figure 1a; (2) the 
degree of damage is not large, and the stress of the cross- 
section conforms to the plane section assumption (as seen 
in Figure 1b). In the following calculations, the damaged 
concrete zones are assumed to be located in the bottom 
slabs and webs of the main girder, as the zones marked 
with oblique lines in Figure 1a.

Let d denote the damage depth, as shown in Figure 1a. It 
is well known that d can be affected by many factors, e.g. 
time, stress state, humidity, and CO2 concentration. Several 
models were established considering different environmental 
factors and stress states (Elsalamawy, Mohamed, & Kamal, 
2019; Londhe et al., 2021; Paul, Panda, Huang, Garg, & 
Peng, 2018). Due to the flexural loads and environmental 
characteristics, the model reported by Liu et al. (2023) is 
selected to calculate d, and it is given by:

d ¼ f RHð Þ � f ðrÞ � kC0 �
ffiffiffiffiffiffiffiffi
0:2t
p

(8) 

where f (RH) is the RH (relative humidity) influence coeffi
cient, and takes 1.19 reported by Liu et al. (2023); f ðrÞ is the 
flexural load influence coefficient, and it can be acquired from 
Liu et al. (2023); kC0 is the concrete carbonation coefficient 
when r is 0, and takes 2.94 reported by Liu et al. (2023).

Suppose z denotes the vertical coordinate, z0 denotes the 
neutral axis coordinate of the whole section. The points B1 
and B2 are assumed to be the centroids of the undamaged and 
damaged zones, respectively. According to the plane section 
assumption, the strain diagram is given in Figure 1b. Next, the 
stress-strain relationships of undamaged and damaged concrete 
are calculated as Equation (9) and Equation (10), respectively, 
based on the strain diagram and Hooke’s law. Additionally, 
the static equilibrium condition for the normal section of the 
main girder is calculated as Equation (11):

r1 ¼ E1 � e1 ¼ E1 �
z1 − z0

a − z0
� emax (9) 

r2 ¼ E2 � e2 ¼ E2 �
z2 − z0

a − z0
� emax (10) 

ð

S1þS2

rdS ¼
ð

S1

r1 dSþ
ð

S2

r2 dS ¼ 0 (11) 

Figure 1. Diagram for the girder: (a) configurations of the half cross-section; (b) strain relationship.
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where E1 and E2 are the elastic modulus of the undamaged 
and damaged concrete, respectively; e1 and e2 are the strain 
of the undamaged and damaged zone, respectively; emax is 
the maximum strain of cross-section of the main girder; a is 
the height of cross-section of the main girder, and takes 3 m 
for this example; z1 and z2 are the vertical coordinates of B1 
and B2, respectively; S1 and S2 are the area of the undam
aged and damaged zone, respectively.

Subsequently, the bending stiffness K of the compound 
section is calculated as:

K ¼ E1I1z0 þ E2I2z0 ¼ E1

ð

S1

z − z0ð Þ
2dSþ E2

ð

S2

z − z0ð Þ
2dS

(12) 

where I1z0 and I2z0 are the moment of inertia of the undam
aged and damaged zone about the neutral axis; the neutral 
axis coordinate z0 of the whole cross-section can be deter
mined by solving Equations (9)–(11). It is usually difficult 
to directly simulate the damage to the main girder using 
stiffness K in the subsequent calculation of structural dis
placement. However, the variation of the stiffness K of the 
girder section can be reflected by the elastic modulus. 
Therefore, an equivalent elastic modulus E’ of the damaged 
girder section (Equation (13)) is defined according to the 
principle of equivalent bending stiffness, and it is used for 
the simulation of the damage to the main girders:

E0 ¼
E1

ð

S1

ðz − z0Þ
2dSþ E2

ð

S2

ðz − z0Þ
2dS

ð

S1þS2

ðz − z0Þ
2dS

(13) 

2.3. Damage mode for structure

For a long-span concrete cable-stayed bridge, the mid-span 
deflection and bending moment of its main span are usually 
selected to evaluate the structural response. As mentioned in 
Section 2.1 and Section 2.2, the structural response can be 
influenced by the damaged materials and member sections. 
Besides, the structural response of a cable-stayed bridge is also 
influenced by load variations and the various potential combi
nations of damage locations of the main girder and cables.

It is well-known that the structural response at a specific 
position can be accurately evaluated by the influence line, 
when the unit load acts on different positions of the girder. 
Herein, the influence line analysis can be employed to iden
tify the most unfavorable load locations, and the girder seg
ments at those corresponding positions are mainly 
considered for making combinations. For the common 
long-span symmetrical double tower cable-stayed bridges, 
the simplified schematic diagram of the bridge is shown in 
Figure 2, where the auxiliary piers are usually used to 
reduce the deflection deformation of the side span and 
improve the stiffness of the main span. The damage loca
tions of this cable-stayed bridge are determined as follows.

First, for the cables, it is reported by Wei and Pan (2020) 
that the outermost damaged cable has a greater influence on 

the structural response. Therefore, the outermost cable of 
each span is mainly considered for the calculation of the 
mid-span deflection of the bridge. In the case of the sym
metrical double tower cable-stayed bridge shown in 
Figure 2, the outermost cables of each span, (named C1, C2, 
C3, and C4) are selected to study the influence of damaged 
cables on the structural response.

Secondly, for the main girder with a uniform section, 
the influence line analysis is used to identify the unfavor
able load locations. Let the unit load move along the span 
direction of the bridge. The relationships between the 
structural response and the position of the unit load can 
be acquired by mechanical analysis, e.g. the dashed lines 
shown in Figure 2 are the influence lines. Moreover, the 
value of the influence line represents the response of the 
physical quantities (e.g. mid-span bending moment and 
mid-span deflection).

Herein, the position corresponding to the maximum 
value of the influence line can be selected as the most 
unfavorable damage location. For instance, based on the 
influence line of the mid-span deflection (Figure 2a) and the 
influence line of the mid-span bending moment (Figure 2b), 
Point 1, Point 2, and Point 3 are selected as the damaged 
locations. Finally, based on the principle that both the girder 
segments and the cables are damaged, different damaged 
girder segments and cables are combined to get various 
damage conditions.

3. Displacement solving for cable-stayed bridge 
with multi-response surfaces method

3.1. Multi-response surfaces method for limit state 
equation fitting

It is well known that the displacement is usually influenced 
by many uncertain factors (e.g. elastic modulus of cables, 
elastic modulus of concrete, and loads) for a long-span 
cable-stayed bridge. To quantify the uncertainty of structural 
displacement, the Monte Carlo sampling is usually used. In 
this case, an efficient model rather than the finite element 
model is needed for solving the displacement. Herein, an 
explicit equation about the displacement is fitted with the 
MRS method firstly, where the sample pairs and SVM tech
niques are used to fit the equation. The specific steps are as 
follows:

3.1.1. Generation of initial sample pairs in real space
To use SVM techniques for function fittings, the uniform 
design method is employed to produce initial sample pairs, 
and then the sample pairs can be distributed uniformly over 
the design space. Herein, if n random variables are given, a 
uniform design table Uh (qn) is selected to determine the 
initial sample points x in the standard normal space, where 
h, q, and n are table parameters (see Jiang et al., 2017); the 
element uij in the table can be mapped to the actual range 
of values of the variables by linear mapping (see Fang, Lin, 
Winker, & Zhang, 2000). Generally, the sampling range of 
variable in the standard normal space is assumed as [-k, k]. 
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Thus, the ith sample value of the jth variable xj in the 
standard normal space is given by a simplified equation:

xij ¼
2 uij − 1ð Þ

q − 1
− 1

� �

k i ¼ 1, 2, :::, h; j ¼ 1, 2, :::, nð Þ (14) 

where uij is usually an integer in [1, q] and means a certain 
level of the jth variable at the ith experiment design; k is a 
range parameter and usually taken 3 (Jiang, Luo, Liao, 
Zhao, & Zhang, 2015b).

Next, let x ¼ (x1, x2, … , xn) denote the sample point in 
the standard normal space. Then, the h uniform sample 
points in the standard normal space are transformed into 
those in the real space with Equation (15) for the structural 
failure analysis:

yij ¼ Fj,
−1
cd U xijð Þ
� �

(15) 

where U (‧) is the cumulative distribution function (CDF) 
of the standard normal variable xj; Fj,cd

−1 (‧) is the corre
sponding inverse function of variable yj with CDF Fj,cd (‧).

Generally, the variables of structures are divided into two 
parts: resistance variables and load variables. Let R denote the 
resistance vector, S denote the load vector, the sample point can 
be expressed by SP ¼ (R, S). For a sample point y ¼
y1, :::, yn1 , ynþ1, :::, yn½ � obtained from Equation (15), there 

are n variables in sample point y, where y1, y2, :::, yn1 are n1 
resistance variables; yn1þ1, yn1þ2, :::, yn1þn2 are n2 load varia
bles; n1 þ n2 ¼ n: Next, let r ¼
1, yn1þ2=yn1þ1, :::, yn1þn2=yn1þ1
� �

denote the load ratio 
vector, the load variables vector can be expressed by S ¼ yn1þ1r:

Then, according to Jiang et al. (2017), the initial sample 
pairs SP1 and SP2 in the safe domain and failure domain, 
respectively, can be acquired by:

SP1 ¼ y1, y2, :::; yn1 , Fs 1,
yn1þ2

yn1þ1
, :::,

yn1þn2

yn1þ1

� �� �

(16) 

SP2 ¼ y1, y2, :::, yn1 , Ff 1,
yn1þ2

yn1þ1
, :::,

yn1þn2

yn1þ1

� �� �

(17) 

where Fs and Ff are safe load factor and failure load factor, 
respectively, corresponding to a serviceability limit state. They 
can be calculated as: Fs ¼ (1- E) Slim and Ff ¼ (1þ E) Slim, 
where E is a precision control factor and generally taken as 
0.05; Slim is the limit load factor corresponding to the load 
variable yn1þ1 in point y, and it is calculated as Equation (18)
because the load is proportional to the structural displace
ment with linear elastic force under the normal use condition:

DSlim

DS0
¼

Slim

S0
(18) 

where S0 is the initial load factor corresponding to the load 
variable yn1þ1 in the initial sample point y; DS0 is the dis
placement corresponding to the initial sample point, and it 
is usually calculated by the deterministic structural failure 
analysis; Dslim is the displacement corresponding to a ser
viceability limit state (e.g. l/500 for the following analysis, 
and l is the length of the main span of bridges).

Taking two basic variables R (resistance variable) and S 
(load variable) as an example, as shown in Figure 3. Suppose 
there is a sample point P0 (R0, S0), the corresponding limit 
state sample point P0 (R0, Slim) is generated with the fixed 
resistance variable R0 and linear Equation (18). Then, the cor
responding sample pairs corresponding to a serviceability limit 
state can be generated with Equations (16) and (17).

3.1.2. Subspace division based on initial sample pairs in 
standard normal space
The SVM techniques cannot be directly used for response 
surface fitting because the dimensions of variables in real 
space are different. To unify dimensions, the limit state 
sample pairs in real space are transformed into those in 
standard normal space with:

xj ¼ U−1 Fj, cd yjð Þ
� �

j ¼ 1, 2, :::, nð Þ (19) 

where Fj,cd (‧) is the cumulative distribution function (CDF) 
of variable yj; U−1 (‧) is the corresponding inverse function 
of the standard normal variable xj.

It is reported by Jiang et al. (2017) that the closer the point 
on limit state surface is to the origin in the normal standard 
space, the more that contributes to the failure probability. 
Thus, the distance from any sample point to the origin in 
standard normal space is calculated to find x0 which is the 
closest sample point to the origin. With Equation (20), an 
inner product coefficient q0 (i) of x0 and xi is calculated. And 
the total space is divided into multiple subspaces by the values 
of q0 (i) (i is the number of sample points):

q0ðiÞ ¼ x0 � xið Þ=kx0k=kxik (20) 

First, sort the values of q0 (i) for all sample points with 
Equation (21). Next, according to the principle that the 
number of sample points in each subspace is twice the num
ber of variables (Jiang et al., 2017), the number of subspaces 

Figure 2. Influence lines of the bridge: (a) the mid-span deflection; (b) the mid-span bending moment.
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is obtained. If s is assumed to be the number of subspaces, 
the subspace ranges are [q0 (m), q0 (m-1)] (m¼ 1, 2, … , s), 
where q0(m) is obtained by Equation (22) and satisfies 
Equation (21):

1 ¼ q0ð1Þ � q0ð2Þ � � � � � q0ðiÞ (21) 

q0ðmÞ ¼ q0

Xm

i¼1
ni

 !

þ q0

Xm

i¼1
ni þ 1

 !" #

=2 (22) 

where ni is the number of sample points in the i-th subspace.

3.1.3. Fittings of limit state equation with iterative correction
With SVM techniques (Jiang et al., 2017), the limit state 
equation in the standard normal space is fitted separately by 
Equation (23) for each subspace, and the sample point pairs 
can be classified correctly, as shown in Figure 4a:

a1x1 þ � � � þ anxnð Þ þ anþ1x2
1 þ � � � þ a2nx2

n
� �

þ b ¼ 0 (23) 

where b, aj are fitting coefficients; n is the number of variables.
To accurately fit the limit state equation, more sample 

pairs are needed. Firstly, the FORM method is employed to 
solve the design points corresponding to the current limit 
state equation of each subspace, subsequently, these design 
points are transformed into those in the real space with 

Equation (15). Then, execute a structural analysis, the add
itional sample pairs (ASP) corresponding to the design 
points are generated with Equations (16)–(19), as shown in 
Figure 4b. If the ASP can be correctly separated by the cur
rent limit state equation, the iteration is ended. Otherwise, 
add these ASP to update the current set of samples, and go 
step (2) to update the subspace division. Then the limit state 
equation is also updated with SVM techniques.

3.2. Displacement solving based on the fitted limit state 
equations

The variables in Equation (23) are dimensionless because this 
limit state equation (Equation (23)) is constructed in the 
standard normal space. However, the objective unknown DS 
(e.g. the mid-span deflection of bridge) is a physical quantity 
in the real space. Herein, it is necessary to transform the limit 
state equation into an equation in the real space, and then, a 
new equation about structural displacement DS in real space is 
constructed. The specific steps are as follows.

3.2.1. Transformation of the limit state equation
Let Norm (‧) denote a function of normalization, then, the 
Equation (23) in standard normal space is transformed into 
an equation in real space and it is given by:

a1Norm y1ð Þ þ � � � þ an1 Norm yn1ð Þ þ an1þ1Norm yn1þ1ð Þ

þ � � � þ anNorm ynð Þ þ anþ1 Norm y1ð Þ
� �2

þ � � � þ anþn1 Norm yn1ð Þ
� �2 þ anþn1þ1 Norm yn1þ1ð Þ

� �2

þ � � � þ a2n Norm ynð Þ
� �2 þ b ¼ 0

(24) 

3.2.2. Construction of explicit equation for displacement 
solving
For a given sample point y ¼ y1, :::; yn1 , y0n1þ1, :::; y0n

� �
, 

with the fixed resistance variables y1, :::; yn1 , let r ¼
1, y0n1þ2=y0n1þ1, :::; y0n=y0n1þ1
� �

denote the load ratio vector. Next, 
the limit load factor yn1þ1 is acquired as yn1þ1 ¼ ðDlim=DSÞ �

y0n1þ1 by taking the initial load factor y0n1þ1 into Equation (18). 
And the corresponding limit load variables yn1þ1, :::; yn satis
fying Equation (24) are obtained by yn1þ1r: Then, the limit load 
variables can be replaced with ðDlim=DSÞ � y0j (j¼n1þ1, … , n), 

Figure 3. Diagram for generation of sample point pairs (two variables).

Figure 4. Diagram for the limit state equation fitting: (a) classification of the limit state sample point pairs; (b) generation of the additional sample point pairs.
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and the explicit displacement solving equation is given by:

a1Norm y1ð Þ þ � � � þ an1 Norm yn1ð Þ þ an1þ1Norm
Dlimy0n1þ1

DS

� �

þ � � � þ anNorm
Dlimy0n

DS

� �

þ anþ1 Norm y1ð Þ
� �2

þ � � � þ anþn1 Norm yn1ð Þ
� �2 þ anþn1þ1 Norm

Dlimy0n1þ1

DS

� �� �2

þ � � � þ a2n Norm
Dlimy0n

DS

� �� �2

þ b ¼ 0

(25) 

3.2.3. Solution of displacement equation
For a given sample point y, at first, it needs to be transformed 
into the point x in standard normal space with Equation (19). 
With Equations (20)–(22), the sample point x in the standard 
normal space can be classified correctly. Then, the given sample 
point y is taken into the displacement solving equation of the 
corresponding subspace acquired from step (2), and the value 
of DS in Equation (25) can be solved with MATLAB software.

4. Uncertainty analysis for long-span cable-stayed 
bridges with damages

4.1. Background of the cable-stayed bridge

Taking a long-span concrete cable-stayed bridge in China as 
an example, the details are shown in Figure 5. This bridge is 
a symmetrical double-tower cable-stayed bridge with a span 

arrangement of 210 mþ 420 mþ 210 m. It is mainly com
posed of three parts: the main girder with concrete, the 
main tower with concrete, and the cables with steel strands. 
The cables are arranged in a symmetrical fan-shape with 
double cable planes, and 34 pairs of stay cables are arranged 
for each tower.

In order to describe the damage location clearly, as 
shown in Figure 5a, the girder is assumed to be divided into 
four segments: Beam A to Beam D according to the 
arrangements of the cables. The cable elements include 
CA34 to CA1, CB1 to CB34, CC34 to CC1, and CD1 to 
CD34. The tower elements include T1 to T6. The girder ele
ments are corresponded to the cable elements, and they are 
named as BA34 to BA1, BB1 to BB34, BC34 to BC1, and 
BD1 to BD34. Then, the finite element model of this sym
metrical bridge is built by ANSYS software, with the Link10 
element for cables and the Beam188 element for towers and 
the girder skeleton. The details are shown in Figure 6.

4.2. Uncertainty of damaged materials and members

The initial elastic modulus of concrete and steels are 
selected as random variables for the corresponding uncer
tainty analysis model, the parameters of these random varia
bles reported by Wang and Tang (2014) are listed in 
Table 1.

First, run 30000 Monte Carlo samplings with the given 
parameters by calling the time-varying equation of material 
elastic modulus Equation (3) and Equation (7) at three 

Figure 5. General layout of the bridge (units: m): (a) elevation view; (b) cross-section of bridge tower; (c) cross-section of main girder.
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specific moments, respectively. The uncertainty parameters 
of elastic modulus of the damaged materials can be obtained 
by the statistics of the sampling results, and they are listed 
in Table 2.

Next, call the bending stiffness formula (Equation (12)), 
run 30000 Monte Carlo samplings with the uncertainty 
parameters of material elastic modulus in Table 2 at three 
specific moments, respectively. The uncertainty parameters 
of the stiffness of damaged main girder section can be 
acquired by the statistics of the sampling results, and the 
parameters at different service years are listed in Table 2, 
too. In addition, the corresponding uncertainty parameters 
can be used for the calculation of structural displacement.

4.3. Uncertainty of structural displacement

4.3.1. Damage condition of cable-stayed bridge
According to the engineering example and the damaged 
mode for structure, the mid-span position and quarter posi
tion of the main span are selected as the damage locations 
for the main girder. Thus, the girder segments located at the 
corresponding positions (e.g. key girder Segment1 and 
Segment2) are selected to study the influence of damaged 
girders on the deflection. Additionally, the outermost cables 
of each span (named CA34, CB34, CC34, and CD34) in 
Figure 7 are selected to study the influence of damaged 

cables on the deflection. Furthermore, the elastic modulus 
E’ in Equation (13) and ES in Equation (7) are employed to 
simulate the damage of the key girder segments and cables, 
respectively.

With the combination principle proposed in the previous 
sections, the most unfavorable damage condition DC1 is 
given. In this condition, all damaged members (i.e. girder 
segments and cables) are considered. Then, the number of 
damaged members is gradually reduced to make different 
combinations. Finally, a total of 13 damage conditions are 
selected as an attempt to study the influence of structural 
damage mode on the structural displacement, the details are 
listed in Table 3.

4.3.2. Selection of random variables
According to the engineering example in earlier sections, it 
involves 23 variables which describe the various properties 
of bridge. The variables including the material parameters 
(e.g. elastic modulus of the outermost damaged cables of 
each span Ei (i¼ 6, 7, 8, 9), elastic modulus of undamaged 
cables E3, elastic modulus of key girder Segment1 and 
Segment2 (E4 and E5), elastic modulus of the undamaged 
girder segments E1, elastic modulus of the bridge tower E2, 
and the gravity of each member of structure ci (i¼ 1, 2, … , 
9)), geometric parameters (e.g. the slab thickness of main 
girder Ka, the area coefficient of cable Kb, and the section 

Figure 6. Simplified finite element model of the cable-stayed bridge.

Table 1. Parameters of random variables for the bridge.

No. Name Variable Distribution Mean m Standard deviation r

1 Elastic modulus of main girder E1 / Pa Normal 3.64� 1010 3.64� 109

2 Elastic modulus of cable E3 / Pa Normal 1.95� 1011 1.95� 1010

3 Volume weight of main girder c1 / N/m3 Normal 2.66� 104 1.33� 103

Table 2. Damage uncertainty parameters of material and member at different service years.

Name Variable t/a m cov Equation

Material Elastic modulus of concrete EC(t) /Pa 0 3.64� 1010 0.100 /
30 3.32� 1010 0.114 Equation (3)
50 3.13� 1010 0.123 Equation (3)

Elastic modulus of cable ES(t) /Pa 0 1.95� 1011 0.100 /
30 1.69� 1011 0.119 Equation (7)
50 1.53� 1011 0.129 Equation (7)

Member Stiffness of the cross-section  
of the main girder

K /N‧m2 0 9.24� 1011 0.103 /
30 8.08� 1011 0.106 Equation (12)
50 7.84� 1011 0.109 Equation (12)

Note: m denotes the mean value of random variables; r denotes the standard deviation; cov denotes the variation coefficient of random variables. When t¼ 0, 
the elastic modulus of material takes its own initial elastic modulus
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thickness of main pier t), and load parameters (e.g. second
ary load q1 and vehicle load q2). They are assumed to be 
independent, and the parameters are listed in Table A1.

4.3.3. Displacement solving for the cable-stayed bridge
In Table A1, there are 2 load variables, and 23 variables in 
total. The uniform design table of U120 (12023) is generated 
and listed in Table A2. With the method proposed in this 
paper, five response surfaces are obtained, and the limit 
state equation is obtained after 9 iterations. The coefficients 
corresponding to the five response surfaces are given in 
Table A3, and they are employed to solve the displacements 
under 13 damage conditions proposed in this paper. Then, 
with the displacement solving method proposed in this 
paper, the deflections can be acquired.

The mid-span deflection of the main girder under any 
damage condition is calculated by sampling analysis based 
on the mean value of variables and the damage degree. The 
calculation results of the surrogate model under the most 
unfavorable damage condition DC1 are listed in Table 4 as 
an example. It can be seen that the mid-span deflection is 
influenced by two variables (damage degree of girders and 
cables). Taking the damage degree of the girders and cables 
as the main variable, respectively, Figure 8 is obtained. 
From the comparison in Figure 8, it can be seen that the 

mid-span deflection of the main girder gradually increases 
with the increase of the damage degree of the girder and 
the cables. Besides, this trend is also applicable to other 
damage conditions.

To verify the accuracy of the surrogate model, it is neces
sary to calculate the calculation error between the surrogate 
model and the finite element model. Let DS1 denote the 
deflection of the cable-stayed bridge calculated by the surro
gate model, DS2 denote the deflection calculated by the finite 
element model. Then, the errors between the deflections 
acquired by the surrogate model and finite element model, 
respectively, can be calculated as:

Error ¼
DS1 − DS2j j

DS2
� 100% (26) 

Taking the most unfavorable condition DC1 as an 
example, the errors are listed in Table 5. From Table 5, it 
can be seen that the maximum error of the mid-span de- 
flection calculated by the surrogate model and ANSYS is 
about 12%, while the minimum error of that is about 1%. 
In addition, the calculation error under other damage con
ditions is also not large. This indicates that the surrogate 
model fitted based on the MRS method can be well applied 
in calculating the mid-span deflection of the long-span 
bridges, and the coefficient of the surrogate model is appli
cable to the displacement solving under any damage condi
tions for this engineering example.

4.3.4. Uncertainty analysis of structural displacement
Based on the surrogate model for solving structural dis
placement in Section 4.3.3, MCS is employed to obtain the 
uncertainty parameters of mid-span deflection (e.g. the 
mean value and the coefficient of variation) under any dam
age conditions in the MATLAB computing environment. 
Firstly, at different service years, the time-related random 
variables in Table A1 need to select the corresponding 
uncertainty parameters according to the service moment t 
for sampling analysis, while the other variables in Table A1 
select the same uncertainty parameters. Subsequently, the 
random samples are taken into the displacement solving 
model proposed in this study to obtain the corresponding 
deflections. Finally, the structural displacements under dif
ferent damage conditions and service years are statistically 
analyzed, respectively.

Figure 7. Annotations for the material elastic modulus in the cable-stayed bridge.

Table 3. Damage conditions (DC).

DC

Elastic modulus of  
damaged girder  

segments & cables DC

Elastic modulus of  
damaged girder  

segments & cables

DC1 E4, E5 & E6, E7, E8, E9 DC8 E4, E5 & E6, E9

DC2 E4, E5 & E6, E7, E8 DC9 E4, E5 & E7, E8

DC3 E4, E5 & E7, E8, E9 DC10 E4 & E6, E9

DC4 E4, E5 & E6, E8, E9 DC11 E4 & E7, E8

DC5 E4, E5 & E6, E7, E9 DC12 E5 & E6, E9

DC6 E4 & E6, E7, E8, E9 DC13 E5 & E7, E8

DC7 E5 & E6, E7, E8, E9

Table 4. Calculation results of the surrogate model under DC1 (units: m).

D45 

D6789 0 0.1 0.2 0.3 0.4 0.5

0 0.598 0.646 0.687 0.752 0.794 0.809
0.1 0.625 0.658 0.696 0.752 0.795 0.810
0.2 0.641 0.659 0.699 0.768 0.827 0.841
0.3 0.649 0.685 0.730 0.787 0.838 0.866
0.4 0.651 0.696 0.735 0.799 0.840 0.912
0.5 0.655 0.709 0.758 0.800 0.881 0.963

Note: D45 denotes the damage degree of E4 and E5; D6789 denotes damage 
degree of E6, E7, E8 and E9.
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The corresponding statistical parameters of mid-span 
deflection under different damage conditions and service 
years are listed in Tables 6 and 7. Compared to the new 
construction time, the statistical parameters of main girder 
deflection have different degrees of variation under various 
damage conditions at 30a and 50a. In addition, regardless of 
any damage conditions, the mean value of mid-span deflec
tion of the cable-stayed bridge generally shows an increasing 
trend, while the variation coefficient fluctuates to different 
extents.

4.3.5. Sensitivity analysis of the structural displacement
It is known that sensitivity analysis is also an important tool 
for uncertainty quantification, and it can evaluate the contri
bution of each uncertain factor to the variability of struc
tural response in the case of multiple influence factors. 
Moreover, the Sobol method is a widely used tool for global 
sensitivity analysis with variance decomposition (Xu, Wang, 
Xia, Zhu, & Chen, 2023). It can calculate the contribution 
of the variance of a single input variable or a set of input 
variables to the output variance by decomposing the model 

into a function of single variable and its combination. The 
specific are as follows.

1. Suppose the objective function is Y¼ f(X), where X is a 
vector of v random variables ðx1, x2, :::, xvÞ:

2. With the Monte Carlo sampling method, two different 
sample matrices (Gw�v and Hw�v) are produced by run
ning w times respectively based on the uncertainty 
parameters of v random variables, where G ¼ [G1, G2, 
… , Gv]; H¼ [H1, H2, … , Hv]. Let Hi replace Gi (i¼ 1, 
2, … , v), afterwards, a new sample matrix GHi ¼ [G1, 
… , Hi, … , Gv] is acquired.

3. Three groups of output results are calculated for each 
sample in the matrices G, H, and GHi (i¼ 1, 2, … , v), 
and they are namely Y(G), Y(H), and Y(GHi), 
respectively.

4. The main sensitivity indices Si and total sensitivity indi
ces STi are calculated as:

Si ¼
var Ex�i Yjxið Þ
� �

varðYÞ
(27) 

STi ¼
Ex�i varxi Yjx�ið Þ
� �

varðYÞ
(28) 

var Ex�i Yjxið Þ
� �

�
1
w

Xw

j¼1
YðHÞj Y GHið Þj − YðHÞj

h i

(29) 

Ex�i varxi Yjx�ið Þ
� �

�
1

2w

Xw

j¼1
YðGÞj − Y GHið Þj

h i2

(30) 

where Si reflects the contribution to the output variance 
caused by the individual change of variable 
xi;varðYÞ ¼ varðYðGÞ, YðHÞÞ;STi reflects the contribution of 

Figure 8. Diagram for the mid-span deflection under different damage types.

Table 5. Error in mid-span deflection of main girder for DC1.

D45 

D6789 0 0.1 0.2 0.3 0.4 0.5

0 5.57% 4.20% 4.16% 1.09% 1.36% 3.64%
0.1 1.20% 2.49% 2.93% 1.08% 1.30% 4.22%
0.2 1.26 % 2.36% 2.51% 0.98% 2.69% 1.19%
0.3 2.52% 1.56% 1.69% 3.38% 4.02% 1.70%
0.4 2.93% 3.20% 2.47% 4.84% 4.11% 6.98%
0.5 3.48% 4.99% 5.49% 4.89% 9.07% 12.74%

Note: D45 denotes the damage degree of E4 and E5; D6789 denotes damage 
degree of E6, E7, E8 and E9.

Table 6. Uncertainty parameters of deflection when t¼ 30a.

Condition l /m cov Condition l /m cov

DC0 0.728 0.248 DC7 0.712 0.278
DC1 0.780 0.240 DC8 0.724 0.231
DC2 0.766 0.208 DC9 0.751 0.200
DC3 0.743 0.259 DC10 0.722 0.243
DC4 0.706 0.240 DC11 0.739 0.266
DC5 0.724 0.259 DC12 0.730 0.287
DC6 0.701 0.236 DC13 0.767 0.249

Note: DC0 denotes the initial state of the bridge (when t¼ 0), and there is no 
damage.

Table 7. Uncertainty parameters of deflection when t¼ 50a.

Condition l /m cov Condition l /m cov

DC0 0.728 0.248 DC7 0.788 0.271
DC1 0.774 0.211 DC8 0.738 0.223
DC2 0.776 0.232 DC9 0.755 0.260
DC3 0.785 0.232 DC10 0.720 0.238
DC4 0.742 0.293 DC11 0.744 0.216
DC5 0.747 0.261 DC12 0.737 0.276
DC6 0.773 0.206 DC13 0.766 0.287
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variable xi to the output variance, including all arbitrary- 
order variances caused by interactions with other varia
bles x�i ¼ ðx1, :::, xi−1, xiþ1, :::, xvÞ:

The most unfavorable damage condition DC1 is selected 
as an example to calculate the sensitivity indices. According 
to the engineering example, there are 23 input random vari
ables, with 20000 Monte Carlo sampling, the random sam
ples are produced based on the parameters in Table A1. 
Next, with the structural displacement surrogate model 

proposed in this paper, the corresponding structural dis
placements are acquired. Afterwards, the sensitivity indices 
can be calculated with Equation (27) and Equation (28). 
The results are drawn in Figure 9.

From the comparison of main sensitivity indices Si, it 
can be seen that the area coefficient of cable Kb and the 
gravity of main girder c1 contribute more to the variance of 
the structural displacement, while the sensitivity indices of 
other input variables are relatively smaller. This indicates 
that the variance of the structural displacement will change 
greater when the single variable Kb or c1 changes. Moreover, 
the results of total sensitivity indices STi show that the inter
action among random variables also has a great influence 
on the variance of the structural displacement, and the 
interaction between c6 and other variables is more obvious. 
In addition, it should be also noted that the results 
(Figure 9) are only applicable for the surrogate model and 
variables in this study, and there may be different results in 
other structures.

4.4. Discussion of the uncertainty analysis results of 
structural displacement with damages

The calculation results of structural displacement under 13 
damage conditions were collected and subjected to statistical 
analysis, then, the uncertainty parameters of the mid-span 
deflection under the corresponding service time are 
obtained. With Monte Carlo method, the uncertainty 
parameters of the damage indexes of materials, section of 

Figure 9. Sensitivity indices of structural displacement DS when t¼ 50a.

Table 8. Uncertainty parameters of damaged index at different service time.

Variable

t¼ 0a t¼ 30a t¼ 50a

l cov l cov l cov

Elastic modulus of concrete EC /Pa 3.64� 1010 0.100 3.32� 1010 0.114 3.13� 1010 0.123
Elastic modulus of cable ES /Pa 1.95� 1011 0.100 1.69� 1011 0.119 1.53� 1011 0.130
Stiffness of girder section K /N‧m2 9.24� 1011 0.103 8.08� 1011 0.106 7.84� 1011 0.110
Deflection of main girder DS /m 0.728 0.248 0.761 0.248 0.770 0.250

Figure 10. Variation coefficient of damage indexes of cable-stayed bridge at 
different service time.
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members are quantified for the cable-stayed bridge at differ
ent service years. The details are listed in Table 8 and 
Figure 10.

From the comparison in Figure 10, it can be seen that 
the uncertainty of the structural displacement is more 
important than that of the material elastic modulus or the 
stiffness of the girder section under any service time. The 
reason may be that the uncertainty of damaged material is 
propagated to the structural displacement, and the complex 
force transmission path caused by large numbers of mem
bers also makes the propagation of uncertainty have mul
tiple possibilities. However, the variation coefficient of the 
stiffness of the main girder is lower than that of the material 
elastic modulus. The reason may be that the main girder 
section is divided into damaged and undamaged parts in the 
damage mode of the members, and the variability mainly 
comes from the damaged concrete.

5. Conclusions

This study proposed a surrogate model to solve the struc
tural displacement based on the multi-response surfaces 
method for a long-span cable-stayed bridge with damages. 
In this surrogate model, the uncertain damages are consid
ered from three parts: materials, members, and structures. 
Taking 13 damage conditions as examples, the correspond
ing displacements were solved with the surrogate model, 
and the uncertainty parameters of structural displacement 
were obtained. In addition, the contribution of single ran
dom variable to the variability of displacement was quanti
fied with the sensitivity analysis. The main conclusions that 
can be drawn are as follows:

1. An efficient structural displacement-solving model with 
dozens of variables (e.g. 23 variables) can be built based 
on the multi-response surfaces method for the structure 
with linear mechanical behavior under the normal use 
condition. Moreover, the proposed model can achieve 
an accurate approximation and can be well applied to 
long-span structures.

2. Based on the proposed efficient displacement-solving 
model, the time-varying damaged material elastic 
modulus and the structural damage mode can be con
sidered easily, and the uncertainty parameters of struc
tural displacement can be obtained quickly and 
practically for the long-span cable-stayed bridge.

3. With the Sobol method, the contribution of each vari
able to the variability of structural displacement under 
the most unfavorable damage condition is quantified. 
For the contribution of a single variable, the area coeffi
cient of the cable or the gravity of the main girder con
tributes more to the variance of the structural 
displacement than other random variables.

4. The uncertainty of displacement under various damage 
conditions is quantified with MCS, and the variation 
coefficient of structural displacement is about twice that 
of the damaged material elastic modulus or the stiffness 
of damaged girder sections. This may because the 

uncertainty of displacement is influenced by variability 
in the loads and structural damage mode besides the 
damaged material.

This study shows that the multi-response surfaces 
method can be well applied to solve structural displacement 
of long-span bridges. The sensitivity analysis can quantify 
the contribution of each factor to the displacement and 
identify the uncertain factors that should be paid special 
attention. However, the dynamic effects of bridge structure 
caused by autocorrelation of the loads are neglected. 
Moreover, the surrogate model only studies the cases of lin
ear elastic structural behavior under the normal use condi
tion. Therefore, further studies are needed to consider the 
dynamic effects caused by autocorrelation of the loads in 
uncertainty quantification and to solve the structural dis
placement of long-span structures with the nonlinear struc
tural behavior.
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