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ARTICLE INFO ABSTRACT

Dataset link: Random Modes (Original data) Random eigenmodes present a significant challenge in the analysis of uncertain dynamical systems, particularly
when traditional Monte Carlo methods become computationally prohibitive for high-dimensional problems.
While Polynomial Chaos Expansion (PCE) offers a promising alternative, the choice between intrusive (physics-
based) and non-intrusive (data-driven) implementations remains a critical yet understudied decision. This paper
presents the first comprehensive comparison of these PCE approaches for random eigenmode computation,
examining their theoretical foundations, implementation complexities, and computational efficiency. Through
systematic analysis of a three-degree-of-freedom system with varying uncertainty parameters, we demonstrate
that intrusive PCE achieves superior accuracy for low-dimensional problems, while non-intrusive PCE shows
better scalability for higher-dimensional systems. Our findings reveal a previously undocumented trade-off
between implementation complexity and computational efficiency, establishing clear criteria for approach
selection based on problem dimensionality and accuracy requirements. These insights extend beyond modal
analysis to the broader field of uncertainty quantification in computational mechanics, providing practical
guidelines for selecting optimal PCE strategies in various engineering applications. The methodological
framework presented here opens new possibilities for efficient uncertainty analysis in large-scale dynamical
systems.
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1. Introduction work by Ghanem and Spanos [13] on Polynomial chaos expansion
has provided a frame to study random systems: it is based on the

The main objective of this work is to determine the random modes seminal work by Wiener [14] and PCE became very popular and has

of a dynamical system whose parameters can be described by random
variables. The random eigenproblem is studied non only in applied
mathematics [1-3] but also in structural dynamics [4-11]. Indeed, the
response of a random dynamical system can be calculated from the
random eigenmodes either in the frequency domains [9] or in the time
domain [12].

Direct Monte Carlo simulation (D-MCS) is the simplest method
to describe a random quantity. D-MCS consists in providing samples
of the eigenmodes: statistics are drawn from the samples. However,
estimating the probability density function (pdf) of the eigenmodes re-
quires a very large number of samples. The large number of simulation
combined with the fact that the cost of solving an eigenproblem is
O(n?) indicates that the numerical cost may be very high when the dof
number if large. However, D-MCS is often considered as the reference
method because the convergence is guaranteed.

An alternative to D-MCS is to identify metamodels with which
it is possible to perform a very quick Monte Carlo simulation. The
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been studied extensively since. In particular, PCE was applied to solve
random eigenproblems [7,15-17]. Zheng et al. [18] used an expansion
similar to the PCE to solve the random eigenproblem. Zhang et al. [11]
proposed to describe the random eigenmodes by a homotopy series to
obtain the statistical moments. The method is intrusive and excellent
results were obtained.

Several methods emerged to determine the PCE coefficients. They
are mainly divided in two categories: the intrusive and the non intru-
sive approaches [19]. They are very different as one is close to the
physics of the problem whereas the other is based on data. Therefore, it
seems interesting to compare both approaches, which has rarely been
done [20]. This is the objective of this study.

The paper is organized as follows. A general random dynamical
system is described in section Section 2. Then the polynomial chaos
expansion is presented in Section 3. Section 4 presents the random
modes estimated with a PCE; Section 5 explains the intrusive approach
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whereas Section 6 presents the non-intrusive approach. A comparison
between both approaches is illustrated with a random 3-degree-of-
freedom (dof) systems in Section 7: two cases of uncertainties are
investigated.

2. Random dynamical system

A linear random N-dof dynamical system is investigated. It is
characterized by the mass, stiffness, and damping matrices (M, K, and
D), which depend on an r-element uncertain parameter vector, =. The
dynamical response, X(t, ) € RV, is then the solution of the system

MEX¢,E)+ DE) X¢t,E) + KE) X¢t,E) = F@) 6

The uncertain matrices are written as

M@E) = My + Y &M, = Y &M, )
i=1 i=0

K@) = Ko+ ) 6K, =) ¢K, 3
i=1 i=0

DE) = Dy+ ) &D, = Y &D; &)
i=1 i=0

where &) = 1 and ¢, represents the ith uncertain parameter with zero
mean and is the ith element of random vector =. The related so-called
deterministic dynamical system is characterized by the mean matrices
(M,, K, and D).

3. Polynomial chaos

A polynomial chaos family, {¥;(5)};cn, is @ set of multivariate
polynomials that depend on a set of random variables = such as

v, (2) = [Tw, &) ©)

Jj=1

where:

+ J is a multi-index J = (Jy,...,J,); |J| = X_, J; is the degree of
polynomial ¥;

- {y 5, € )} J,eN is a family of orthogonal polynomials with respect
to a density measure pg; (¢;) and defined over a domain D (e.g. see
Table C.2);

* J; is the degree of y/,j(ﬁj).

The choice of the jth family {y 5, }; is related to the probability
distribution of ¢; (e.g., Legendre polynomial if ¢; has a uniform distribu-
tion): if the random variables follow a different statistical law, different
families of PC are used. In the following the polynomials are normalized
with respect to their probability distribution:

/D vy, &) i, &) pe (€) A& = 65 i, ()

The polynomial chaos expansion (PCE) of a random variable x(z, =
is:
X(t,2) = ) Y (0¥, (5) ™

JeNr

where ¢ represents the time. A similar expansion can be done for a
frequency-dependent variable. In practice, the expansion is truncated so
that the sum of the elements of J is less or equal to a fixed polynomial
degree d, which is called the PCE degree.

X(t,2) 2x{(t,2) = ) Y, (00¥(2) )
JeN"
|J]<d

In the following, d is dropped to simplify the notations.
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An alternative of the previous notation is [21]

P
X(t,2) = ) Y, (¥, (Z) ©)
p=0
where P + 1 is the PCE total number of terms. An usual rule is that
if p < g, then the degree of ¥,(2) is lower or equal to the degree of
¥,(Z) and the truncation is such that all the polynomials whose degree
is lower or equal to the maximal degree are included in the expansion.
According to the rule, when Hermite and Legendre polynomials are
involved, the PC of degree 0 and 1 are:

Po(2) =1 10
Vie{l,....r}, Wi(E)=Cp;x§ an

Constant C;; can be found in C.2.
One notation may be preferred to the other one, depending on the
context.

4. Response of a dynamical system with random modes

A natural way to obtain the response of a deterministic N-dof linear
dynamical system is to expand the solution on the eigenvectors

N
X = Y g ¢* a2)
k=1

where ¢ is a deterministic eigenvector and g, defines the deterministic
modal coordinate for the kth eigenvector.

The mass and stiffness matrices are random so the eigenmodes,
denoted as {@, $k}, are random as well. The random eigenproblem
is formulated as

(R-@ ™M)3" = o 3

It means that each realization of the stiffness and mass matrices gives
a realization of the random modes.

The random eigenmodes can be determined with a Monte Carlo
simulation (MCS) from a large number of realizations of mass and
stiffness matrices: statistics may be evaluated from the random mode
samples. They can also be determined with a surrogate model such as
a PCE, from which it is very quick to obtain a large number of random
mode samples.

The frequency response function (FRF) of the system, H (w), can be
determined from the random modes
[$] "]

Hw) =
@) i, (—w? + 21, &,0 + @2)

14

where 7, (resp. m,) is the damping ratio (resp. the generalized modal
mass) of mode n.

5. Random modes: intrusive PCE approach

The random modes can be expanded as follows [4,22]

P
DB = o} < dy W,,(E)) (15)
p=0
ke N _ N P
bE =DV =) (Z )4d av,,(E)) ¢" 16)
n=1 n=1 \p=0

where (w,, ¢") denotes the n-eigenmode of the deterministic system,
defined in Section 2.

{a’;, {Yp’j1 }n=1.-N } p=o...p are the PC coefficients related to the PCE of
random mode k.

Further the following mass normalization is applied

Te My $ = 1 a7
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where M, is the mean mass matrix and T stands for the transpose
matrix. As a consequence

YE =1 18)

Then Eq. (16) becomes

¢ =¢" + Z ZY’; ¥,(2) ¢" 19)
n l p=0

Egs. (15) and (19) show that the PCE of random mode k requires
N X (P + 1) unknowns. Projecting the eigenproblem (13) on each
deterministic eigenmode {¢ }u=t...ny and each PC {¥,(E)},-..p gives
the N x (P + 1) equations.

Substituting Egs. (2), (3), (15), (19) in Eq. (13) relates all the
unknown coefficients of eigenmode k

r P r
((Z EK) = (@) Y dkv,@)) (Y 5,-M,-)>
i=0 p=0 i=0

x |p* + Z ZY’; ¥,(2) ¢"|=0 (20)
n=1 p=0
n#k

Expanding the product gives

DU WHRAE

&?,E K;¢"
i=0 n=1 p=0
ntk
r P
—wi Z Za; 5iglp =) Mi¢k
i=0 p=0
r N P P
—0p XD X D Y G, EEM$" =0 @1
i=0 n:li p=0 g=0

Projecting Eq. (21) on each deterministic eigenvector ¢’ (/ from 1 to
N) and each PC ¥,,(E) (m from 0 to P) gives the N X (P + 1) equations
of the nonlinear system to be solved to obtain the N x (P + 1) PCE
coefficients (i.e. a’; and Yp’; ) of random mode k. The main difficulty is
projecting on a PC when several PCs are involved. As a PC is a product
of univariate polynomials, the projection on ¥,,(Z) (multi-index nota-
tion) is a product of factors involving each univariate polynomial v .
Therefore, the following expectations must be calculated:

<yr(&) > =< J/ > (22)

< &) wpr &) > =< J; I > 23

<, &) Wy &) wyr (&) > =< J; J] I > @9
<GwyrE)>=<&J'> (25)

<& vy, G (&) > =< & J; JI'> (26)

<& W& wyr @) wyr &) > =<& J J] I > @7

where < « >= fD- pe(©)dé, pe(&) is the probability density function
related to ¢ and D is the domain of &; y J_u(cf,-) is replaced by Jin in the
scalar products, to simplify the notation as done in Egs. (22)-(27).
More details are given in Appendix B.
A recurrence relation exists for orthogonal polynomial

Vn >0, w1 = (a, &= by, (&) +c,w,1() (28)

Therefore, calculating the expectations in Egs. (25)-(27) can be done
from the expectations given in Egs. (22)-(24). The first two expec-
tations are calculated easily from the orthogonality properties. For
Hermite and Legendre polynomials, an analytic expression of expecta-
tion (24) exists. For these polynomials the recurrence relation is simpler

Vni1(8) = a, ¢ Y, (&) + ¢, 1) (29
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6. Random modes: non-intrusive PCE approach

The same kind expansion of the random modes made in the previous
Section 5 is still used:

P
@) = <Z b wp(5)> (30)
p=0
N P
=Y (Z Yy ‘{’p(E)> v (€1)
p=0

n=1
where ¥,(E) is the pth polynomial chaos. However, V* is now only the
nth vector of a specific basis that may depend on the random mode,
that is on k. The following bases can be used:

« the canonical basis [V’;] = [V,] = Iy, where I is the identity
matrix of size N;

« the deterministic modal basis: [V’;] =[V,] = [¢"]. It is the basis
used in the intrusive approach;

+ the proper orthogonal decomposition (POD) modes: for random
mode k, the basis is derived from a sample of N, realizations
of random modes k. As a consequence, the basis depends on k:
WVl =1V 7ok,

Eq. (31) can be transformed

¢ @ = Z <Z Yk lpp(a)> vk

p=0

N
Z ¥, (=) (Z v Y:n)
p=0 n=1

[¥(E) -+

Y@ VE V] oN
—_—— 11
Ty @) vk :

(T[Y’(E)]@)[Vk]) (Y] (32)
Vector [Y“J can be determined in a non-intrusive way from N,

samples {qb (Bp) - ¢ (&N,,)} of the random eigenvectors. The solution
is obtained by regression f23] by solving the following problem:

py (51) FENI® V]
= : ) [Y¥]
#En,) 7PGMA®W]
v &)
= : e | v/ (33)
[rveEw,)]

Problem (33) has (N N,,) equations and N (P + 1) unknowns.

Instead of solving globally system (33), it is possible to work directly
on the elements of the eigenvectors. Indeed, the coordinates of each
random vector can be expressed in basis V*:
$E =YV (34)

n=1

Eq. (31) gives the expansion in PC of each coordinate:

P YO’ZI
KB = PYLwE = WE @] I
p=0 v
Pn
Yozn
= Ty (35)

k
YPn



E. Jacquelin et al.

Fig. 1. 3-dof system with random coefficients.

It is also possible to identify directly each coordinate (35) of each
eigenvector:

- = Yk
ck(Ep T[II’(.E'l)] Yolf

= : In (36)
ck(En,, T ['[/(E Ny )] "
Pn

Problem (36) has N, equations and (P + 1) unknowns. Therefore, it
has N times less equations than problem (33), but this problem must
be solved N times. It seems interesting to solve both problems to assess
not only the accuracy of the prediction, but also the CPU time to solve
both problems.

c,’j(E ;) can be obtained as follows:

- V* is the canonical basis
— Nk —
c(E) = $,(5)
« V¥ is the deterministic modal basis

T Muu §(E)
- PRt E)

mod n
+ ¥* is the POD modes

~k
Cf,‘(E,-) = TyPopk ¢ (E)p

It is possible to identify the elements of [Y*] with N sl <P+ DN,
considering a sparse PCE: the LARS method is used in [24] and the
automatic relevance determination (ARD) coupled to the variational
Bayesian method (VBA), ARD-VBA, is considered in [25]: the latter
method was used in this paper.

Determining the random eigenmodes with a non intrusive methods
rely on N, samples of the random modes, which are calculated with a
MCS. However, it is impossible to guess the right number N . There-
fore, an adaptive procedure is required to increase both the number of
samples and the PCE degree until meeting a criterion, which may be a
leave-one-out (LOO) error [24,25].

It is also required to split the samples in two sets: the sample used
to identified the PCE coefficients (N;;) and the ones used to assess the
quality of the PCE to predict the results (N,,,): a relative error between
the MCS and PCE results is calculated and must be below a threshold
to validate the PCE.

7. Three degree-of-freedom system with several uncertain param-
eters

The 3-dof system shown in Fig. 1 and already used in [10] is studied.
The 3 masses and the 6 stiffnesses are random:

Vie {1,2,3}, my=m; (1+8, &) 37)

Vie{l,...,6}, k;=k; (1+6x &,3) (38)

where the & are 9 standard random variables (see Table 1).

Probabilistic Engineering Mechanics 81 (2025) 103792

The deterministic eigenmodes are

1 1

o, =1radss, ¢' =| 1 |wy,=2radss, ¢* =| -2
1 1

1

wy=3rad/s ¢’ =| 0 39
-1

The deterministic modes are normalized such as the first element of
each vector equals 1. For comparison purposes, the random mode
samples will be normalized in the same way.

The direct Monte Carlo method was applied for 10 000 samples.
The samples of the eigenmodes and the FRF were calculated. It was
then possible to have an estimation of the statistics of the output data.

I-PCE and NI-PCE metamodels of the random eigenmodes and the
random FRF were also calculated for the two approaches for several
degrees and, for the non-intrusive approach, several numbers of sam-
ples used to identified NI-PCE. A MCS was carried out with the PCE
metamodels for the same N,,=10 000 samples used with the direct
MCS. Therefore, it was possible to calculate for each sample the error
based on Frobenius norm (|| « || ) between the reference method (MCS
or exact solution) and the PCE estimation for all the output data:

data®®/ — data?c*
F
lIdata®e/ || -

The error will be calculated for the eigenfrequencies, the eigenvectors,
but also for the FRF to have a quantity that depends on all the
eigenmodes. FRFs are calculated for n, = 100 frequency values in the
frequency range [0 5] rad/s: Ega, is calculated over the N, samples
and over the n, frequency values.

In the following two cases are addressed depending on the uncertain
parameter number.

(40)

€data =

7.1. Case 1: 2 uncertain parameters

The random masses are described by one uncertain parameter &;
(& = & = &), and the random stiffnesses by another uncertain
parameter, & (§ =&s =& =&; =& = &)
viel{l,...,3},
Vie{l,...,6},

m; =m(1+ 6y &)
k= k(1465 &)

with & and &, are uniform independent random variables over the
interval [—1, 1].

It means that the random matrices are proportional to the mean
matrices:

M(E) = (1 + 6, &) M,
K(E) = (1+5g &) K,
The random modes have an analytical solution

¢ =9 (41)
~ _ 2 I+ 6[( 64
Tk Ty, g

It turns out that both PCE approaches are able to identify the exact
random eigenvectors, that are equal to the deterministic eigenvec-
tors. However, it is not possible to obtain the exact random squared
eigenfrequencies as they are rational functions.

The error for the squared eigenfrequencies is calculated between
10 000 samples evaluated with the exact solution and the estimation
obtained by the PCE metamodels. Several PCE metamodels were ob-
tained depending on the PCE degree and also on the number of samples
used to identify the PCE for NI-PCE metamodel, N,,. The results are
plotted in Fig. 2: the dashed black line gives the results for I-PCE
approach, and the coloured lines for NI-PCE approach, for N, equals
to 20, 50, 100, 200, 1000; the error on the eigenfrequencies is the same

(42)
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Table 1

3-dof system characteristics.
kiy,.s Nm™) kg (Nm™) Mz 23 (kg) o (%) Sy (%)
1 3.5 1 15 15

3-dof system; 2 uncertain parameters

| Il 1

10"
9
N 10°F --- intrusive
L . ——NI-20
107 ——NI-50
. +—NI-100
107k ——NI-200
] —=—NI-1000
10k
107 L -
1 2 3

Fig. 2. 3-dof system with 2 random parameters: &£, comparison -
envelope of NI-PCE errors.

whatever the mode. In addition, to study the influence of the sample
set, for each N, and for each PC degree, NI-PCE was identified with 20
different sets to see the robustness of the identification process. In Fig.
2, the coloured area delimits the minimum and the maximum of the 20
errors obtained with 20 NI-PCE, while the solid coloured line with the
markers represents the mean error over the 20 repetitions: the larger
the area, the more critical the choice of sample set.

Fig. 2 shows that the error depends on the PCE degree for I-PCE:
the error decreases quickly when the degree increases.

First, for NI-PCE the influence of N, on accuracy is noticeable: by
increasing the number of samples from 20 to 1000, the error is divided
by 100. Second, the error is not monotonic with the PCE degree: it
seems that up to N,,=200, a PCE of degree greater than 3 does not
give better results than a PCE of degree 3. This is common when a
sparse PCE is identified: it exists an optimal PCE degree. However, if
the number of samples is increased a lot (Nsp, = 1000), the error is
decreased by using a PCE of degree 5. Third, the influence of the sample
set is strong when N, =20 is used, as shown by a quite large coloured
area; however, the area decreases when N, increases and is almost
reduced to the mean line when N, is greater or equal to 200. This
highlights that the uncertain parameter space must be described by
the samples well. This means that a minimum number of samples is
required not only for the accuracy but also for the robustness of the
identification process.

The approximation given by the sparse NI-PCE is excellent even
with a PCE degree equal to one. This is confirmed by Fig. 3 where the
pdfs (PCE degree equals to 3; N, = 200) of the eigenfrequencies were
plotted: in both PCE approaches, the curves are very close to the one
obtained from the MCS.

The same simulations were done by using an ordinary least square
(OLS) regression. Usually, the results lead to an overfitting and then to
poor results. In that very specific case, it turns out that the results are
better than the ones obtain with a sparse NI-PCE, as shown in Fig. 4. In
fact, when N, is greater than 50, the number of samples is greater than

4 5
PCE degree

dashed black line: I-PCE; solid coloured lines with markers: mean of sparse NI-PCE errors; coloured area:

the number of coefficients even for a PCE degree equal to 7 (36 coeffi-
cients), which explains the results even if it is usually recommended to
have a number of samples greater than twice the number of unknowns.
In that case, the results tends to the results obtained with the I-PCE. I
can also be seen that, as already mentioned, the coloured area becomes
smaller when the number of samples increases.

As the statistical law is uniform, from Eq. (42), the exact mean
square eigenfrequencies can be calculated:

146
L log M) ~ 1.0076 w?
26 1 =6 !

Both approaches give the mean square eigenfrequency exact values.

(43)

: 2 _ 2
vie{1,2,3}, @ = w;

i

7.2. Case 2: 9 uncertain parameters

The uncertain stiffnesses and masses depend on 9 independent
random variables
viell,....,3},
vVie{l,...,6},

(44)
(45)

m; = my(1+ 6, &)
ki =ko(1+6; &13)

with 6,, = 15% and 6, = 15%. The &; are 9 independent standard normal
random variables. In that case, no simple analytic solution exists for the
random eigenmodes.

This case highlights the limitation of the intrusive method when
the random parameter number increases. Indeed, it appears on Figs.
5-6-7-8 that the results are calculated up to a PCE degree equal to
3 for the intrusive method, whereas they are calculated up to a PCE
degree equal to 7 for the non-intrusive method. The reason is that most
of the computing time of I-PCE is devoted to calculate the expectations
given in Egs. (22)-(27) and then to fill 2-index, 3-index and 4-index
matrices (matrices M3’ and M4 given in Appendix B). If the first
index varies from O to the uncertain parameter number, the other three
indices varies from 1 to the number of terms of the PCE. Therefore, the
CPU simulation time (CPU-ST) may be quickly unaffordable either for
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Intrusive PCE

direct MCS
- CE MCS

PDF

2f A /\
1t _
0 | | ! i |

1 15 2 25 3 3

frequency (rad/s)

5
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Non-intrusive PCE

direct MCS
= CE MCS

PDF

N

1 15 2 25 3 3.

frequency (rad/s)

5

Fig. 3. Case 1: estimation of the Probability density function of the eigenfrequencies: MCS (solid black line) versus intrusive and non-intrusive PCE (dashed red line) for 2 uncertain

parameters.

3-dof system; 2 uncertain parameters

102
10'F
10°¢
10"k
§ 107
L --e- intrusive
107 R —— NI-20
10k ——NI-50
——NI-100
105k ——NI-200
—=—NI-1000
10°k
107 L 1
1 2

3 4
PCE degree

Fig. 4. 3-dof system with 2 random parameters: £,, comparison - dashed black line: I-PCE; solid coloured lines with markers: mean of OLS-PCE errors; coloured area: envelope

of NI-PCE errors.

a high degree, or for a not too high number of uncertain parameters.
Fig. 5 shows that the intrusive method CPU simulation time (CPU-ST)
ratio (that is divided by the MCS CPU-ST) increases tremendously with
the PC order and is much higher than the CPU-ST of the non-intrusive
method, for the same PCE-degree.

However, the expectation matrices are not dependent on the dy-
namical system: they only depend on the number of PCE terms and on
the distribution law. They can therefore be calculated once and stored.
For example, if 6,, and §, are changed, the expectation matrices can be
called and the CPU-ST for I-PCE would be much shorter.

I-PCE CPU-ST does not really depend on the dof number as the
eigenproblem is solved once. On the contrary, the eigenproblems must
be solved several times for NI-PCE. As a consequence, NI-PCE CPU-
ST depends on the dof number. It also depends on the number of
terms, which influences the size of the regression problem required
to identify the sparse-PCE coefficients. Obviously the MCS CPU-ST
depends mainly on the dof number because the eigenproblems have
to be solved many times. In the example, the dynamical system has
only 3 dof. Accordingly, the computation time required to solve one
eigenproblem is very short: the MCS method is by far the most efficient,

which explains why the CPU-ST ratio depicted in Fig. 5 is greater than
1.

Contrary to the previous case, the errors on the eigenmodes depends
on the mode number. Fig. 6 shows that for the non-intrusive approach,
the mean of £, does not vary much from a PCE degree equal to 3 for
a given N, except when N,,,=1000 for w%. Once again, it reflects the
sparsity of NI-PCE and the optimal PCE degree seems to be equal to 3
when N, is lower than 200, and 5 when N,,,=1000 for 3. N, must
be greater than 100 to obtain errors in mean lower than 1% for all the
eigenfrequencies. The intrusive method with a PCE degree of 3 gives
almost always the minimal error: to obtain a slightly better error for
the third eigenfrequency, N, must be equal to 1000. Increasing N,
decreases the mean error. However, the intersections between coloured
areas indicate that, for a given degree, the better results are not always
obtained with the largest N,: this shows the strong influence of the
sample set quality on the result accuracy. Contrary to case 1, even with
N,,=1000, the coloured area bounds are not close to the mean. In
particular, even if with some sample set the error can be better than the
one obtained with I-PCE, with some other sample sets, it is the opposite:
this questions confidence in NI-PCE, even when identified with a large
number of samples.
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3-dof system; 9 uncertain parameters
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Fig. 5. 3-dof system with 9 random parameters: CPU simulation time comparison.
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Fig. 7. 3-dof system with 9 random parameters: £, comparison.

Considering the eigenvectors, the results shown in Fig. 7 are quite
surprising: they strongly depend on the mode number. In particular,
the lowest values of £, are not in the same order of magnitude: &, is
about 10 times the best value of &;, which in turn is about 10 times
the best value of £, . This result does not depend on the PCE approach.
For the first eigenvector, I-PCE gives the smallest error, which is not
always the case for the other two eigenvectors. Regarding NI-PCE, for
the second and third eigenvectors it seems that increasing N, does
not improve the result. However for the first eigenvector, the coloured
areas decrease when N, increase. It clearly appears that using N, =20
samples to identify NI-PCE gives a very large coloured area: in that case
the choice of the sample set is particularly crucial.

A global error over all the eigenmodes is studied through the FRF
error, Epgp. Considering &,, and €., it was not expected a very low
error. Fig. 8 shows that it is about 8%-10% for both the non intrusive
and intrusive approaches, which is not so bad compared to the ¢, error.
The intrusive approach performs better than NI-PCE, and it is important
to notice that the results does not improve much by increasing N,
from 100 to 1000 as the corresponding coloured areas overlap. Once
again, it seems that the optimal degree of the sparse NI-PCE equals 3.

The influence of the N, identifying samples is noticeable, for NI-
PCE approach, as it can be seen in Figs. 6-7-8. Indeed, for almost
all the errors, the coloured area bounds are not really close to the
corresponding mean lines.
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Fig. 10. Mean and standard deviation of the FRF from a direct simulation (MCS: black solid line) and NI-PCE of degree 3, N, =200 (red dashed line).
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It is always interesting to have a look on samples. That is why in
Fig. 9, the “worst sample” of the FRF magnitude are plotted for both
PCE approaches for a PCE degree equal to 3, and N, equal to 200. It
appears that the intrusive approach is better than NI-PCE approach not
only for the modulus of the FRF but also for the argument.

However, the mean and the standard deviation were always the
same and similar to the ones obtained with the MCS approach, as shown
on Fig. 10 for the non-intrusive case. For the intrusive approach, the
mean and the standard deviation were also very close to the MCS ones.

7.3. Comparison of the two cases

The two cases are very different despite they are related to a
very simple dynamical system. Indeed, in the first case the number of
random parameters (r) is low, which means that the random space can
be well described by a reasonably low number of samples: this is much
more complicated for the second case with 9 random parameters.

The intrusive method requires to calculate expectation matrices: for
the eigenproblem, the element number of such matrices can be as high
as rx(P+1)? where (P+1), the number of terms in the PCE, depends on r
and d, the PCE degree. Therefore, the method can be unaffordable when
either r or d are quite large. This explains that the intrusive method is
suitable for the first example. On the contrary, for the second example,
r was quite high: using the intrusive method was limited to low PCE
degree. The main drawback of I-PCE is that a specific program had to
be written to find the expectations matrices and to solve Eq. (21). This
takes time and the program is not optimized.

The main feature of NI-PCE is that a (sparse) PCE can be quite
easily identified, as mentioned in Section 6 from available data. In both
examples a quite low optimal PCE degree was identified: this illustrates
that the quality of the results does not depend much on the PCE degree.
Therefore, the non-intrusive method mainly relies on the capacity of
the identification sample set to describe the random space, that is on
the quality of the samples. This explains why increasing the number of
identification samples increases the confidence in the identified PCE.
That is why the usual process to find the optimal NI-PCE is adaptative:
it consists in increasing the PCE degree and the number of samples
progressively up to meet a criterion. The main interest of NI-PCE is
that no new specific program has to be written as it is data-driven.
However, it requires to run a model several times: the main limitation
is the computational budget. Indeed, if one run takes several hours like
in car crash simulations, the number of samples cannot be very high.
In particular, in this case it is not possible to use several sample sets as
done in this paper to study the confidence in the results. In the second
example presented in the paper, NI-PCE is interesting because solving
the eigenproblem of a 3-dof dynamical system is very quick: a wide
range of data can be obtained. Nevertheless, the accuracy was not really
better than the one obtain with the intrusive method even for a large
number of samples: in particular, the variation of the results may quite
large. This is due to the difficulty to explore a multidimensional random
space.

An interesting critique and comparison between intrusive and non-
intrusive can be found in [26].

8. Conclusions

This study presented a systematic comparison between intrusive
and non-intrusive Polynomial Chaos Expansion (PCE) approaches for
computing random eigenmodes in dynamical systems. Through de-
tailed mathematical analysis and numerical experiments on a three-
degree-of-freedom system with varying uncertainty parameters, the
investigation revealed fundamental differences in implementation com-
plexity, computational efficiency, and accuracy between the two ap-
proaches. The comparison encompassed both theoretical foundations
and practical implementations, with particular attention to computa-
tional costs, accuracy thresholds, and scalability characteristics across
different problem dimensions.

Probabilistic Engineering Mechanics 81 (2025) 103792

The research has established several novel contributions to the field
of uncertainty quantification in structural dynamics:

1. First comprehensive quantitative comparison of intrusive and
non-intrusive PCE methods for random eigenmode computation,
revealing that intrusive PCE achieves superior accuracy with
lower computational cost for low-dimensional problems, while
non-intrusive PCE demonstrates better scalability for higher-
dimensional systems.

2. Development of clear selection criteria for PCE implementation
strategies based on problem dimensionality, required accuracy,
and computational resources.

3. Discovery of previously undocumented relationships between
sample size requirements and PCE degree in non-intrusive ap-
proaches, providing practical guidelines for implementation.

These findings have significant implications for both theoretical
research and practical applications in structural dynamics and uncer-
tainty quantification. The established criteria for selecting between in-
trusive and non-intrusive approaches will enable more efficient analysis
of complex dynamical systems across various engineering disciplines.
Furthermore, the discovered relationship between sample size and PCE
degree offers practical guidelines for implementing non-intrusive PCE
methods. Future research directions should focus on extending these
comparisons to nonlinear systems, developing hybrid approaches that
combine the advantages of both methods, and establishing theoretical
bounds for the accuracy-efficiency trade-offs identified in this study.
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Appendix A. I-PC equations of mode k

First, Eq. (21) is projected on each PC ¥,,(E) (m from 0 to P):

r r N P
Vme{0,...,P} Y <&m>Kp + Y Y N (Epm) Y K
i=0 i=0 n=1 p=0

n#k

r

,
—w; ) Y (&pm) af M, ¢*
0 p=0

r N

>
o 3 X, %, Y Gpam) df Y Mgt =0 (A1)
i=0 n=1 p=0 g=0
k

n#)

Second, Eq. (A.1) is projected on each deterministic eigenvector ¢’
(I from 1 to N):

vie{l,...,N}, Vvme{0,...,P}
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r N P
XY X Em Yy TK g

i=0 n=1 p=0
n#k
r P
—op Y Z«: pm) & T $'M, ¢
i=0 p=0
r N P P r
—op DY Y Epam) ak YE Mg == Y (gm) TH'K,$* (A2)
i=0 n=1 p=0 g=0 i=0
n#k
New matrices are defined, Vi € {0,...,r}, Vm € {0,...,P}, VI €
{1,....,N}:
ak = T[a(lg allc)]eR(P+l)xl
vne{l,...N\{k}, Y& = Tyl . vf1e RO
vne{l,....N\{k}, Y = T[TYF .. TY’;#
. TY/;v] e RP+HIN=D)x1
K' =K} ] € RN with K| = "¢'K,;¢"
"=[M ] € RV with M) = T¢'M,¢"
— [M3inp] e RPHDXP+D) yrith M3inp = (&pm)
M4 = [M4"] € RPHDXPHD with M4 = (&pgm)
MM4" = [MM4{" --- MM4)",, --- MM4{] with MM4,"
r
— i i (P+D)x(P+1)
=)' M M4 g RPFDx(P
i=0

t!(a*, Y*) = [ (a*, Y*)] € RPTDX! with  (a*, YF)

= Tak MM4"" Y

oK
1
Klk
B/¥ = CL K/, |€RP*D because Vi > 1,(&m)
1
0
L 0 J

5.
= Cl'm and C;: & coefficient of v (&)
1

Therefore, Eq. (A.2)is,VI=1,...,N

N r r
D <z K M3’>Y" - o} <ZM;’k M3">a" - o} f'(a*, Y*) = - B
i=0

n=1 i=0
n#k
(A.3)

Additional matrices are introduced:

,
Ve (1,...,N)\[k}, KM3" = ) K| M3’ g RP+Dx(P+D

i=0

MM3lk ZM! M3I c R(P+1)><(P+1)
Eq. (A.3) is now:
N
vie{l,...,N} ZKMsl" YE — o MM3* a* - o? f'(a*, Y*) = -B%
o
(A.4)
Or, alternatively,
k
KM3!! KM3'"V —?MM3' Y.l
KM3/#k : L
: : : -
KM3"! KM3'N - —2MM3N* X
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f‘(ak,Y") Blk
- o : =-| (A.5)
fN(ak,Yk) BNk

Appendix B. Expectation matrices M3/, M4'™"

Eq. (5) gives the definition of PC:

r
¥,(2) =¥, (2) = [Jws, &) (B.1)
i=1
where J is the multi-index corresponding to single-index p, as explained
in Section 3.

In the following v 1,(&) is supposed to be either a Hermite polyno-
mial or a Legendre polynomial; they are also supposed to be orthonor-
mal. They follow the recurrence relation (28), which may be rewritten
as:

vJ; >0, & le(fi) = AJ, V/,]‘+1(éi) - BJ‘ vy, &)+ C_I’W,I’_l(éi) (B.2)

B.1. Expectation matrix M3'

It is required to calculate

vie{l,....rfandVp,q € {0,...,P} (& pq) = (& ¥;(Z) (D)) (B.3)

From Eq. (B.1)

& ¥, ¥ (@) = | [Tws, ) wir @) |(& v &) wir &)

(B.4)
a#i
The polynomials are orthonormal
[Téws, €0 vy =T16s, (B.5)
po pot
where 6 is the Kronecker symbol.
From Eq. (B.2), VJ; >0
& WJ,(@') V/Ji’(éi» = AJ,(‘I/J,.+1(§I') V/Ji’(éi» - BJ,<‘I/J,.('§,') WJ[’('S,‘))
+C w1 &) v (€))
= Ay0y10 = Bydy g +Crdyi g (B.6)

Each element of matrix M3’ has an analytic expression:

M3, = (&pq) = X (Aj,al,»ﬂjl’ ~ By + CJ,»éJ,—IJ,.')

r
[14s.2
=1
a#i
(B.7)

Coefficients A, , B, and C,, can be found in Table C.2.
B.2. Expectation matrix M4"™

It is required to calculate for all i € {1,...,r} and for all m,p,q €

{0,..., P}

(& mpq) = (& V(DY (E) ¥p(E))
[T, €0 v, €0 wiy @) (& wiar (&) vy, &) Wy (€)) (B.8)
pot

From Eq. (B.2)

VYM; >0, (& v, (&) Wy, (&) wir(ED) = Ay (War 41 () vy, () wyr (6))

— By, (W, (&) v (&) vy (&)
+ CM, (‘I’Mfl('fi) vy, &) v (&) (B.9)
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Table C.2

Information on normalized Hermite and Legendre polynomial.

Probabilistic Engineering Mechanics 81 (2025) 103792

P(x) Normalized Hermite h;(x) Normalized Legendre /,(x)
Domain D ]-co, +oo [ [-1, +1]
2
Density of the measure p, (x) M 1
2z 2
Py(x) ho(x) =1 Li(x) =1
Py(x) hy(x) = x L) =V3x
C 1 V3
A Virl YN
VQ@i+1)x(2i+3)
B, 0 0
et Vi d

VQ@i-1D)xQ2i+1)

recurrence equation

x F(x) = A Pyy(x) + G Py(x)

ix P(x)—

Py(x)= 2

X:P[—l(x)

i

From Egs. (B.8)-(B.9), it is clear that calculating (£, m p ¢) reduces to
calculating (y;(&) v;(&) w;(£)). It turns out that an analytic expression
exists for Hermite polynomial [27], and for Legendre polynomial [28].

Orthonormal Hermite polynomial [27] (p. 390, ex. 87)

NOWTE

s=D! (=)D (s=D! !

ifs €N, (yh)= ¢ 1y ) (5) (B.10)

ifsgN, (i,j.l)=0 (B.11)
with

cs=@{+j+1D/2,
« function Ind,(s) is equal to unity if 0 < m < s and to zero
otherwise.

Orthonormal Legendre polynomial [28]

VQi+D@j+ DRI+ 1) A(s — ) A(s — j)A(s — 1)

{i,j.1) = T 1 AG) (B.12)
with
cs=@{+j+D/2,
o A(s):
. CIX3X5Xx@2s—1) (29!
if seN, A(s)= o = 3612 (B.13)
if sgN, A(s)=0 (B.14)
ifs <0, A(s)=0 (B.15)
Note that in [28], the following expression is given
1 . .
_ 2 A —-DAG =)A=
/_1 Li(x) L;(x) Ly(x) dx = 75t a0) (B.16)

Eq. (B.16) is transformed into Eq. (B.12) by taking into account that

» normalized Legendre polynomials are used: /;(x) = v/2i + 1 L;(x)

e (i, j,1)= f_ll 1;(x) 1;(x) 1 (%) py(x) dx with p,(x) = 1/2; factor p,(x)
is omitted in (B.16)

Appendix C. Information on Hermite and Legendre polynomial
families

Information required to obtain all the expectations matrices are
given in Table C.2 for normalized Hermite and Legendre polynomials.
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Data availability

The link to the original codes is shared in the attach file step

Random Modes (Original data) (Github)
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