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 A B S T R A C T

Conventional piezoelectric energy harvesters (PEHs) struggle to capture energy from low-frequency vibrations 
due to their intrinsic stiffness, limiting their applicability in real-world scenarios. The integration of Negative 
Stiffness Inertial Amplifiers (NSIAs) with cantilever bimorph PEHs enables a reduction in effective stiffness and 
amplification of dynamic mass, thereby enhancing low-frequency energy harvesting efficiency. A mathematical 
framework for NSIA-based energy harvesters is developed, analysing two circuit configurations (with and 
without an inductor). Key parameters, including stiffness ratio, mass ratio, and amplifier angle, are optimised. 
The harvested power is evaluated under both harmonic and random excitations. The proposed NSIA-integrated 
system achieves 99.97% higher power output compared to conventional harvesters. The inclusion of an 
inductor further enhances power generation at higher frequencies. Comparative analysis with traditional 
inertial amplifiers (IAs) shows that NSIAs outperform IAs by nearly two orders of magnitude. The findings 
demonstrate the transformative potential of NSIAs in vibration energy harvesting (VEH), offering a scalable 
and efficient solution for self-powered sensing, structural health monitoring, and industrial IoT applications.
1. Introduction

Vibration energy harvesting (VEH) has garnered significant atten-
tion as a promising approach for powering self-sustained wireless sen-
sors [1], structural health monitoring (SHM) systems [2], and Internet 
of Things (IoT) applications [3]. By converting ambient mechanical 
vibrations into electrical energy, VEH offers an alternative to batteries, 
which suffer from limited lifespan and environmental concerns [4]. 
Among the various transduction mechanisms [5], piezoelectric energy 
harvesters (PEHs) have demonstrated superior energy density and ease 
of integration [6]. However, conventional PEHs exhibit fundamental 
limitations in low-frequency vibration energy harvesting [7]. Their 
high stiffness restricts operational bandwidth, making it difficult to 
capture energy efficiently from vibrations with long wavelengths and 
low amplitudes [8]. Additionally, low-frequency vibrations often suffer 
from weak excitation forces, leading to suboptimal strain generation in 
piezoelectric materials, which significantly limits power output [9]. The 
challenge is further compounded by the presence of damping effects 
and impedance mismatches, reducing the overall energy conversion 
efficiency in practical applications such as bridges, buildings, and 
industrial machinery [10]. Overcoming these difficulties requires inno-
vative structural modifications that not only reduce effective stiffness 
but also amplify inertial effects, ensuring greater energy extraction 
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from low-frequency vibrations [11]. Additionally, the integration of 
adaptive and tunable mechanisms is necessary to compensate for the 
inherent variability of environmental excitations, thereby enhancing 
low-frequency energy harvesting efficiency [12].

In recent years, several approaches have been proposed to im-
prove low-frequency vibration energy harvesting (VEH) [13]. One com-
mon strategy involves frequency up-conversion using mechanical im-
pact or nonlinear bi-stable mechanisms [14], which effectively con-
vert low-frequency ambient vibrations into high-frequency oscillations 
for enhanced power generation [15]. These systems often incorporate 
magnetic or elastic elements to induce snap-through motion [16], 
thereby increasing energy extraction efficiency [17]. A novel dual-
source vibration energy harvester (DVEH) has been introduced, which 
utilises a spherical pendulum to capture both flow-induced and multi-
directional vibratory energies, broadening the range of operational 
frequencies [18]. While effective, these methods often introduce ad-
ditional complexity, require external triggering, and may suffer from 
mechanical wear over extended operation [19]. Another widely ex-
plored approach is inertial amplification, where compliant mechanisms 
or resonant amplification structures, such as dynamic magnifiers and 
multi-degree-of-freedom (MDOF) systems, are employed to enhance 
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energy capture at low frequencies [20]. By leveraging resonant cou-
pling between multiple masses, these configurations increase displace-
ment responses, thereby improving power output [21]. However, such 
approaches typically necessitate precise tuning and additional mass, 
which may impose size and weight constraints [22]. Additionally, 
the presence of multiple resonances can introduce sensitivity to fre-
quency shifts, reducing overall robustness [23]. To further extend the 
operational bandwidth and efficiency, researchers have explored the 
integration of nonlinear stiffness mechanisms into VEH designs [24]. 
In particular, negative stiffness mechanisms have gained significant at-
tention as a promising solution to address these challenges [25]. By in-
corporating negative stiffness elements, the effective natural frequency 
of the system can be significantly reduced, enabling energy harvest-
ing from ultra-low-frequency ambient vibrations [26]. Furthermore, 
negative stiffness elements [27], when integrated into piezoelectric 
energy harvesters (PEHs), have been shown to enhance power density 
by inducing large-amplitude oscillations even under weak excitation 
conditions [28]. Despite these advantages, existing implementations 
of negative stiffness VEH systems are often passive, relying on fixed 
structural configurations that lack adaptability to varying environmen-
tal conditions [29]. This limitation reduces their practical deployment 
in real-world scenarios where vibration characteristics fluctuate over 
time [30]. Additionally, some negative stiffness VEH designs exhibit 
bistable or multi-stable behaviour, which can lead to complex dy-
namic responses and inconsistent performance [31]. Active or tunable 
negative stiffness mechanisms have been proposed to overcome this 
limitation by allowing real-time adjustment of system parameters [32]. 
Such tunable designs leverage controllable electromagnetic or elec-
tromechanical actuators to dynamically modify the effective stiffness, 
thereby optimising energy harvesting performance across a wider fre-
quency range [33]. However, these active configurations often require 
additional power consumption, which may offset the benefits of in-
creased energy capture [34]. To achieve a balance between adaptability 
and energy efficiency, researchers are exploring hybrid strategies that 
integrate both passive and active tuning elements. Another emerging 
direction is the use of metamaterial-inspired architectures, which can 
tailor mechanical properties at the microscale to achieve desirable 
stiffness characteristics. These innovative designs aim to harness non-
linear interactions to further boost energy harvesting efficiency while 
maintaining a compact form factor. Overall, while significant progress 
has been made in enhancing low-frequency VEH, challenges remain in 
optimising system efficiency, scalability, and real-world applicability.

Despite these advancements, a significant gap remains in the de-
velopment of a scalable and tunable negative stiffness mechanism 
that can substantially improve low-frequency VEH while maintaining 
structural simplicity and minimising additional weight [35]. Current 
studies primarily focus on single-degree-of-freedom (SDOF) designs 
with limited mass amplification effects, restricting their applicability to 
broadband, real-world environments [36]. Furthermore, most negative 
stiffness VEH solutions do not incorporate electrical circuit modifica-
tions that could further optimise energy extraction efficiency [37]. To 
bridge these gaps, a novel negative stiffness inertial amplifier (NSIA)-
integrated PEH system is required, one that offers dynamic tunability, 
mass amplification, and enhanced power output at low frequencies.

This study introduces an innovative NSIA-integrated PEH system 
that addresses the limitations of conventional and existing negative 
stiffness VEH approaches. By leveraging NSIAs, a significant reduction 
in effective stiffness and a simultaneous amplification of the dynamic 
mass is achieved a significant reduction in effective stiffness and a 
simultaneous amplification of the dynamic mass, allowing for enhanced 
energy harvesting at ultra-low frequencies. Additionally, two circuit 
configurations, one without an inductor and another incorporating an 
inductor, are explored to assess their impact on harvested power under 
different excitation conditions. Optimisation of the proposed system is 
conducted through key parameters such as stiffness ratio, mass ratio, 
and amplifier angle to maximise energy conversion efficiency. The key 
contributions of this work are as follows:
2 
• Development of a novel NSIA-integrated PEH system that signifi-
cantly enhances low-frequency energy harvesting efficiency.

• Introduction of a tunable negative stiffness mechanism that dy-
namically reduces system stiffness and increases effective mass.

• Comparative evaluation of two circuit configurations, demon-
strating the additional power enhancement potential of inductor-
based designs.

• Mathematical formulation and parametric optimisation of the 
NSIA-PEH system under harmonic and random excitations.

By addressing the fundamental limitations of low-frequency VEH
through NSIAs, this research introduces a novel method integrating a 
negative stiffness inertial amplifier with a cantilever bimorph piezoelec-
tric energy harvester. The proposed system dynamically reduces stiff-
ness while amplifying the effective mass, leading to enhanced power 
output at low frequencies. Two circuit configurations, one with and one 
without an inductor, are evaluated to optimise harvested energy under 
different excitation conditions. This research paves the way for the 
development of next-generation energy-harvesting technologies, with 
potential applications in SHM, IoT, and self-powered sensing networks. 
The remainder of this paper is structured as follows: Section 2 presents 
the theoretical framework and design principles of the NSIA-integrated 
PEH system. Section 3 details the mathematical modelling and op-
timisation strategies employed. Section 4 compares the performance 
of the proposed system with traditional inertial amplification-based 
harvesters. Section 5 concludes with key findings and future research 
directions.

2. Cantilever bimorph piezoelectric energy harvesters with nega-
tive stiffness inertial amplifiers

The negative stiffness inertial amplifiers provide dynamic negative 
stiffness and dynamic effective mass to the hosting structures. In this 
study, the hosting structure is considered as the cantilever bimorph 
piezoelectric energy harvesters, and the structural diagrams are shown 
in Fig.  1. The figure displays two distinct harvesting circuit config-
urations: subfigures Fig.  1(a) and (b) depict the circuits without an 
inductor and with one, respectively. The major mass of the harvester is 
its tip mass 𝑚, with two smaller masses 𝑚𝑎 helping to provide inertial 
amplification. 𝜙 is the amplifier angle, and 𝑘𝑎 is the amplifier stiffness. 
In the harvesting circuit, 𝐿 is the inductor and 𝑅𝑙 is the load resistance. 
The base-excitation 𝑦𝑏(𝑡) is the source of ambient energy. 𝑦(𝑡) and 𝑣(𝑡), 
respectively, represent the primary mass displacement and the voltage 
produced by the strain in the piezoelectric layers. 𝑢(𝑡) = 𝑦(𝑡) cos𝜙∕ sin𝜙
gives the horizontal velocity of the amplifier masses. Low amplitude vi-
bration is applied to the fixed end of the cantilever beam. Consequently, 
the dynamic effective mass of the tip mass of the cantilever bimorph 
piezoelectric energy harvester is enhanced and simultaneously, the 
dynamic effective stiffness of the harvester is lowered by the negative 
stiffness inertial amplifier. First, the dynamic effective mass of the static 
mass of the amplifier, i.e. 𝑚𝑎, is increased by the laterally attached 
undamped spring-mass system [38] and expressed as 

𝑚𝑖𝑎 =
𝑚𝑑

(

𝜇 𝜔2 − 𝜔2
𝑏
)

𝜔2 − 𝜔2
𝑏

(1)

where 𝑚𝑖𝑎 defines the dynamic effective mass of the amplifier. 𝜔𝑏 =
√

𝑘𝑏∕𝑚𝑏 defines the natural frequency of the lateral spring-mass system. 
𝜇 = 𝑚𝑎∕𝑚𝑑 defines the mass ratio of the negative stiffness inertial 
amplifier. The lateral spring-mass system provides dynamic effective 
negative stiffness to the harvester. 𝑚𝑑 defines the total static mass of 
the negative stiffness inertial amplifier, i.e. 𝑚𝑑 = 𝑚𝑎 + 𝑚𝑏. 𝑚𝑏 defines 
the static mass of the lateral spring-mass system and is derived as 
𝑚𝑏 = (1 − 𝜇)𝑚𝑑 . 𝑚𝑖𝑎 is further written as 

𝑚𝑖𝑎 =
𝑚𝑑

(

𝜖2𝜇 − 1
)

2
or 𝑚𝑖𝑎 =

𝑚𝑑
(

𝜇 𝜂2 − 𝜂2𝑏
)

2 2
(2)
𝜖 − 1 𝜂 − 𝜂𝑏
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Fig. 1. The structural configurations of the cantilever bimorph piezoelectric energy harvesters with negative stiffness inertial amplifiers. Two different configurations for the 
harvesting circuits are shown in the figure, namely, without and with an inductor are shown in subfigures (a) and (b) respectively. The tip mass 𝑚 is the primary mass of the 
harvester, while two small masses 𝑚𝑎 contribute towards the inertial amplification. The amplifier angle is 𝜙 and the amplifier stiffness is 𝑘𝑎. 𝑅𝑙 is the load resistance and 𝐿 is the 
inductor of the harvesting circuit. The source of the ambient energy is through the base-excitation 𝑦𝑏(𝑡). The displacement of the primary mass and the voltage generated due to 
the strain in the piezoelectric layers are denoted by 𝑦(𝑡) and 𝑣(𝑡) respectively. The horizontal velocity of the amplifier masses is given by 𝑢(𝑡) = 𝑦(𝑡) cos𝜙∕ sin𝜙.
where 𝜖 = 𝜔∕𝜔𝑏, defines the excitation frequency ratio of the lateral 
spring-mass system. 𝜂 = 𝜔∕𝜔𝑛 and 𝜂𝑏 = 𝜔𝑏∕𝜔𝑛 define the excitation 
frequency ratio and frequency ratio of the lateral spring-mass system. 
𝜔𝑛 defines the natural frequency of the harvester. Eq.  (1) is added to 
the static mass of the tip mass of the harvester, i.e. 𝑚, and the dynamic 
effective mass of the harvester, i.e. 𝑚ℎ has been derived as 

𝑚ℎ = 𝑚 + 0.5𝑚𝑖𝑎
(

1 + cot2 𝜙
)

(3)

Eq.  (1) is substituted in Eq.  (3). 

𝑚ℎ =
𝜔2 (𝛩𝑚𝑑𝜇 + 𝑚

)

− 𝜔2
𝑏
(

𝛩𝑚𝑑 + 𝑚
)

𝜔2 − 𝜔2
𝑏

=
𝜂2

(

𝛩𝑚𝑑𝜇 + 𝑚
)

− 𝜂2𝑏
(

𝛩𝑚𝑑 + 𝑚
)

𝜂2 − 𝜂2𝑏

(4)

where 𝛩 = 0.5
(

1 + cot2 𝜙
)

.

3. Energy harvesting from harmonic base excitations

In the previous section the simplified equation of motion of a piezo-
electric cantilever with inertial amplifier has been developed. Here, 
energy harvesting due to harmonic base motion applied to the system 
as ambient excitations is considered. Two cases of circuit configurations 
are considered.

3.1. Circuit without an inductor

A schematic diagram of a cantilever piezoelectric energy harvester 
with an inertial amplifier having a circuit without an inductor is shown 
in Fig.  2. Next, mathematical expressions for the harvested power and 
combinations of parameters that can maximise it are derived.

3.1.1. Quantification of the harvested power
Newton’s second law is applied to derive the governing equations of 

motion of the cantilever bimorph piezoelectric energy harvesters with 
negative-stiffness inertial amplifier and expressed as 
𝑚ℎ𝑦̈(𝑡) + 𝑐ℎ𝑦̇(𝑡) +

(

𝑘ℎ + 𝑘𝑎
)

𝑦(𝑡) − 𝜃𝑣(𝑡) = −𝑚ℎ𝑦̈𝑏(𝑡)

𝐶𝑝𝑣̇(𝑡) +
1
𝑅𝑙

𝑣(𝑡) + 𝜃𝑦̇(𝑡) = 0
(5)

where 𝑐ℎ and 𝑘ℎ define the dynamic effective damping and stiffness 
of the harvester, i.e 𝑐ℎ = 2𝑚ℎ𝜁𝑛𝜔𝑛 and 𝑘ℎ = 𝑚ℎ𝜔2

𝑛. The dynamic 
effective mass of the negative stiffness inertial amplifier manipulates its 
stiffness, i.e. 𝑘𝑎 and this 𝑘𝑎 has been derived as 𝑘𝑎 = 𝛤𝑘𝑘ℎ. The stiffness 
ratio 𝛤𝑘 in this case describes how stiff the spring 𝑘𝑎 is in relation 
to the cantilever beam’s stiffness in the first mode of vibration. To 
prevent excessive static strain on the beam, the spring 𝑘𝑎 of the negative 
stiffness inertial amplifier should have sufficient strength to sustain 
3 
Fig. 2. A cantilever piezoelectric energy harvester with an inertial amplifier having 
a circuit without an inductor. 𝑅𝑙 is the load resistance of the harvesting circuit. The 
source of the ambient energy is through the base-excitation 𝑦𝑏(𝑡). The displacement of 
the primary mass and the voltage generated due to the strain in the piezoelectric layers 
are denoted by 𝑦(𝑡) and 𝑣(𝑡) respectively.

the three masses’ static weight. On the other hand, excessive spring 
stiffness will reduce captured power and cause little dynamic deforma-
tion. 𝑦(𝑡) represents the relative movement of the system in relation 
to the base excitation. 𝑦𝑏(𝑡) represents the voltage, 𝑣(𝑡) represents the 
voltage, 𝑅𝑙 represents the load resistance, 𝐶𝑝 represents the capacitance 
of the piezoelectric layer, 𝑡 represents the time, and 𝜃 represents the 
electromechanical coupling. The coupled electromechanical behaviour 
of the energy harvester is considered in this study. The deterministic 
harmonic excitation 𝑦̈𝑏(𝑡) = 𝑌𝑏𝑒i𝜔𝑡 is applied at the fixed support of the 
cantilever and as a result, the steady-state responses of the cantilever 
beam are considered as 
𝑦(𝑡) = 𝑌 𝑒i𝜔𝑡 and 𝑣(𝑡) = 𝑉 𝑒i𝜔𝑡 (6)

In this context, 𝜔 represents the frequency of the driving force, whereas 
i denotes the imaginary unit i =

√

−1. By converting equations Eq.  (5) 
into the frequency domain and dividing the first equation by 𝑚 and the 
second equation by 𝐶𝑝, the following expressions are obtained: 
(

−𝛤ℎ𝜔2 + 2i𝜔𝜁𝑛𝜔𝑛𝛤ℎ +
(

1 + 𝛤𝑘
)

𝛤ℎ𝜔2
𝑛
)

𝑌 (i𝜔) −
(

𝜃
𝑚

)

𝑉 (i𝜔) = −𝛤ℎ𝑌𝑏
(

i𝜔 + 1
𝑅𝑙𝐶𝑝

)

𝑉 (i𝜔) +
(

i𝜔 𝜃
𝐶𝑝

)

𝑌 (i𝜔) = 0
(7)

Eq.  (7) has been derived using the Laplace transformation [39]. The 
time-frequency conversion is essential for analysing the system’s dy-
namic response in the frequency domain, enabling the identification 
of resonance behaviour and optimal energy harvesting conditions. This 
transformation allows for a more efficient evaluation of power out-
put under varying excitation frequencies. 𝛤ℎ = 1 + 0.5𝜇𝑑

(

𝜇𝜂2−𝜂2𝑏
𝜂2−𝜂2𝑏

)

(

1 + cot2 𝜙
)

. 𝑌 (i𝜔) and 𝑉 (i𝜔) represent the Fourier transforms of 𝑦(𝑡)
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and 𝑣(𝑡), respectively. Additionally, 𝜇𝑑 = 𝑚𝑑∕𝑚, defines the ratio of the 
total static mass of the negative stiffness inertial amplifier to the static 
mass of the beam. This mass ratio is described in equation Eq.  (7). The 
harvester’s natural frequency (𝜔𝑛) and damping factor (𝜁𝑛) are defined 
as follows: 

𝜔𝑛 =

√

𝑘ℎ
𝑚ℎ

and 𝜁𝑛 =
𝑐ℎ

2𝑚ℎ𝜔𝑛
(8)

Eq.  (7) is divided by 𝜔2
𝑛 and the transfer matrix is derived as

[

−𝛤ℎ𝜂2 + 2i𝜂𝜁𝑛𝛤ℎ +
(

1 + 𝛤𝑘
)

𝛤ℎ − 𝜃
𝑘

i𝜂 𝛼𝜃
𝐶𝑝

(i𝜂𝛼 + 1)

]

{

𝑌 (i𝜂)
𝑉 (i𝜂)

}

= −
{

𝛤ℎ
0

}

(

𝑌𝑏
𝜔2
𝑛

)

(9)

𝑘 defines the static stiffness of the harvester. The dimensionless fre-
quency and time constant are defined as follows: 

𝜂 = 𝜔
𝜔𝑛

and 𝛼 = 𝜔𝑛𝐶𝑝𝑅𝑙 (10)

It should be noted that 𝛼 represents the time constant of the first-order 
electrical system, which has been made non-dimensional by employing 
the natural frequency of the mechanical system. The displacement 
and voltage in the frequency domain can be derived by inverting the 
coefficient matrix.
{

𝑌 (i𝜂)
𝑉 (i𝜂)

}

= − 1
𝛥1(i𝜂)

⎡

⎢

⎢

⎣

(i𝜂𝛼 + 1) 𝜃
𝑘

−i𝜂 𝛼𝜃
𝐶𝑝

−𝛤ℎ𝜂2 + 2i𝜂𝜁𝑛𝛤ℎ +
(

1 + 𝛤𝑘
)

𝛤ℎ

⎤

⎥

⎥

⎦

×
{

𝛤ℎ
0

}

(

𝑌𝑏
𝜔2
𝑛

)

(11)

The determinant of the coefficient matrix is calculated using the equa-
tion shown above. 

𝛥1(i𝜂) =

(

0.5𝛼𝜇𝜇𝑑 + 𝛼 + 0.5
(

cot2 (𝜙)
)

𝛼𝜇𝜇𝑑
)

(i𝜂)5

+

(

𝛼𝜇𝜇𝑑𝜁𝑛 + 0.5𝜇𝜇𝑑 + 2.0𝛼𝜁𝑛 + 1

+0.5
(

cot2 (𝜙)
)

𝜇𝜇𝑑 +
(

cot2 (𝜙)
)

𝛼𝜇𝜇𝑑𝜁𝑛

)

(i𝜂)4

+

⎛

⎜

⎜

⎜

⎜

⎜

⎝

2.0𝜁𝑛 + 𝛼 𝜂2𝑏 + 𝛼𝜇𝑘 + 0.5𝛼𝜇𝜇𝑑𝜇𝑘
+0.5𝛼𝜇𝜇𝑑 + 0.5𝛼 𝜂2𝑏𝜇𝑑 + 𝜇𝜇𝑑𝜁𝑛 + 𝛼𝜅2

+𝛼 +
(

cot2 (𝜙)
)

𝜇𝜇𝑑𝜁𝑛 + 0.5
(

cot2 (𝜙)
)

𝛼𝜇𝜇𝑑
+0.5

(

cot2 (𝜙)
)

𝛼𝜇𝜇𝑑𝜇𝑘 + 0.5
(

cot2 (𝜙)
)

𝛼 𝜂2𝑏𝜇𝑑

⎞

⎟

⎟

⎟

⎟

⎟

⎠

(i𝜂)3

+

⎛

⎜

⎜

⎜

⎜

⎜

⎝

2.0𝛼 𝜂2𝑏𝜁𝑛 + 𝜇𝑘 + 𝜂2𝑏 + 0.5𝜇𝑑𝜂2𝑏
+0.5𝜇𝜇𝑑 + 𝛼 𝜂2𝑏𝜇𝑑𝜁𝑛 + 1.0 + 0.5𝜇𝑑𝜂2𝑏

(

cot2 (𝜙)
)

+0.5
(

cot2 (𝜙)
)

𝜇𝜇𝑑 +
(

cot2 (𝜙)
)

𝛼 𝜂2𝑏𝜇𝑑𝜁𝑛
+0.5𝜇𝜇𝑑𝜇𝑘 + 0.5

(

cot2 (𝜙)
)

𝜇𝜇𝑑𝜇𝑘

⎞

⎟

⎟

⎟

⎟

⎟

⎠

(i𝜂)2

+

⎛

⎜

⎜

⎜

⎜

⎜

⎝

2.0𝜂2𝑏𝜁𝑛 + 𝛼 𝜂2𝑏 + 𝛼 𝜂2𝑏𝜇𝑘
+0.5𝛼 𝜂2𝑏𝜇𝑑𝜇𝑘 + 0.5

(

cot2 (𝜙)
)

𝛼 𝜂2𝑏𝜇𝑑𝜇𝑘
+𝜂2𝑏𝜇𝑑𝜁𝑛 + 𝛼 𝜂2𝑏𝜅

2 + 𝜇𝑑𝜂2𝑏
(

cot2 (𝜙)
)

𝜁𝑛
+0.5𝛼 𝜂2𝑏𝜇𝑑 + 0.5

(

cot2 (𝜙)
)

𝛼 𝜂2𝑏𝜇𝑑

⎞

⎟

⎟

⎟

⎟

⎟

⎠

(i𝜂)

+0.5𝜇𝑑𝜂2𝑏 + 𝜂2𝑏𝜇𝑘 + 0.5𝜂2𝑏𝜇𝑑𝜇𝑘 + 𝜂2𝑏
+0.5

(

cot2 (𝜙)
)

𝜂2𝑏𝜇𝑑𝜇𝑘 + 0.5𝜇𝑑𝜂2𝑏
(

cot2 (𝜙)
)

(12)

The non-dimensional electromechanical coupling coefficient is a pa-
rameter that is defined as 

𝜅2 = 𝜃2

𝑘𝐶𝑝
(13)

By solving equation Eq.  (11), the dynamic response and the voltage 
output of the system caused by the harmonic base excitation can be 
determined. 

𝑌 (i𝜂) =
(−i𝜂𝛼 − 1)

(

0.5𝜇𝑑𝜂2𝑏
(

csc2 (𝜙)
)

− 0.5𝜇𝑑𝜇 𝜂2
(

csc2 (𝜙)
)

+ 𝜂2𝑏 − 𝜂2
)

𝛥1(i𝜂)

4 
×

(

𝑌𝑏
𝜔2
𝑛

)

(14)

𝑉 (i𝜂) =
i𝜂𝛼𝜃

(

0.5𝜇𝑑𝜂2𝑏
(

csc2 (𝜙)
)

− 0.5𝜇𝑑𝜇 𝜂2
(

csc2 (𝜙)
)

+ 𝜂2𝑏 − 𝜂2
)

𝐶𝑝𝛥1(i𝜂)

(

𝑌𝑏
𝜔2
𝑛

)

(15)

 It is advantageous to observe the response quantities in a dimensionless 
form. The electricity obtained from the harvest is determined by 

𝑃 (𝜂) =
𝑉 2(𝜂)
𝑅𝑙

(16)

Since 𝑅𝑙 remains constant, in order to describe power in a non-
dimensional form, it is just necessary to non-dimensionalise the voltage. 
There are multiple methods to accomplish this. To simplify the analysis, 
the voltage at 𝜂 = 1 is used as a reference point for normalisation, 
assuming zero damping and the absence of the inertial amplifier. 

𝑉0 = 𝑉 (i𝜂)|{𝜂=1,𝜁𝑛=0,𝜇𝑑=0,𝛤𝑘=0} =
𝜃

𝜅2𝐶𝑝

(

𝑌𝑏
𝜔2
𝑛

)

(17)

 By utilising this method, the voltage response is derived in a non-
dimensional form. 

𝑉 (i𝜂) =
𝑉 (i𝜂)
𝑉0

=
i𝜂𝜅2𝛼

(

0.5𝜇𝑑𝜂2𝑏
(

csc2 (𝜙)
)

− 0.5𝜇𝑑𝜇 𝜂2
(

csc2 (𝜙)
)

+ 𝜂2𝑏 − 𝜂2
)

𝛥1(i𝜂)

(18)

The dimensionless power is thus expressed as 

𝑃 (𝜂) =
𝑃 (𝜂)
𝑃0

=
|

|

|

|

𝑉 (i𝜂)
𝑉0

|

|

|

|

2
= |

|

|

𝑉 (i𝜂)||
|

2
(19)

In the context of harmonic base excitation, a primary focus is the 
fluctuation of harvested power as a function of the driving frequency 
of the base excitation. To acquire physical insights, the results obtained 
thus far are applied numerically to a specific example problem. Table 
1 presents the system parameters for the simulations, as sourced from 
Ref. [40]. For these parameter values, 𝑉0 = 896.87 V is derived 
when 𝑌𝑏 = 1 mm, with the negative sign neglected. The value of 𝑉0
will vary considerably based on the system parameters. The results 
of this study are presented in a non-dimensional format for the sake 
of generality. The actual values can be derived by multiplying the 
respective normalisation factors. Fig.  3 illustrates the non-dimensional 
power response of a cantilever piezoelectric energy harvester equipped 
with an inertial amplifier, plotted against non-dimensional frequency. 
This figure contrasts the performance of two different inertial amplifier 
configurations with that of a traditional harvester lacking an inertial 
amplifier. The primary emphasis of the figure is to demonstrate the 
improved power harvesting efficiency of the proposed systems, espe-
cially at lower frequencies, in contrast to traditional systems. The data 
indicates that the proposed systems with inertial amplifiers substan-
tially exceed the classical harvester in power output, especially at lower 
frequencies. The configuration shown in Fig.  3(a) (where 𝜇𝑑 = 0.2
and 𝜙 = 10◦) achieves a 96.27% power enhancement compared to the 
traditional harvester. The maximum non-dimensional power generated 
by NSIA is 25.0727, whereas the traditional harvester without NSIA 
produces a power output of 0.9334. For instance, the system depicted 
in Fig.  3(b), with parameters 𝜇𝑑 = 1, and 𝜙 = 15◦, exhibits a power 
output exceeding 98.63% that of the traditional harvester at lower 
frequencies. The maximum non-dimensional power generated by NSIA 
is 68.6218, whereas the traditional harvester without NSIA produces a 
power output of 0.9334. These results highlight the significant power 
enhancement achieved through NSIA, demonstrating its effectiveness 
in improving energy harvesting performance across different configura-
tions. The maximum power output from each harvester is listed in Table 
2. Fig.  4 illustrates the non-dimensional power response of a cantilever 
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Fig. 3. The non-dimensional power of a harvester devoid of an inductor as a function of non-dimensional frequency. The powers derived from the classical harvester lacking an 
inertial amplifier and the proposed harvester featuring two distinct inertial amplifier configurations are presented for comparison. The power generated by the proposed harvesters 
is 96.27% and 98.63% superior to the conventional harvester.
Table 1
Parameter values used in the simulation [40].
 Parameter Value Unit  
 𝑚 9.12 × 10−3 kg  
 𝑘 4.1 × 103 N/m  
 𝑐 0.135 Ns/m 
 𝑅𝑙 3 × 104 Ohm  
 𝐶𝑝 4.3 × 10−8 F  
 𝜃 −4.57 × 10−3 N/V  
 𝜁𝑛 0.011 –  
 𝛼 0.8649 –  
 𝜅2 0.1185 –  

piezoelectric energy harvester equipped with an inertial amplifier un-
der random excitation, plotted against non-dimensional frequency. This 
figure compares the performance of two different inertial amplifier 
configurations with that of a traditional harvester without an inertial 
amplifier. The primary objective is to highlight the enhanced power 
harvesting capability of the proposed systems, particularly in response 
to broadband random excitation, as opposed to traditional systems. 
The results indicate that the proposed systems with inertial amplifiers 
significantly outperform the conventional harvester, particularly at 
lower frequencies. For instance, the configuration shown in Fig.  3(a) 
(where 𝜇𝑑 = 0.2 and 𝜙 = 10◦) achieves a 99.85% increase in power 
output compared to the traditional harvester. Under random excitation, 
the maximum non-dimensional power generated by NSIA is 1.406×1013
dB/Hz, whereas the traditional harvester without NSIA produces only 
2.0985 × 1010 dB/Hz. Similarly, the system depicted in Fig.  3(b), with 
parameters 𝜇𝑑 = 1 and 𝜙 = 15◦, exhibits a power enhancement 
exceeding 99.97% over the traditional harvester at lower frequencies. 
The maximum non-dimensional power attained by NSIA in this case is 
8.244× 1013 dB/Hz, in contrast to 2.245× 1010 dB/Hz for the traditional 
system. These findings underscore the substantial power enhancement 
achieved by NSIA under random excitation, demonstrating its efficacy 
in optimising energy harvesting performance across diverse configura-
tions. The maximum power output from each harvester is listed in Table 
3.

3.1.2. Optimisation of the harvested power
The initial step to optimise the harvested power is to identify 

the frequency at which the power maxima occur. In lightly damped 
systems devoid of the inertial amplifier, the harvested power reaches 
its maximum at approximately 𝜂 ≈ 1. To determine the frequency at 
5 
Table 2
Non-dimensional power under harmonic excitation.
 Device Power  
 NSIA (𝜙 = 10◦) 25.0727 
 NSIA (𝜙 = 15◦) 68.6218 
 Without NSIA (Conventional energy harvester) 0.9334  

Table 3
Non-dimensional power under random excitation.
 Device Power  
 NSIA (𝜙 = 10◦) 1.406 × 1013 dB/Hz  
 NSIA (𝜙 = 15◦) 8.244 × 1013 dB/Hz  
 Without NSIA (Conventional energy harvester) 2.0985 × 1010 dB/Hz 

which the harvested power reaches its maximum, the derivative of the 
normalised power, as specified in equation Eq.  (19), with respect to the 
normalised frequency squared, is set to zero. 
𝜕𝑃 (𝜂2)
𝜕𝜂2

= 0 (20)

By simplifying this, the requisite condition is derived as: 
(

−0.125
(

sin2 (𝜙)
)

− 0.0625𝜇𝜇𝑑
)

𝜂2𝑚𝑎𝑥 + 0.125
(

sin2 (𝜙)
)

𝜂2𝑏 + 0.0625𝜇𝑑𝜂2𝑏 = 0

𝜂2𝑚𝑎𝑥 =
𝜂2𝑏

(

2
(

sin2 (𝜙)
)

+ 𝜇𝑑
)

𝜇𝜇𝑑 + 2
(

sin2 (𝜙)
)

(21)

The maximum harvested power’s non-dimensional frequency is conse-
quently determined by the inertial amplifier parameters, time constant, 
and electromechanical coupling coefficient.

The non-dimensional power of two distinct inertial amplifiers is 
illustrated in Fig.  5. Four values of the damping factors for the energy 
harvesters have been evaluated. Their range extends from undamped 
to a damping factor of 10%. As anticipated, reduced damping in the 
harvester results in increased power extraction from the harmonic base 
excitation. The value of 𝜂max derived from equation Eq.  (21) is indicated 
in Fig.  5 by an asterisk (‘*’). It closely aligns with the frequency at 
which the harvested power is maximised for all four damping values. 
The non-dimensional frequencies for the maximum power derived from 
Eq.  (21) are 1.01 and 0.73, respectively. Upon comparison with the pre-
cise results, it was confirmed that for all damping values, the frequency 
corresponding to maximum power remains significantly unchanged. It 
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Fig. 4. The non-dimensional power of a harvester devoid of an inductor as a function of non-dimensional frequency. The harvester is subjected to random excitation. The powers 
derived from the classical harvester lacking an inertial amplifier and the proposed harvester featuring two distinct inertial amplifier configurations are presented for comparison. 

The power generated by the proposed harvesters is 99.85% and 99.97% superior to the conventional harvester.
Fig. 5. The non-dimensional power of a harvester devoid of an inductor (𝛼 = 0.8649, 𝜅2 = 0.1185) as a function of the non-dimensional frequency for five chosen values of damping 
factors. The frequency of maximum power (𝜂max) derived from equation Eq.  (21) is indicated by a ‘*’ in Fig.  5. Four of the damping factors for the energy harvesters have been 

examined for demonstration purposes.
is important to observe that in both instances, this value is considerably 
lower than that of the classical harvester lacking an inertial amplifier, 
for which 𝜂max approaches 1.03. This unequivocally illustrates that 
the optimal power is extracted at a lower frequency in comparison to 
the traditional harvester. For Fig.  5(a), the maximum power outputs 
evaluated for 𝜁𝑛 = 0, 0.01, 0.05, and 0.10 are 27.4627, 25.4546, 9.8303, 
and 4.0384, respectively. For Fig.  5(b), the maximum power outputs 
evaluated for 𝜁𝑛 = 0, 0.01, 0.05, and 0.10 are 79.7691, 70.3275, 19.0902, 
and 6.3878, respectively. The increment in the harvester’s damping ra-
tio reduces its power generation capacity. Therefore, a lower damping 
ratio is preferable for maximising the energy harvesting performance. 
Fig.  6 presents the non-dimensional power spectral density (PSD) re-
sponse of a harvester under random excitation, with results shown 
for four selected damping factor values (𝜁𝑛 = 0, 0.01, 0.05, 0.10). The 
analysis is split into two cases: (a) parameters 𝜇𝑎 = 0.2, 𝛤𝑘 = 1, 𝜇 = 0.5, 
𝜙𝑏 = 10◦, and 𝜂𝑏 = 0.8, and (b) parameters 𝜇𝑎 = 1.5, 𝛤𝑘 = 1.0, 𝜇 = 0.5, 
𝜙𝑏 = 15◦, and 𝜂𝑏 = 0.55. Fig.  6(a): This configuration demonstrates 
the harvester’s response with a smaller mass ratio and lower excitation 
frequency parameter:

• Resonance peaks: The PSD exhibits sharp peaks near 𝜂 = 1, cor-
responding to the harvester’s resonance frequency. The sharpness 
6 
and amplitude of these peaks are most prominent for 𝜁𝑛 = 0 and 
decrease with increasing damping.

• Damping effects: As 𝜁𝑛 increases from 0 to 0.10, the resonance 
peaks broaden and flatten, indicating reduced energy harvesting 
efficiency. The maximum power is achieved at lower damping, 
showing the critical role of minimising damping for high power 
generation.

• Low-frequency behaviour: At lower frequencies (𝜂 < 0.5), the PSD 
is negligible, indicating the harvester’s inefficiency in capturing 
energy away from resonance under these conditions.

Fig.  6(b): This configuration explores the harvester’s response with a 
larger mass ratio and higher excitation frequency parameter:

• Resonance peaks: The resonance peaks are sharper and higher 
than in (a), reflecting the enhanced energy harvesting capability 
due to increased dynamic mass and altered system stiffness.

• Damping effects: Similar to Fig.  6(a), higher damping flattens the 
peaks and reduces the harvester’s overall efficiency. However, 
due to the larger mass ratio, the harvester shows improved re-
silience to damping, maintaining relatively higher PSD levels for 
𝜁 = 0.01 compared to Fig.  6(a).
𝑛
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Fig. 6. The non-dimensional power response of a harvester without an inductor (𝛼 = 0.8649, 𝜅2 = 0.1185) under random excitation, plotted as a function of the non-dimensional 
frequency for four selected damping factor values. Four specific damping factor values have been analysed to demonstrate their influence on energy harvesting performance.
• Low-frequency behaviour: The PSD at lower frequencies (𝜂 <
0.5) is slightly improved compared to Fig.  6(a), attributed to the 
increased dynamic mass and lower effective stiffness provided by 
the altered parameters.

Comparison of Fig.  6(a) and Fig.  6(b): Parameter Influence: The con-
figuration in Fig.  6(b) exhibits superior performance due to the higher 
mass ratio and dynamic amplification effects, enabling better energy 
harvesting even at moderate damping levels.

• Resonance behaviour: Both cases show that minimising damping 
is critical for maximising resonance-based energy harvesting, but 
configuration Fig.  6(b) offers a broader operational range and 
higher peak PSD values.

• Low-frequency harvesting: While both cases perform poorly at 
low frequencies, configuration Fig.  6(b) shows slight improve-
ment due to better dynamic tuning. The figures emphasise the 
critical role of system parameters such as mass ratio, damping, 
and stiffness in optimising the harvester’s performance.

Configuration Fig.  6(b) demonstrates the potential for enhancing en-
ergy harvesting by increasing dynamic mass and fine-tuning stiffness, 
highlighting the importance of careful parameter selection. Overall, 
minimising damping remains crucial for maximising energy harvesting 
efficiency, particularly under random excitations.

3.2. Circuit with an inductor

A schematic representation of a cantilever piezoelectric energy har-
vester featuring an inertial amplifier and a circuit containing an induc-
tor is illustrated in Fig.  7. Subsequently, mathematical expressions for 
the harvested power are formulated, and parameter combinations that 
can optimise it are identified.

3.2.1. Quantification of the harvested power
The piezoelectric vibration energy harvester, which includes a cir-

cuit with an inductor, is illustrated in Fig.  7. In this instance, the 
electrical equation is formulated as 

𝐶𝑝𝑣̈(𝑡) +
1
𝑅𝑙

𝑣̇(𝑡) + 1
𝐿
𝑣(𝑡) + 𝜃𝑦̈(𝑡) = 0 (22)

where 𝐿 is the inductance of the circuit. By converting equation Eq. 
(22) into the frequency domain and dividing by 𝐶𝑝𝜔2

𝑛, one obtains 

− 𝜂2 𝜃 𝑌 (i𝜂) +
(

−𝜂2 + i𝜂 1 + 1
)

𝑉 (i𝜂) = 0 (23)

𝐶𝑝 𝛼 𝛽

7 
Fig. 7. A cantilever piezoelectric energy harvester equipped with an inertial amplifier 
and a circuit containing an inductor. 𝑅𝑙 denotes the load resistance, while 𝐿 represents 
the inductor within the harvesting circuit. The origin of the ambient energy is via the 
base excitation 𝑦𝑏(𝑡). The primary mass’s displacement and the voltage produced from 
the strain in the piezoelectric layers are represented by 𝑦(𝑡) and 𝑣(𝑡), respectively.

where the normalised inductor parameter is defined as 

𝛽 = 𝜔2
𝑛𝐿𝐶𝑝 (24)

It represents the ratio of mechanical to electrical natural frequencies. 
The governing equation of motion of the negative stiffness inertially 
amplified piezoelectric energy harvester is derived as 

𝑚ℎ𝑦̈(𝑡) + 𝑐ℎ𝑦̇(𝑡) +
(

𝑘ℎ + 𝑘𝑎
)

𝑦(𝑡) − 𝜃𝑣(𝑡) = −𝑚ℎ𝑦̈𝑏(𝑡) (25)

The frequency response function has been derived using the considered 
steady-state responses in Eq.  (25) and Eq.  (22) and expressed as

⎡

⎢

⎢

⎣

−𝛤ℎ𝜂2 + 2i𝜂𝜁𝑛𝛤ℎ +
(

1 + 𝛤𝑘
)

𝛤ℎ − 𝜃
𝑘

−𝜂2 𝛼𝛽𝜃
𝐶𝑝

𝛼
(

1 − 𝛽𝜂2
)

+ i𝜂𝛽

⎤

⎥

⎥

⎦

{

𝑌 (i𝜂)

𝑉 (i𝜂)

}

= −
{

𝛤ℎ
0

}

(

𝑌𝑏
𝜔2
𝑛

)

(26)

Eq.  (26) has been derived using the Laplace transformation [39]. 
The time-frequency conversion is essential for analysing the system’s 
dynamic response in the frequency domain, enabling the identification 
of resonance behaviour and optimal energy harvesting conditions. This 
transformation allows for a more efficient evaluation of power output 
under varying excitation frequencies. 𝑘 defines the static stiffness of the 
harvester. The displacement and voltage in the frequency domain can 
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be obtained by inverting the coefficient matrix.
{

𝑌 (i𝜂)

𝑉 (i𝜂)

}

= − 1
𝛥2(i𝜂)

⎡

⎢

⎢

⎣

𝛼
(

1 − 𝛽𝜂2
)

+ i𝜂𝛽 𝜃
𝑘

𝜂2 𝛼𝛽𝜃
𝐶𝑝

−𝛤ℎ𝜂2 + 2i𝜂𝜁𝑛𝛤ℎ +
(

1 + 𝛤𝑘
)

𝛤ℎ

⎤

⎥

⎥

⎦

×
{

𝛤ℎ
0

}(

𝑌𝑏
𝜔2
𝑛

)

(27)

where the determinant of the coefficient matrix exists 

𝛥2(i𝜂) =

(

𝛼𝛽 + 0.5𝛼𝛽𝜇𝜇𝑑
(

csc2 (𝜙)
))

(i𝜂)6

+
(

0.5𝛽𝜇𝜇𝑑
(

csc2 (𝜙)
)

+ 𝛼𝛽𝜇𝜇𝑑𝜁𝑛
(

csc2 (𝜙)
)

+ 𝛽 + 2.0𝛼𝛽𝜁𝑛
)

(i𝜂)5

+

⎛

⎜

⎜

⎜

⎝

0.5𝛼𝜇𝜇𝑑
(

csc2 (𝜙)
)

+ 0.5𝛼𝛽𝜇𝜇𝑑𝜇𝑘
(

csc2 (𝜙)
)

+ 1.0𝛼𝛽

+1.0𝛼 + 𝛼𝛽 𝜅2 + 𝛼𝛽𝜇𝑘 + 2𝛽𝜁𝑛 + 𝛽𝜇𝜇𝑑𝜁𝑛
(

csc2 (𝜙)
)

+𝛼𝛽 𝜂2𝑏 + 0.5𝛼𝛽𝜇𝜇𝑑
(

csc2 (𝜙)
)

+ 0.5𝛼𝛽 𝜂2𝑏𝜇𝑑
(

csc2 (𝜙)
)

⎞

⎟

⎟

⎟

⎠

(i𝜂)4

+

⎛

⎜

⎜

⎜

⎝

2.0𝛼𝛽 𝜂2𝑏𝜁𝑛 + 0.5𝛽𝜇𝜇𝑑
(

csc2 (𝜙)
)

+ 0.5𝛽 𝜂2𝑏𝜇𝑑
(

csc2 (𝜙)
)

+𝛼𝛽 𝜂2𝑏𝜇𝑑𝜁𝑛
(

csc2 (𝜙)
)

+ 𝛽 𝜂2𝑏 + 𝛽 + 2.0𝛼𝜁𝑛
+𝛽𝜇𝑘 + 𝛼𝜇𝜇𝑑𝜁𝑛

(

csc2 (𝜙)
)

+ 0.5𝛽𝜇𝜇𝑑𝜇𝑘
(

csc2 (𝜙)
)

⎞

⎟

⎟

⎟

⎠

(i𝜂)3

+

⎛

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎝

0.5𝛼𝜇𝜇𝑑
(

csc2 (𝜙)
)

+ 0.5𝛼𝛽 𝜂2𝑏𝜇𝑑𝜇𝑘
(

csc2 (𝜙)
)

+0.5𝛼𝛽 𝜂2𝑏𝜇𝑑
(

csc2 (𝜙)
)

+𝛼 𝜂2𝑏 + 1.0𝛼 + 𝛼𝛽 𝜂2𝑏𝜇𝑘 + 𝛼𝛽 𝜂2𝑏𝜅
2

+𝛼𝜇𝑘 + 0.5𝛼𝜇𝜇𝑑𝜇𝑘
(

csc2 (𝜙)
)

+ 𝛽 𝜂2𝑏𝜇𝑑𝜁𝑛
(

csc2 (𝜙)
)

+0.5𝛼 𝜂2𝑏𝜇𝑑
(

csc2 (𝜙)
)

+ 𝛼𝛽 𝜂2𝑏 + 2.0𝛽 𝜂2𝑏𝜁𝑛

⎞

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎠

(i𝜂)2

+

(

0.5𝛽 𝜂2𝑏𝜇𝑑𝜇𝑘
(

csc2 (𝜙)
)

+ 𝛽 𝜂2𝑏𝜇𝑘 + 𝛽 𝜂2𝑏
+𝛼 𝜂2𝑏𝜇𝑑𝜁𝑛

(

csc2 (𝜙)
)

+ 0.5𝛽 𝜂2𝑏𝜇𝑑
(

csc2 (𝜙)
)

+ 2.0𝛼 𝜂2𝑏𝜁𝑛

)

(i𝜂)

+𝛼 𝜂2𝑏𝜇𝑘 + 0.5𝛼 𝜂2𝑏𝜇𝑑
(

csc2 (𝜙)
)

+ 0.5𝛼 𝜂2𝑏𝜇𝑑𝜇𝑘
(

csc2 (𝜙)
)

+ 𝛼 𝜂2𝑏
(28)

From equation Eq.  (27), the dynamic response and the voltage output 
of the system resulting from harmonic base excitation are derived as: 

𝑌 (i𝜂) =

(

𝛼𝛽 𝜂2 − i𝜂𝛽 − 𝛼
)

(

0.5𝜇𝑑𝜂2𝑏
(

csc2 (𝜙)
)

− 0.5𝜇𝑑𝜇 𝜂2
(

csc2 (𝜙)
)

+𝜂2𝑏 − 𝜂2

)

𝛥2(i𝜂)

×
(

𝑌𝑏
𝜔2
𝑛

)

and 𝑉 (i𝜂) =
−𝜂2𝛼𝛽𝜃

(

0.5𝜇𝑑𝜂2𝑏
(

csc2 (𝜙)
)

− 0.5𝜇𝑑𝜇 𝜂2
(

csc2 (𝜙)
)

+ 𝜂2𝑏 − 𝜂2
)

𝐶𝑝𝛥2(i𝜂)

×
(

𝑌𝑏
𝜔2
𝑛

)

(29)

 Similar to the prior case, the voltage at 𝜂 = 1 with zero damping and 
absent the inertial amplifier is deemed suitable for normalisation. 

𝑉0 = 𝑉 (i𝜂)|{𝜂=1,𝜁𝑛=0,𝜇𝑑=0,𝛤𝑘=0} =
𝜃

𝜅2𝐶𝑝

(

𝑌𝑏
𝜔2
𝑛

)

(30)

 From this, the non-dimensional voltage response is derived as:

𝑉 (i𝜂) =
𝑉 (i𝜂)
𝑉0

=
𝜂2𝛼𝛽

(

−0.5𝜇𝑑𝜂2𝑏
(

csc2 (𝜙)
)

+ 0.5𝜇𝑑𝜇 𝜂2
(

csc2 (𝜙)
)

− 𝜂2𝑏 + 𝜂2
)

𝜅2

𝛥2(i𝜂)
(31)

The non-dimensional power is derived from Eq.  (31) using this ex-
pression. Subsequently, the influence of the inertial amplifier on the 
harvested power is examined.

The non-dimensional harvested power, derived from the voltage ex-
pression in Eq.  (31), is illustrated as a function of the non-dimensional 
frequency in Fig.  8. Two parameter sets are evaluated for the inertial 
amplifier: 𝜇𝑑 = 0.2, 𝛤𝑘 = 1, 𝜙 = 10◦ and 𝜇𝑑 = 1, 𝛤𝑘 = 1.5, 𝜙 = 15◦. 
The non-dimensional inductor constant is assumed to be 𝛽 = 1.0. Both 
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Table 4
Non-dimensional power under harmonic excitation.
 Device Power  
 NSIA (𝜙 = 10◦) 217.42 
 NSIA (𝜙 = 15◦) 282.29 
 Without NSIA (Conventional energy harvester) 0.9334 

exhibit increased harvested power at a higher frequency relative to 
the traditional scenario devoid of any inertial amplifier. The addition 
of inductance provides more harvested power compared to the non-
inductance harvester but at a higher frequency. The system in Fig. 
8(b) exhibits greater harvested power than the system in Fig.  8(a). 
The configuration shown in Fig.  8(a) (where 𝜇𝑑 = 0.2 and 𝜙 = 10◦) 
achieves a 99.57% power enhancement compared to the traditional 
harvester. The maximum non-dimensional power generated by NSIA 
is 217.42, whereas the traditional harvester without NSIA produces a 
power output of 0.9334. For instance, the system depicted in Fig.  8(b), 
with parameters 𝜇𝑑 = 1, and 𝜙 = 15◦, exhibits a power output exceeding 
99.66% that of the traditional harvester at lower frequencies. The maxi-
mum non-dimensional power generated by NSIA is 282.29, whereas the 
traditional harvester without NSIA produces a power output of 0.9334. 
These results highlight the significant power enhancement achieved 
through NSIA, demonstrating its effectiveness in improving energy 
harvesting performance across different configurations. The harvester 
with inductance generates more energy in higher frequency regions 
when the negative stiffness inertial amplifier is applied. Therefore, a 
harvester without inductance is suitable for energy harvesting at low 
frequency. The maximum power output from each harvester is listed 
in Table  4. Fig.  9 presents the non-dimensional power spectral density 
(PSD) response of a harvester with an inductor (𝜇𝑑 = 0.2, 𝛤𝑘 = 1, 
𝜙 = 10◦ and 𝜇𝑑 = 1, 𝛤𝑘 = 1.5, 𝜙 = 15◦) under random excitation, 
comparing the performance of a classical harvester lacking an inertial 
amplifier (IA) and two configurations of harvesters equipped with a 
negative stiffness inertial amplifier (NSIA).

Performance comparison:

• Without NSIA (classical harvester): The PSD for the classical 
harvester is consistently lower across all frequencies. Its peak 
occurs near 𝜂 ≈ 1 (the resonance frequency), but the power output 
remains relatively modest due to the absence of inertial amplifi-
cation or stiffness adjustment mechanisms. At higher frequencies 
(𝜂 > 1.5), the PSD decreases sharply, indicating diminished energy 
harvesting capability.

• With NSIA (proposed harvester): Harvesters featuring NSIA
demonstrate significantly enhanced PSD across a wide range of 
frequencies. The power generated is approximately four to seven 
times greater than that of the classical harvester, especially near 
resonance (𝜂 ≈ 1).

NSIA introduces dynamic negative stiffness and effectively amplifies 
the system’s inertial mass, enabling better energy harvesting under 
random excitations by increasing the system’s responsiveness at low 
frequencies. Influence of NSIA:

• Dynamic negative stiffness: The inclusion of NSIA reduces the 
effective stiffness of the harvester. This enables the system to 
achieve resonance at lower excitation frequencies (𝜂 < 1), where 
the classical harvester performs poorly. The sharp peaks in the 
PSD for NSIA configurations indicate enhanced energy absorption 
near these resonances.

• Dynamic mass amplification: NSIA increases the effective dy-
namic mass of the harvester, which amplifies its ability to extract 
energy from random excitations. This dynamic mass enhancement 
contributes to higher PSD levels across the entire frequency range, 
as seen in the significant separation between the ‘‘With NSIA’’ and 
‘‘Without NSIA’’ curves.



S. Chowdhury et al. Renewable Energy 247 (2025) 123036 
Fig. 8. The non-dimensional power of a harvester with an inductor (𝜁 = 0.011, 𝛼 = 0.8649, 𝜅2 = 0.1185, 𝛽 = 1.0) as a function of non-dimensional frequency. The powers acquired 
from the classical harvester lacking an inertial amplifier and the proposed harvester featuring two distinct inertial amplifier configurations are presented for comparison. The power 
generated by the proposed harvesters is approximately four to seven times greater than that of the conventional harvester.
Fig. 9. The non-dimensional power spectral density (PSD) of a harvester with an inductor (𝜁 = 0.011, 𝛼 = 0.8649, 𝜅2 = 0.1185, 𝛽 = 1.0) under random excitation, plotted as a 
function of non-dimensional frequency. The PSDs acquired from the classical harvester lacking an inertial amplifier and the proposed harvester featuring two distinct inertial 
amplifier configurations are presented for comparison. The power generated by the proposed harvesters with NSIA is approximately four to seven times greater than that of the 
conventional harvester, demonstrating significant performance enhancement under random excitation.
Comparison between NSIA configurations (Fig.  9(a) and (b)):

• Configuration Fig.  9(a): This configuration corresponds to a
smaller mass ratio (𝜇𝑑 = 0.2) and amplifier angle (𝜙 = 10◦). It ex-
hibits sharp PSD peaks near 𝜂 ≈ 1.5, reflecting strong resonance at 
higher frequencies. The PSD enhancement is significant compared 
to the classical harvester but slightly lower than Configuration 
Fig.  9(b) due to the reduced dynamic mass and less effective 
stiffness modulation.

• Configuration Fig.  9(b): This configuration uses a larger mass ra-
tio (𝜇𝑑 = 1) and amplifier angle (𝜙 = 15◦). It demonstrates sharper 
and higher PSD peaks across the frequency range, particularly at 
lower frequencies (𝜂 ≈ 1). The larger mass ratio provides greater 
inertial amplification, allowing for better energy harvesting even 
under conditions of higher damping and random excitation.

Frequency behaviour:

• Resonance efficiency: For both NSIA configurations, the PSD 
peaks are sharper and more pronounced compared to the classical 
harvester, indicating superior resonance efficiency. These peaks 
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are also broader, suggesting an extended operational frequency 
range for energy harvesting.

• Low-frequency harvesting: NSIA configurations significantly out-
perform the classical harvester at lower frequencies (𝜂 < 1). 
This improvement is critical for real-world applications, where 
ambient vibrations are often concentrated at lower frequencies.

Design implications:

• Role of NSIA: The incorporation of NSIA offers substantial im-
provements in power harvesting efficiency, especially under ran-
dom excitation. The ability to dynamically modulate stiffness 
and mass makes NSIA-equipped harvesters versatile and highly 
effective for varying environmental conditions.

• Configuration selection: Configuration Fig.  9(b) is more suitable 
for applications requiring enhanced performance across a wider 
frequency range, while Configuration Fig.  9(a) might be preferred 
for scenarios focusing on higher-frequency harvesting.

• Damping optimisation: The relatively low damping factor (𝜁 =
0.011) ensures that the benefits of NSIA are maximised. Increasing 
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Fig. 10. Comparison of non-dimensional power output and power spectral density (PSD) as a function of non-dimensional frequency (𝜂 = 𝜔∕𝜔𝑛) for systems incorporating a 
Negative Stiffness Inertial Amplifier (NSIA) and a solely Inertial Amplifier (IA)-based harvester. (a) Non-dimensional power output under harmonic excitation shows a significant 
enhancement for the NSIA system, which achieves a peak power of 68.83 compared to 1.7089 for the IA system. (b) Power spectral density (PSD) under random excitation, 
highlighting the broader and lower-frequency resonance of the NSIA system, demonstrating its effectiveness in enhancing power harvesting from low-frequency vibrations.
Table 5
Non-dimensional power under random excitation.
 Device Power  
 NSIA (𝜙 = 10◦) 8.9185 × 1014 dB/Hz 
 NSIA (𝜙 = 15◦) 1.6133 × 1015 dB/Hz 
 Without NSIA (Conventional energy harvester) 2.2692 × 1010 dB/Hz 

damping would likely reduce the overall PSD, as seen in similar 
analyses.

The figure demonstrates the significant advantage of NSIA over clas-
sical harvesters for energy harvesting under random excitations. The 
dynamic amplification of mass and reduction in stiffness through NSIA 
allow for substantial power gains, particularly at lower frequencies 
and near resonance. Configuration Fig.  9(b), with its larger mass ra-
tio and steeper amplifier angle, achieves superior PSD performance, 
making it the preferred design for applications requiring efficient low-
frequency vibration energy harvesting. These findings highlight the 
transformative potential of NSIA in advancing vibration energy harvest-
ing technologies for sustainable energy solutions. The maximum power 
output from each harvester is listed in Table  5.

4. Comparative study with conventional inertial amplifier-based 
energy harvesters

The results presented in Fig.  10 provide a comparative analysis 
of vibration energy harvesting performance using a Negative Stiffness 
Inertial Amplifier (NSIA) versus a traditional Inertial Amplifier (IA). 
The non-dimensional power output in panel Fig.  10(a) highlights the 
significant advantage of the NSIA system under harmonic excitation. 
The NSIA-enhanced harvester exhibits a pronounced peak at a lower 
non-dimensional frequency (𝜂 ≈ 0.5), achieving a peak power output of 
68.83, which is substantially higher than the IA system’s peak power of 
1.7089 at a higher frequency (𝜂 ≈ 1.0). This shift to a lower resonance 
frequency is attributed to the negative stiffness mechanism, which 
effectively reduces the system’s effective stiffness, enabling energy 
harvesting at lower frequencies where conventional IA-based systems 
struggle. The broader frequency response of the NSIA system also sug-
gests greater adaptability to variations in excitation frequency, making 
it more effective for real-world applications where ambient vibrations 
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Table 6
Non-dimensional power under harmonic excitation.
 Device Power  
 NSIA 68.83  
 IA 1.7089 

Table 7
Non-dimensional power under random excitation.
 Device Power  
 NSIA 2.894 × 1011 dB/Hz 
 IA 4.5847 × 108 dB/Hz 

are often broadband and low-frequency. The maximum power output 
from each harvester under harmonic excitation is listed in Table  6. 
Panel Fig.  10(b) presents the power spectral density (PSD) response 
under random excitation, further confirming the superiority of NSIA 
in low-frequency vibration energy harvesting. The PSD of the IA-based 
harvester reaches a maximum value of 4.5847 × 108 dB/Hz, whereas 
the NSIA system achieves an extraordinary 2.8940 × 1011 dB/Hz, rep-
resenting an enhancement by a factor of over 99.84%. The PSD of 
the IA system shows a sharp peak at 𝜂 ≈ 1.0, similar to its harmonic 
excitation response, indicating that its resonance is constrained to 
higher frequencies. In contrast, the NSIA system demonstrates a broader 
spectral response, with a major peak at lower frequencies (𝜂 ≈ 0.5). This 
broadened response is indicative of the system’s enhanced bandwidth, 
allowing it to efficiently harvest energy from a wider range of excitation 
frequencies. Additionally, the NSIA system exhibits higher PSD values 
at lower frequencies, reflecting its ability to leverage negative stiffness 
effects to increase power output under stochastic excitations. Overall, 
these results suggest that incorporating negative stiffness in vibration 
energy harvesters provides a transformative improvement in energy ab-
sorption, particularly for low-frequency applications such as structural 
health monitoring, wireless sensor networks, and autonomous sensing 
technologies. The NSIA system’s ability to reduce resonance frequency, 
increase power output, and enhance spectral bandwidth makes it far 
superior to conventional IA-based designs, paving the way for more 
efficient, self-sustaining energy harvesting technologies. The system 
parameters are illustrated in Table  1. The maximum power output from 
each harvester under random excitation is listed in Table  7.
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5. Conclusions

This study introduces the use of Negative Stiffness Inertial Ampli-
fiers (NSIAs) in cantilever bimorph piezoelectric energy harvesters to 
enhance low-frequency vibration energy harvesting (VEH). Traditional 
piezoelectric energy harvesters (PEHs) often struggle to harness energy 
from low-frequency vibrations due to their intrinsic stiffness, which 
prevents effective resonance at lower frequencies. By integrating NSIAs, 
the effective stiffness is significantly reduced, and the dynamic mass 
of the system is amplified, allowing for enhanced energy extraction at 
lower operational frequencies. Two circuit configurations one without 
an inductor and one incorporating an inductor were analysed. The 
results demonstrate that NSIA-equipped harvesters can generate up 
to 99.97% more power than conventional systems at certain frequen-
cies, with further performance improvements when an inductor is 
introduced to adjust electrical resonance. The incorporation of NSIAs 
presents a novel paradigm in vibration energy harvesting, shifting the 
resonance of PEHs towards lower frequencies and achieving significant 
power enhancements under both harmonic and random excitations. 
The findings illustrate that NSIAs provide a highly efficient and scal-
able solution for autonomous power generation, with applications in 
wireless sensor networks, structural health monitoring, and smart in-
frastructure. Furthermore, the comparative study with conventional 
inertial amplifiers (IAs) underscores the transformative role of NSIAs in 
VEH, with NSIAs demonstrating a nearly 99.84% increase in power out-
put compared to traditional inertial amplifiers in low-frequency condi-
tions. These insights pave the way for advanced energy-harvesting tech-
nologies that can efficiently operate in real-world, broadband vibration 
environments.

• Introduction of NSIAs: This study pioneers the use of NSIAs in 
piezoelectric VEH, achieving significantly enhanced power output 
by reducing the effective stiffness of the system.

• Optimisation of NSIA parameters: A systematic optimisation
framework was developed, refining key parameters (stiffness 
ratio, mass ratio, amplifier angle) to maximise harvested power.

• Dual circuit configurations: Performance evaluation of both
inductor-free and inductor-based circuits demonstrates how elec-
trical tuning further enhances energy harvesting efficiency.

• Enhanced low-frequency energy harvesting: The proposed system 
achieves 99.97% more power generation than conventional PEHs.

• Comparative analysis with traditional Inertial Amplifiers (IAs): 
Demonstrated that NSIAs outperform IAs by nearly two orders 
of magnitude, offering a superior alternative for low-frequency 
vibration applications.

The findings of this study have profound implications for self-powered 
sensing technologies and sustainable energy solutions. By leveraging 
NSIAs, energy harvesters can be tuned to efficiently capture energy 
from ambient low-frequency vibrations, making them ideal for struc-
tural health monitoring, industrial IoT, and autonomous wireless de-
vices. Additionally, the ability to fine-tune electrical resonance via 
inductors offers new design pathways for adaptive energy-harvesting 
systems that can dynamically adjust to varying environmental condi-
tions. For the future scope of the research, experimental validation of 
the proposed NSIA-integrated energy harvester will be conducted by 
fabricating and testing a physical prototype. In addition, future work 
will focus on a detailed parametric analysis through experiments to 
evaluate the influence of structural parameters, such as cantilever beam 
dimensions and NSIA configurations, on energy harvesting efficiency 
for further system optimisation.

This study establishes NSIAs as a disruptive advancement in VEH, 
offering a scalable, efficient, and robust mechanism for maximising 
power generation from ambient vibrations. The work not only advances 
theoretical insights but also lays the foundation for next-generation 
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energy-harvesting technologies poised to drive innovation in self-
powered electronic systems.
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Appendix A. List of symbols

• 𝑚: Static tip mass of the harvester.
• 𝑚𝑎: Amplifier mass.
• 𝑚𝑏: Static mass of the lateral spring-mass system.
• 𝑚𝑑 : Total static mass of the negative stiffness inertial amplifier.
• 𝑚𝑖𝑎: Dynamic effective mass of the amplifier.
• 𝜇: Mass the ratio of the negative stiffness inertial amplifier.
• 𝜔𝑛: Natural frequency of the harvester.
• 𝜔: Excitation frequency.
• 𝜂: Excitation frequency ratio.
• 𝜂𝑏: Frequency ratio of the lateral spring-mass system.
• 𝑚ℎ: Dynamic effective mass of the harvester.
• 𝜙: Amplifier angle.
• 𝑅𝑙: Load resistance for the harvesting circuit.
• 𝑐ℎ: Dynamic effective damping of the harvester.
• 𝑘ℎ: Dynamic effective stiffness of the harvester.
• 𝑘𝑏: Negative stiffness of the lateral spring-mass system.
• 𝑘𝑎: Stiffness of the negative stiffness inertial amplifier.
• 𝛤𝑘: Stiffness ratio.
• 𝜃: Electromechanical coupling.
• 𝛤ℎ: Effective mass ratio.
• 𝑦̈𝑏: Deterministic harmonic excitation.
• 𝜁𝑛: Harvester’s damping factor.
• 𝛼: Dimensionless time constant.
• 𝐶𝑝: Capacitance.
• 𝐿: Inductance of the circuit.
• 𝛽: Normalised inductor parameter.

Appendix B. List of abbreviations

• VEH: Vibration energy harvesting.
• NSIA: Negative stiffness inertial amplifiers.
• IA: Inertial amplifiers.
• PEH: Conventional piezoelectric energy harvesters
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