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ARTICLE INFO ABSTRACT

Keywords: Structural vibration control remains a major challenge in engineering, particularly for buildings
Tuned inerter viscoelastic liquid column exposed to dynamic excitations. While conventional Tuned Liquid Column Dampers (TLCDs) and
damper (TIVLCD)

inerter-based TLCDs offer passive damping solutions, they are limited in simultaneously optimis-
ing inertial and damping effects. This study proposes Tuned Inerter Viscoelastic Liquid Column
(TLCDI) Dampers (TIVLCDs), a novel class of passive dampers combining inerters with viscoelastic
Viscoelastic damping materials to enhance energy dissipation. Closed-form expressions for optimal design parameters
H_, optimisation are derived using statistical linearisation and H, optimisation. Frequency domain analyses show
that the V-shaped TIVLCD achieves peak displacement reductions of 96.93% and 96.43%, and
acceleration reductions of 78.40% and 81.82%, compared to TLCD and TLCDI, respectively.
Time history analyses under real earthquake ground motions reveal displacement reductions
of 27.35% and 29.36%, and acceleration reductions of 22.99% and 27.17%, for U-shaped
and V-shaped TIVLCDs relative to TLCDI. These improvements are attributed to the enhanced
coupling between inertial, viscoelastic, and gravitational effects. The findings demonstrate
that TIVLCDs, particularly the V-shaped design, provide significantly better vibration and
acceleration mitigation than existing solutions, establishing them as an effective and adaptable
tool for passive structural control under seismic loading.

Tuned liquid column damper (TLCD)
Tuned liquid column damper with inertia

1. Introduction

Structural vibrations present significant challenges in various engineering applications, particularly in high-rise buildings,
bridges, and offshore structures subjected to dynamic excitations such as wind, seismic forces, and wave loads [1]. To mitigate these
vibrations and improve structural resilience, numerous passive, semi-active, and active control mechanisms have been explored [2].
Among these, Tuned Liquid Column Dampers (TLCDs) [3] have gained popularity due to their cost-effectiveness, simplicity, and
ability to dissipate energy through liquid motion [4]. However, TLCDs rely primarily on liquid sloshing [5], which limits their
performance, particularly in balancing inertial and damping forces [6]. To overcome these limitations, Tuned Liquid Column
Dampers with Inertia (TLCDIs) have been introduced, integrating inerters to enhance energy dissipation and extend the damping
bandwidth [7]. Despite these improvements, TLCDs and TLCDIs still exhibit suboptimal performance under varying excitation
conditions, necessitating further enhancements in damping strategies [8].

Recent research efforts have focused on improving passive damping mechanisms by enhancing the interaction between inertia,
damping, and restoring forces to maximise vibration suppression [9]. Various modifications to TLCDs have been explored, including
nonlinear TLCDs, hybrid liquid column dampers, and coupled inerter-based damping systems [10]. Additionally, H,, optimisation
techniques and statistical linearisation methods have been used to determine optimal tuning parameters [11-13]. The integration of
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viscoelastic materials into vibration control devices has also been investigated, offering additional energy dissipation and frequency-
dependent damping properties [14]. Furthermore, advancements in metamaterials and Al-driven optimisation have shown potential
for enhancing vibration absorbers [15]. However, despite these developments, a comprehensive solution that combines inerters,
viscoelasticity, and liquid column dynamics for enhanced damping remains unexplored [16].

A significant gap in the existing literature is the lack of a unified framework that systematically integrates inerters with
viscoelastic liquid column dampers [17]. While TLCDs and TLCDIs have been widely studied, no prior research has effectively
incorporated viscoelastic damping into liquid column-based vibration control systems [18]. Additionally, many optimisation studies
rely on empirical tuning without deriving closed-form solutions for optimal parameters, which limits their generalisability [19].
Furthermore, there is limited research comparing the performance of different geometric configurations (e.g., U-shaped vs. V-shaped
dampers) in liquid column damping systems, leaving a gap in understanding how design choices influence damping efficiency [20].

To address this gap, this paper introduces Tuned Inerter Viscoelastic Liquid Column Dampers (TIVLCDs), which integrate
inerters, viscoelasticity, and liquid column dynamics into a single damping system. By employing statistical linearisation and H,
optimisation, closed-form optimal design parameters are derived to maximise vibration suppression while ensuring robustness
across a range of structural applications. A comparative analysis of U-shaped and V-shaped TIVLCD configurations is conducted
to evaluate their effectiveness and identify the most efficient geometric arrangement for enhanced damping performance. This
comprehensive framework integrates inerter dynamics, viscoelastic damping, and liquid column motion to improve the efficiency
of liquid column dampers in structural vibration control. A detailed numerical investigation is performed to assess the frequency
response, displacement, and acceleration reduction capabilities of both configurations, benchmarked against conventional TLCD and
TLCDI systems. Additionally, time history analyses under real earthquake ground motions are carried out to evaluate the dampers’
performance in realistic seismic conditions.

2. Structural model and governing equations of motion

Tuned Inerter Viscoelastic Liquid Column Dampers (TIVLCDs) integrate inerters, viscoelastic materials, and liquid column
dynamics to enhance vibration suppression. Unlike traditional TLCDs and TLCDIs, which rely primarily on liquid motion for
energy dissipation, TIVLCDs leverage additional inertial amplification and frequency-dependent damping for improved efficiency.
The interaction between these components ensures optimal dissipation of vibrational energy while maintaining adaptability across
different structural applications. In the proposed TIVLCD configurations, the inerter is functionally integrated such that one terminal
is anchored to the structure while the other is coupled to the internal motion of the damper, specifically the sloshing liquid column.
This arrangement ensures that structural vibrations induce relative acceleration across the inerter terminals, enabling the generation
of inertial forces that amplify the effective mass of the system and enhance energy dissipation. The governing equations of motion
are derived to capture the coupled effects of these elements, providing a robust analytical framework for performance evaluation.
The subsequent sections present a detailed formulation of the equations for both U-shaped and V-shaped configurations, highlighting
their relative advantages in mitigating structural vibrations.

2.1. U-shaped TIVLCD

The U-shaped TIVLCD is installed at the top of an SDOF system to control its dynamic responses. The structural diagram of this
controlled SDOF system is shown in Fig. 1. Newton’s second law is employed to derive the governing equations of motion of the
controlled SDOF system. Accordingly, the equation of motion of the coupled SDOF system is derived as

1
mgX; + X, + koxg — / E@ -1y (1) dr —kgyy = —mX, @

—00
where x; = v, —x, and y; = v, — v, define the relative displacements of the SDOF system and the damper. By considering the same
approach, the governing equations of motion of the damper in horizontal and vertical directions are derived as

Mgy + Moy ¥y + pABilg + kgyy + /_’oo Et-0y,(r)dr =- (pAL + md) Xg
2
pAB%, + pABj, + pALii, + %;;A.ﬂudmd +pAL Tg uy = —pAB%, @
——

2
“a

kyt
where u, defines the relative deflection of the liquid inside the damper. Z(f) = k,e <« defines the hereditary function [21,22].
The hereditary function has been substituted in Eq. (1) and the first expression of Eq. (2). Accordingly, the governing equations of
motion are derived as

. A © (), .
myX, +cgXg + koxg — kye ‘e vy ()ydr —kyy, = —mgX,
0
o () 3)
Mgy + Moy ¥y + pABilg + kgy, + / kye \ Yy (r) dr = — (pAL + md) Xg
0

my, = pAL + m, + my, defines the total effective mass of the U-shaped TIVLCD. p defines the density of the liquid. A defines the
cross-sectional area of the liquid column. L defines the total length of the liquid column. B defines the horizontal length of the
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Fig. 1. A SDOF system is controlled by U-shaped TIVLCD subjected to base excitations.

damper. To solve the above equations in the frequency domain, the steady-state solutions are considered as x, = X,el®, y; = Y, ¢!,
u; = Uyel™, and %, = X, e The liquid inside the container has been formulated by the modulus function and the mathematical
formulation is nonlinear. The nonlinear term in the third expression of Eq. (2) needs to be linearised to derive the optimal design
parameters for the novel dampers in terms of closed-form expression. The statistical linearisation method is employed to derive the
linearise term from the nonlinear element of the equation. The error estimation has been performed analytically to define the exact
value of error between the nonlinear term and the equivalent linear term.

1 - .

K= EﬂAﬂude — 2pA&, iy

—— “@
Zq
where ¢, defines the equivalent damping ratio of the liquid. The error has been estimated as follows.
2
o|( LpAcliyliy — Zu
0[’(2]_ [(2p gl dld dd)] 0 (5)

0Z, 0Z,
where [¢] refers to the expectation operator. It is considered that i, has been developed in the structure due to the application of
Gaussian white noise at its base. Therefore, the equivalent damping ratio &; has been derived as

gﬁd

Var

o;, has been derived through the stochastic process under random white-noise excitation, i.e., o5, = o; @ L. Eq. (6) has been
substituted in the third expression of Eq. (2). Accordingly, the equation has been modified as

w &L =

(6)

, ; . . 2g ,
pABX, + pABy, + pALiiy +2pALE o4ty + pAL T ug = —pABX,
—— )

2
(l)d

The steady-state solutions are applied to the first two expressions of Eq. (2) and the third expression of Eq. (7). The hereditary
function is converted in the frequency domain and expressed as
k,c,
Ew)= —20 8
(@) iwc, + k, ®

k, = am,,* defines the stiffness of the viscoelastic material. « defines the stiffness ratio for the viscoelastic material to the damper,

ie, a = k,/ky. kg = meqcog defines the stiffness of the damper. ¢, = 2m,,®,¢, defines the damping of the damper. In addition,
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all equations of motion are divided by m, w?. Therefore, the matrix representation of Egs. (3) and (7) in the frequency domain is
expressed as follows.

-’41 -4, 0 X, -1 0%
“Hey® By —y 2 Yyt =|=to=ta| = ©
2~ Q25 | | Uy ) s
2iQa 232 £
Ay L+ QPu,, and By = —p,, 2 + Ay (10)

216, R2,Q + a L,

Heq = Mog/ms = Hy,+ g +py, defines the total effective mass ratio of the U-shaped TIVLCD. 2 = w/w, defines the excitation frequency
ratio. The mass ratio, u,, = pAL/m,, quantifies the proportion of the liquid mass distributed along the total length of the container
relative to the structural mass. u,; = m,/m, defines the mass ratio of the damper. y;, = m;, /m, defines the inerter mass ratio. The mass
ratio, u, = pAB/m,, quantifies the proportion of the liquid mass distributed along the horizontal length of the container relative
to the structural mass. The damping of the main structure is considered zero, i.e., & = 0, to apply the H_ optimisation method.
Initially, o, is considered zero to derive its exact closed-form expression through the statistics linearisation process. Accordingly,
&, is considered zero.
N,

H(@) = () =

$(£2) = X_g(“’s) == 11)
Further, it is considered that the controlled SDOF system is subjected to harmonic base excitation. Hence, H_, optimisation scheme
is applied on Eq. (11) to derive optimal design parameters for TIVLCD. Eq. (11) is conceptualised and the resultant of the Eq. (11)

is written as :-

()] = 'H (a2
2

The expressions R;, I, R,, and I, are derived from Egs. (11), (A.1), and (A.2). Two constraints are derived from Eq. (12) and
expressed as :-

R R 1 1
=[], = 2, - a
e 2l 21, 21
The first expression of Eq. (13) is applied and it leads to
0,2 +0,2°+0,=0 14)

Oy = (=4} + gty + Hpttyy + 12)

aQ%yiMd + aQiu%yh + a.()iygﬂw - aQinyﬂw - (Z.Qiﬂdﬂh[lw
—2a .(23/411;437 - anuhﬂi - a‘Qg”i; - aﬂgyduw - aQ%Mhﬂw

0, = |- Q242 + 2l py + Qppy + Q2 p iy, — Q242 py — Q2 pg ity
~2Q% pg s, — Qs — Qo = Qopghny — gty — 2, (15)
— 2y — Ly, — i,
a .(23!23;4[21/4,4, +a Qiggﬂdﬂhﬂw + 2a Qﬁ[)iydﬂi +a !23.(23;4,[;43
0y = +a 9395;4,3” + agﬁﬂgﬂdﬂw +a Qﬁquh,uw +a Qi!)gyi, + Qﬁﬂgﬂﬁﬂw

QL2 g pp iy + 295925,4%,43 + Qﬁ.@ﬁyyi + Q2003 + Q222
+ Q20 g py + Q2
The second expression of Eq. (13) is applied and it leads to
R +Q2=0 =0 (16

Egs. (14) and (16) are compared and the closed-form expression for the optimal frequency ratio of TIVLCD is derived as :-

Ry + Luppy, + 2242,

(QU) =
t

P Hab + Myt + 12 — @ g — @ f2 gy — @ 2y + 0 3y, .
g Uy My +2aﬂdﬂi7+aﬂh/4§) +aﬂiy+audyw+auhuw a7
a2 — g = B — W gy g g+ 2

+HHpHy, + 1y,

Each root .Q%z is derived and expressed as :-

2 o2
o s Q22 (g + iy + 1) (Mg + 1y + 1) (@+1) 18)

2 = Haby = Hphyy — 1
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Fig. 2. A SDOF system is controlled by V-shaped TIVLCD subjected to base excitations.

The optimal damping ratio of the TIVLCD is derived using the following formulations.

AH () &2 +8
la}(p)l =0 and (&) = u12 02 (19)

The closed-form expression for &, ,, is listed below.

Eotn = V % (20)

The closed-form expressions for Z, and Z, are listed in Appendix. The U-shaped Tuned Liquid Column Damper (TLCD) has several
limitations that affect its efficiency in vibration suppression. Its energy dissipation relies primarily on liquid oscillation, which may be
insufficient for high-frequency excitations or low-amplitude vibrations. The fixed geometry restricts frequency adaptability, making
real-time tuning difficult. Additionally, an imbalance between inertial and damping effects can reduce its overall performance. Space
constraints also pose a challenge, as the U-shaped configuration requires a larger footprint for installation. These drawbacks highlight
the need for alternative designs, such as V-shaped TLCDs, which offer improved damping efficiency and adaptability.

2.2. V-shaped TIVLCD

The V-shaped configuration of the TIVLCD is introduced to enhance coupling between inertial and damping effects, leading to
superior vibration suppression compared to the U-shaped design. By adjusting the inclination angle, the gravitational influence on
the liquid motion is optimised, improving energy dissipation efficiency. This configuration allows for greater adaptability in tuning
parameters, ensuring better performance under varying dynamic loads. The V-shaped TIVLCD is installed at the top of an SDOF
system to control its dynamic responses. The structural diagram of this controlled SDOF system is shown in Fig. 2. Newton’s second
law is employed to derive the governing equations of motion of the controlled SDOF system. The following section presents the
governing equations specific to the V-shaped design and its advantages over traditional damping systems. The equation of motion
of the coupled SDOF system is derived as

'
mgX, +coxg + koxg — / E@-1)y,(r) dr — kyy; = —m X, 21)

—oo
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where x; = v; — x, and y, = v, — v, define the relative displacements of SDOF system and the damper. By considering the same
approach, the governing equations of motion of the damper in horizontal and vertical directions are derived as

MegXy + Mog Vg + myyiiq +kgyy + f_roo E@-1)y,(r)dr =—(pAL+my) Xg
. . .. 1 L (1+sinf) g
MepXs + My, yg + pALud + EpAéludlud +pAL T Ug B (22)
N——— = Mgy Xg

2
“a

kyt
where u, defines the relative deflection of the liquid inside the damper. Z(r) = k,e” v defines the hereditary function [21,22]. The

hereditary function has been substituted in Eq. (21) and the first expression of Eq. (22). Accordingly, the governing equations of
motion are derived as

. . (), .
mgX; +cgxg + koxg — kye \cw Vg () dv —kgyq = —m%,
0
. . " © (), . @3
MegXy + Moy Vg + myyiiq + kgyy + kye \ev Yq (1) dv = = (pAL + my) Xy
0

m, = pAL +m, +my, defines the total effective mass of the V-shaped TIVLCD. m,, = pA (L — |uy|) cos 6 defines the total mass of the
liquid inside the V-shaped container. p defines the density of the liquid. A defines the cross-sectional area of the liquid column. L
defines the total length of the liquid column. B defines the horizontal length of the damper. The hereditary function is converted
in the frequency domain and expressed as

k,c,

k, = am,,0* defines the stiffness of the viscoelastic material. « defines the stiffness ratio for the viscoelastic material to the damper,
ie, a=ky/ky kg = m, o}
the steady-state solutions, the matrix representation of Eq. (23) and the second expression of Eq. (22) in the frequency domain is

expressed as follows.

defines the stiffness of the damper. ¢, = 2m,,w,&, defines the damping of the damper. By substituting

- +1 —Ay 0 X, -1 X
oy By, —cos O, Yyt =t —Ha| (25)
— 08 04, 2% —cos Opy, 2 —p1, Q%+, 22 | | U, —cosOu, | s
2iQa 2342 &,
Ay a_— + 2%, and By =—p, Q%+ Ay (26)

- Ziﬂeq‘vav‘Q + aQ%/‘eq

Heqg = Mog/ms = Hy,+uy+uy, defines the total effective mass ratio of the V-shaped TIVLCD. 2 = o/w, defines the excitation frequency
ratio. The mass ratio, u,, = pAL/m,, quantifies the proportion of the liquid mass distributed along the total length of the container
relative to the structural mass. u,; = m,/m, defines the mass ratio of the damper. y;, = m;, /m, defines the inerter mass ratio. The mass
ratio, u, = pAB/mg, quantifies the proportion of the liquid mass distributed along the horizontal length of the container relative to
the structural mass. 0 defines the angle of the V-shaped container. The dynamic response of the SDOF system is derived as :-
H(Q) = %wi = % (27)

g v

The closed-form expression for N, is listed in Appendix. Eq. (27) is conceptualised and the resultant of the Eq. (27) is written as :-

(28)

The expressions R, I, R,, and I, are derived from Egs. (27) and (A.6). Two constraints are derived from Eq. (28) and expressed

as :-
R R 1 1
I_l = I_z and I—l = I—l (29)
1o 2 o 2lq,, 2lg,,
The first expression of Eq. (29) is applied and it leads to
0,20+ 0,2 + 0, 2% + D22y + Q2 + 2%, =0 (30)
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0y = ((cos™ (0)) Hy = Ha = Hp = Huo)
= (cos? (8)) Q2 ugp,, — (cos? (0)) Q2upp,, — (cos? () Q22
0, = +.Qg;4[2j + Z.ngdyh + Zngdyw + ngi + Znghyw + ngi,

— (cos?(9)) py + Ropg + L2y
F Qg+ Qpg + Ly + QL + 1y + py +
— Q2022 - 22 Q2 iy — 22 Q2 g, — Q222 - 2022,
0y =|-Q2Q%% - Q2 — Ly, — Ly, — Ly — Ly — Ry
—Qﬁud - -Q%/"h - Q%Mw
(2242, + ) (sin® 0)) = Q2uyy (g + y) (cos? (9))
PrRy2=" (24 + 20y + 1)t + (g + p +1) (g + 1)) 23 (32)
1 3 +.Q§/4w+(.(2§+l) (yd +Mh)
sinZ(B)yw+/4d+/4h
(14 (g + o+, +1) 20) Q0+ Q) (g + 1y + )

(31

w

Q2P+ QPP+ Q2 = (33)
2741 371 2793 .
sin? @) py + pg + py,
Q20?2 Hy + pp + 4y,
QRO = f’z”( a+ it ) (34)
(sin® (8)) yp + 1y + Hy,
The second expression of Eq. (29) is applied, and it leads to
R+ =0 (35)
Egs. (30) and (35) are compared and the closed-form expression for the optimal frequency ratio of TIVLCD is derived as :-
EQ '+ E,Q2+E;=0 (36)
( ~tu (Ha + pp) (cos? (0)) + (sin® (0)) w, >
Ep = \+ (2pg + 20y + 1) sy + (g + iy + 1) (g + ) (37)
(.Qzﬂd + Qjﬂh + ‘ngzﬂw + in +1)
20,2 (ug + p) (cos?(0)) + (22242 + p,, ) (sin® (0))
E, = + (g + i+ i+ 1) (Hg + 1y + 1) 23 (38)
+((dug + 4 +2) sy +2 (g + g+ 1) (g + 13)) Q2+ pg + 1y
E; = (sin® (0)) Q2 + 3y + 3y + Qp + Qg + Ry, (39)

The closed-form expression for the optimal frequency ratio of TIVLCD is derived as :-

2
Ey—\/E} —4EE; (40)

(‘QU)npt = 2E]

Each root !2122 is derived and expressed as :-

(@242 + ) (sin® (0)) — 2y, (ug + y) (cos? ()
@2 =+ (200 20+ 1) oy + (a1 + 1) (g + 1)) 25 (41)
3 2 2
+Q u, + (Qd + l) (Md +;4,,)
sin® (@) +Hy+hp

L+ (pg + pp + pyy + 1) 22) Q2 + 22 + i+ Hy
I ((1+ (ua + pn b ) 22) 2+ 2) (g + pn + ) 42)
(sm (6)) Hy + Ug + Hp
The optimal damping ratio of the TIVLCD is derived using the following formulations.
o|H @) R RRT 43)

=0 and (éu)oplz

0822 3

3. Optimal parameter selection

The parameter study in this section is essential for optimising the performance of Tuned Inerter Viscoelastic Liquid Column
Dampers (TIVLCDs) by systematically investigating the influence of key design variables. By analysing the variations in the
optimal frequency ratio (£2,) and optimal damping ratio (£,) with respect to the damper mass ratio (u,), this study establishes a
comprehensive understanding of how different configurations affect energy dissipation efficiency. The comparison between U-shaped
and V-shaped TIVLCDs highlights the superior vibration suppression capacity of the V-shaped design due to enhanced coupling
between inertial and viscoelastic damping mechanisms. Additionally, the impact of the stiffness ratio («) and inclination angle



S. Chowdhury et al. Journal of Sound and Vibration 617 (2025) 119319

a ®)
()0.74 0.3 T I .
| 9 -® a-10 I e«
b IS . o o o) o e < N
— ® - - . —+-asl2 ' ek
C‘,> e . ~e —h—a=15 :ﬁ !
1 - N/l
\g . ‘G-._~ S 1 -®& =10
g 07k, ! ®Z 0261 ; ——-a=12 1
= It . 1 :D ! —k—a=1.5
5\ 'ﬂ-.__‘__. X :
= b S 2 g e e e e e e
% ' *"'~1~-___h- g DT ik T EE S
] 1 Rl 1 :
Z0.66f \ 1S 022} : :
< » ' g
g ' & - -0 - -9 :
= ! > -0--0--9--9 -—e- -
5 ° T TS e
IncreZsinga k I
0.62 ‘ ! ‘ ‘ 018 ! ! ! !
0.01 0.03 0.05 0.07 0.09 0.1 0.02 0.04 0.06 0.08 0.1
Damper mass ratio (j d) Damper mass ratio (u d)

Fig. 3. Variation of optimal parameters with damper mass ratio (u,) for different values of a: (a) Optimal frequency ratio (£2,) decreases linearly with increasing
uy, with a steeper slope observed for higher a. (b) Optimal damping ratio (£,) exhibits non-linear behaviour, peaking for a = 1.5, while remaining nearly constant
for a = 1.0. The upward and downward dashed arrows indicate the trend of “Increasing «” across the curves.

(0) is explored to provide insights into their role in tuning the damping response for varying structural applications. The parameter
selection is guided by statistical linearisation and H, optimisation techniques, ensuring that the derived closed-form expressions for
optimal parameters are robust and practically implementable. These findings are critical for developing advanced passive damping
solutions that maximise vibration suppression in structures while maintaining design efficiency and adaptability. Fig. 3 highlights
the variation of optimal parameters of U-shaped TIVLCD, specifically the optimal frequency ratio (£2,) and optimal damping ratio
(&,), with respect to the damper mass ratio (u,) for different values of the parameter a. In Fig. 3(a), £, decreases linearly as yu,
increases, with a steeper slope observed for higher a values (1.0, 1.2, and 1.5). This trend reflects the added inertia from higher
damper mass ratios, which reduces the system’s effective natural frequency. The influence of a on this slope indicates that higher
« values amplify the sensitivity of £, to changes in y,, a critical consideration for applications requiring precise frequency tuning.
Fig. 3(b) demonstrates a non-linear variation in £,, where it remains nearly constant for « = 1.0 but exhibits a peak for « = 1.5 at an
intermediate u, (0.05). This peak indicates an optimal damper mass ratio that maximises energy dissipation, while higher u, values
may reduce efficiency due to over-damping effects. The constant behaviour of &, for @ = 1.0 suggests a robust design less sensitive
to u, variations, whereas the peak for a = 1.5 offers enhanced damping performance, albeit requiring precise tuning. Overall,
these results underscore the need to balance y;, a, and the desired system performance, where higher o improves peak efficiency
but introduces greater design sensitivity, making these parameters critical for optimising Tuned Inerter Viscoelastic Liquid Column
Dampers in various structural applications.

Fig. 4 illustrates the variation of optimal frequency ratio (£2,) and optimal damping ratio (¢,) of V-shaped TIVLCD with respect
to the damper mass ratio (u,) for different inclination angles (6 = 10°,20°,30°). Fig. 4(a) shows that £, increases with y, initially,
reaching a peak at an intermediate u, value ( 0.04) before gradually decreasing. Higher inclination angles (#) lead to larger peak
values of ©,, with § = 30° exhibiting the highest peak. This behaviour is attributed to the coupling effects between the damper’s
inertia and the liquid column’s motion, where increasing 6 enhances the dynamic contribution of the liquid column, effectively
shifting the system’s optimal frequency. Fig. 4(b) reveals a sharp decline in ¢, at low u, values, followed by a gradual rise and
eventual stabilisation as yu, increases. The decline is more pronounced for higher 6, reflecting a reduced damping efficiency at
low damper masses due to insufficient energy dissipation. However, as u, increases, the stabilising effect becomes apparent, with
higher 6 values consistently producing slightly greater &,. This trend suggests that larger inclination angles improve the damper’s
energy dissipation capabilities at higher mass ratios, making # a critical design parameter for tuning both frequency and damping
performance. The interplay between yu, and 6 is essential for optimising the Tuned Inerter Viscoelastic Liquid Column Dampers for
applications requiring precise vibration control. The selected range of damper mass ratio (u; = 0.01-0.1) reflects practical limits for
structural applications, ensuring the damper mass remains within 1%-10% of the primary structure’s mass, consistent with classical
TLCD systems. The stiffness ratio (@ = 1.0-1.5) represents realistic values for viscoelastic materials used in structural damping,
capturing the relative stiffness between the viscoelastic component and the main damper, as commonly adopted in TLCD, TLCDI,
and Viscoelastic Tuned Mass Damper (VTMD) [21] literature.

4. Dynamic response evaluation

To evaluate the effectiveness of the proposed Tuned Inerter Viscoelastic Liquid Column Dampers (TIVLCDs), a comparative
analysis of optimal design parameters is conducted. The performance of U-shaped and V-shaped TIVLCDs is assessed alongside
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Fig. 5. Frequency response of structural displacement for systems equipped with TLCD, TLCDI, and the proposed TIVLCD under (a) U-shaped and (b) V-shaped
configurations at a structural damping ratio of £ = 0.01. The legends identify each configuration and highlight the relative performance improvements.

conventional Tuned Liquid Column Dampers (TLCDs) and Tuned Liquid Column Dampers with Inertia (TLCDIs). The optimal
parameters for each damper configuration, including frequency ratio (£,), damping ratio (¢,), liquid tuning parameter (£2,), and
liquid damping coefficient (¢;), are derived through statistical linearisation and H, optimisation. These parameters ensure maximum
vibration suppression efficiency and structural adaptability. Table 1 presents the optimal design parameters for the proposed dampers
and benchmark configurations. This comparison highlights the superior damping performance of TIVLCDs, particularly in the V-
shaped configuration, which benefits from enhanced inertial and viscoelastic coupling effects. The subsequent frequency response
analysis further validates the effectiveness of these optimal designs in mitigating structural vibrations.

4.1. Dynamic responses under harmonic excitation

Fig. 5 compares the frequency response of structural displacement for systems equipped with various liquid column dampers
under U-shaped and V-shaped configurations at a structural damping ratio of & = 0.01. In Fig. 5(a), the U-shaped configuration
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Table 1
Optimal parameters for the dampers.
Damper Proposed by Optimal design parameters
Q, So Q S
U-shaped TIVLCD This study 0.71811 0.203902 1.04435 0.161587
V-shaped TIVLCD This study 0.939382 0.310163 1.04435 0.161587
TLCDI Matteo et al. [23] 1.8302 0.6029 0.4315 0.0150839
TLCD Zhao et al. [24] 0.98 0 1.05 0.04
To ensure a fair comparison of dynamic response reduction capacity, the total mass ratio of each damper is kept consistent across
all cases.
(a) , (b)
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Fig. 6. The structural acceleration responses of TLCD, TLCDI, (a) U-shaped TIVLCD, and (b) V-shaped TIVLCD under harmonic excitation, illustrating the superior
vibration suppression performance of the proposed TIVLCD configurations.

is analysed, where the uncontrolled response (dotted line) shows the highest peak displacement (50). The Tuned Liquid Column
Damper (TLCD, red dashed line) and Tuned Liquid Column Damper with Inertia (TLCDI, green dashed line) achieve moderate
displacement reductions, with maximum displacement ratios of 42.26 and 38.74, respectively. The proposed U-shaped Tuned Inerter
Viscoelastic Liquid Column Damper (TIVLCD, blue solid line) significantly outperforms the conventional designs, reducing the peak
displacement ratio to 10. This represents a vibration reduction capacity improvement of 76.33% compared to TLCD and 74.18%
compared to TLCDI. Fig. 5(b) evaluates the V-shaped configuration under similar conditions. Here, the uncontrolled response
(dotted line) again exhibits the largest peak displacement (50). The TLCD and TLCDI provide some improvement, with maximum
displacement ratios of 42.26 and 38.74, respectively. However, the V-shaped TIVLCD demonstrates superior performance, reducing
the peak displacement ratio to just 6.63. This corresponds to a vibration reduction capacity improvement of 84.31% compared to
TLCD and 82.88% compared to TLCDI. The enhanced efficiency of the novel TIVLCD is attributed to the combined effects of inertial
and viscoelastic forces, as well as the optimised liquid column motion, particularly in the V-shaped configuration. These results
highlight the superior vibration reduction capacity of the TIVLCD compared to traditional dampers, validating its effectiveness for
mitigating peak structural responses under dynamic excitation. Fig. 6 compares the structural acceleration responses for four damper
systems: TLCD, TLCDI, U-shaped TIVLCD, and V-shaped TIVLCD. In addition, Fig. 6(a) and (b) explicitly show the acceleration
responses of the U-shaped and V-shaped TIVLCDs. The maximum acceleration responses of the SDOF systems controlled by TLCD,
TLCDI, U-shaped TIVLCD, and V-shaped TIVLCD are obtained as 30.58, 36.34, 10.67, and 6.60. The peak responses are compared.
According to that, the acceleration response reduction capacity of U-shaped TIVLCD is 65.09% and 70.63% superior to the TLCD
and TLCDI. In addition, the acceleration response reduction capacity of V-shaped TIVLCD is 78.40% and 81.82% superior to the
TLCD and TLCDI. The results demonstrate that both U-shaped and V-shaped TIVLCDs exhibit significantly reduced peak responses
compared to conventional TLCD and TLCDI systems. The V-shaped TIVLCD achieves the greatest reduction in resonant amplitude,
attributed to the enhanced inertial coupling and geometric amplification provided by its configuration. The U-shaped TIVLCD also
shows noticeable improvement over the TLCDI, highlighting the effectiveness of incorporating inertial and viscoelastic elements.
These results confirm the superior vibration attenuation capability of the proposed TIVLCDs, particularly the V-shaped design, under
harmonic excitation.
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Fig. 7. Power spectral density (PSD) of structural responses for systems equipped with TLCD, TLCDI, and the proposed TIVLCD under (a) U-shaped and (b)
V-shaped configurations. The legends indicate the corresponding damper types used for comparison across frequency ratios.

4.2. Randomly excited dynamic responses

Fig. 7 presents a comparison of the power spectral density (PSD) of vibration responses for various vibration control devices under
harmonic excitation. Fig. 7(a) evaluates the U-shaped configurations, comparing the uncontrolled response (dotted black) with the
Tuned Liquid Column Damper (TLCD, dashed red), the Tuned Liquid Column Damper with Inertia (TLCDI, dashed green), and the
U-shaped Tuned Inerter Viscoelastic Liquid Column Damper (TIVLCD, solid blue). The PSD of the U-shaped TIVLCD demonstrates
a significant reduction in vibration amplitudes compared to the conventional TLCD and TLCDI, particularly around the resonance
frequency (2 = w/w,), highlighting the superior vibration suppression capacity of the novel TIVLCD design. Specifically, the U-
shaped configuration is analysed, where the uncontrolled response (dotted line) shows the highest peak displacement 3.4881 x 107
dB/Hz. The Tuned Liquid Column Damper (TLCD, red dashed line) and Tuned Liquid Column Damper with Inertia (TLCDI, green
dashed line) achieve moderate displacement reductions, with maximum displacement ratios of 2.4364 x 10’ dB/Hz and 1.9535 x 10’
dB/Hz, respectively. The proposed U-shaped Tuned Inerter Viscoelastic Liquid Column Damper (TIVLCD, blue solid line) significantly
outperforms the conventional designs, reducing the peak displacement ratio to 1.3615 x 10°® dB/Hz. This represents a vibration
reduction capacity improvement of 94.41% compared to TLCD and 93.03% compared to TLCDI. Fig. 7(b) focuses on the V-shaped
configurations, showing a similar trend. The uncontrolled response exhibits the highest PSD, followed by the TLCD and TLCDI, which
provide moderate vibration suppression. The V-shaped TIVLCD (solid blue line), however, achieves the most substantial reduction in
PSD, demonstrating superior performance in suppressing resonance-induced vibrations. The combination of inertial and viscoelastic
effects in the TIVLCD, particularly under the V-shaped configuration, enhances its ability to dissipate energy and suppress vibrations
more effectively than traditional designs. The TLCD and TLCDI provide some improvement, with maximum displacement ratios of
2.2107x107 dB/Hz and 1.9005x107 dB/Hz, respectively. However, the V-shaped TIVLCD demonstrates superior performance, reducing
the peak displacement ratio to just 6.7799 x 105 dB/Hz. This corresponds to a vibration reduction capacity improvement of 96.93%
compared to TLCD and 96.43% compared to TLCDI. Across both configurations, the U-shaped and V-shaped TIVLCD outperform
the conventional dampers, making them an effective solution for vibration control under dynamic loading conditions.

Fig. 8 examines the influence of inclination angle () on the structural displacement response (H(£2)) and power spectral
density (PSD) of the V-shaped TIVLCD system. Fig. 8(a) illustrates the structural displacement response for various inclination
angles (6 = 10°,20°,30°) as a function of the frequency ratio (2 = w/w,). The peak displacement decreases progressively with
increasing 6, from 6.9467 for 6 = 10°, to 6.7920 for # = 20°, and finally to 6.6362 for 6 = 30°. This reduction in peak displacement
with larger inclination angles demonstrates the enhanced vibration mitigation capability of the system due to improved energy
dissipation and optimised liquid column dynamics at higher 6. Fig. 8(b) shows the PSD of the structural response, highlighting
the energy distribution across frequency ratios for the same inclination angles. The peak PSD values are noticeably reduced as 6
increases, further confirming that higher inclination angles enhance the vibration suppression performance by dispersing energy
more effectively. The combined effects of increased gravitational influence and improved coupling between inertial and damping
forces at larger 6 contribute to this enhanced performance. The peak displacement decreases progressively with increasing 6, from
7.2425 x 105 dB/Hz for 6 = 10°, to 6.6480 x 10° dB/Hz for § = 20°, and finally to 6.4921 x 105 dB/Hz for # = 30°. Overall, the
results emphasise that increasing the inclination angle improves both displacement and spectral response, making 6 a critical design
parameter for optimising the system’s vibration control capabilities.

11



S. Chowdhury et al.

c

Journal of Sound and Vibration 617 (2025) 119319

% 10°

—
&
N

[o)}

Structural displacement (HS ()

6 =10° (6.9467)
6=20° (6.7920) |
0=30° (6.6362)

Power spectral density (dB/Hz)

oo}

~

(o)}

i

N

w

[\

—_

0 1 1
0.5 1

1.5

Frequency ratio (€2 = w/ws)

(=)

5 1 1.5
Frequency ratio (2 = w/ws)
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spectral density (PSD) are shown as the functions of the frequency ratio (£2).

Table 2

Information on the earthquake ground motion records.
Earthquake Year M, Recording station Vsy (m/s) Component E, (km) PGA,g
Irpinia, Italy-01 1980 6.9 Sturno 1000 MUL009 30.4 0.31
Superstition Hills-02 1987 6.5 Parachute test site 349 SUPERST 16.0 0.42
Loma Prieta 1989 6.9 LOMAP 371 HEC000 27.2 0.38
Erzican, Turkey 1992 6.7 Erzincan 11 275 ERZIKAN 9.0 0.49
Cape Mendocino 1992 7.0 CAPEMEND 713 NIS090 4.5 0.63
Landers 1992 7.3 Lucerne 685 LANDERS 44.0 0.79
Northridge-01 1994 6.7 Rinaldi receiving sta 282 NORTHR 10.9 0.87
Kocaeli, Turkey 1999 7.5 Izmit 811 KOCAELI 5.3 0.22
Chi-Chi, Taiwan 1999 7.6 TCU065 306 CHICHI 26.7 0.82
Chi-Chi, Taiwan 1999 7.6 TCU102 714 CHICHI 45.6 0.29
Duzce, Turkey 1999 7.1 Duzce 276 DUZCE 1.6 0.52

T
Near field records with pulses

T
Irpinia, Italy-01 (1980)
Superstition Hills-02 (1987)
Loma Prieta (1989)
———Erzican, Turkey (1992)
Cape Mendocino (1992)
Landers (1992)
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= Chi-Chi, Taiwan (1999)
Chi-Chi, Taiwan (1999)
Duzce, Turkey (1999)

Time period (s)

Fig. 9. The response spectra of the earthquake ground motion records are plotted considering 5% damping.
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Fig. 10. The structural displacements of the SDOF systems controlled by TLCDI, U-shaped TIVLCD, and V-shaped TIVLCD under (a) Superstition Hills-02 and
(b) Loma Prieta earthquakes.

4.3. Time history results

The earthquake records obtained from PEER Berkeley [25] (see Table 2) are applied as base excitations to the controlled
SDOF systems for conducting the time history analysis. This analysis is carried out using the Newmark-beta method. The SDOF
system is assumed to have a mass of 3000 tons and a time period of 0.5 s. The damping of the main structure is considered to be
0.005, i.e. & = 0.005. The selected earthquake records are used to generate the response spectra for each case. These spectra are
then analysed to understand the characteristics of the earthquakes, as illustrated in the graph shown in Fig. 9. Fig. 10 presents a
comparative analysis of the time-history structural displacements of an SDOF system subjected to two representative earthquake
records, Fig. 10(a) Superstition Hills-02 and Fig. 10(b) Loma Prieta, under different damping configurations: uncontrolled, TLCDI,
U-shaped TIVLCD, and V-shaped TIVLCD. In both subfigures, the uncontrolled structure exhibits the highest peak displacement,
emphasising the system’s vulnerability in the absence of supplemental damping. The addition of a TLCDI marginally reduces peak
responses but fails to effectively suppress long-duration vibrations, particularly in the resonant phase of the excitation. The U-
shaped TIVLCD (blue dashed line) provides a noticeable improvement by lowering both the peak and sustained oscillations due to its
combined viscoelastic and inertial damping effects. The V-shaped TIVLCD (solid green line) demonstrates the most effective vibration
control across both earthquake events. It consistently achieves the lowest peak displacements, 0.0059 m for Superstition Hills-02
and 0.0040 m for Loma Prieta, surpassing both TLCDI and U-shaped TIVLCD in performance. This superior efficiency is attributed
to enhanced inertial-structural coupling and gravitational amplification achieved through the V-shaped geometry, which promotes
more efficient energy dissipation. Overall, Fig. 10 confirms that the proposed V-shaped TIVLCD offers substantial improvements
in reducing structural displacement responses under seismic excitation, validating its potential as a high-performance passive
damping device for real-world structural systems. Eq. (44) quantifies the percentage reduction in maximum structural displacement
achieved by the proposed U-shaped and V-shaped TIVLCD relative to the TLCDI baseline system under seismic excitation. This
performance metric is essential for evaluating the effectiveness of the TIVLCD configurations in time-domain simulations using
recorded earthquake data.

xmax _ ( xmax
va(%) _ < ( s )TLCDI s )U and V-shaped TIVLCD > % 100 (44)
' (%% 11 cor

The numerator captures the absolute improvement in peak displacement response due to the inclusion of viscoelastic and geometric
enhancements in the TIVLCDs, while the denominator normalises this improvement with respect to the TLCDI response. The
resulting percentage offers a clear, interpretable indicator of damping performance. This metric is particularly valuable for practical
structural engineering applications, where relative improvement over established damping solutions (e.g., TLCDI) directly informs
design decisions. As demonstrated in Table 3 of the paper, both U- and V-shaped TIVLCDs consistently yield substantial reductions
in displacement, confirming the superior energy dissipation and adaptability introduced by combining inerter, viscoelastic, and
liquid column dynamics within an optimised geometry. D, (%) defines the displacement reduction capacity of the U and V-shaped
TIVLCD with respect to the TLCDI. (xl';'“")TLCDI defines the maximum displacement of the SDOF system controlled by TLCDL
( ;""X)U and V-shaped Tivicp G€fines the maximum displacements of the SDOF systems controlled by the U and V-shaped TIVLCD.
The maximum gisplacement responses from Table 3 are substituted in Eq. (44) to evaluate the overall displacement reduction

13



S. Chowdhury et al. Journal of Sound and Vibration 617 (2025) 119319

(@) (b)
1.5

T 1 T

: ** Uncontrolled structure (0.8972 m/sz)
===="TLCDI (0.8647 m/s?)
= = U-shaped TIVLCD (0.7482 m/s%)

V-shaped TIVLCD (0.7054 m/s%)

T T

""""""" Uncontrolled structure (1.3986 m/s?) . &= 0.005 £ =0.005
===="TLCDI (1.3466 m/s?) ’ ¢
= = 'U-shaped TIVLCD (1.1364 m/sz)
V-shaped TIVLCD (0.9677 m/s?)

—

e
W

'
=4
W

Structural acceleration (m/sz)
(e}

1
—_—
T

Superstition Hills-02 earthquake o Loma Prieta earthquake
| I -1 I . I
10 15 20 0 10 20 30 40
Time (s) Time (s)

1
—_
(O}

(==}

Wi

Fig. 11. The structural accelerations of the SDOF systems controlled by TLCDI, U-shaped TIVLCD, and V-shaped TIVLCD under (a) Superstition Hills-02 and (b)
Loma Prieta earthquakes.

capacity of the U and V-shaped TIVLCD. Fig. 11 presents a comparative assessment of structural acceleration responses for a SDOF
system subjected to two distinct earthquake excitations, (a) Superstition Hills-02 and (b) Loma Prieta, under four different control
configurations: uncontrolled, TLCDI, U-shaped TIVLCD, and V-shaped TIVLCD. The damping ratio of the main structure is maintained
at £ = 0.005 in both cases to isolate the effect of the supplemental dampers. In Fig. 11(a), the uncontrolled system experiences a
peak structural acceleration of 1.3986 m/s?. The TLCDI moderately reduces this to 1.3466 m/s>. However, the U-shaped TIVLCD
achieves a more substantial reduction to 1.1364 m/s?, while the V-shaped TIVLCD outperforms all, reducing the peak acceleration
to 0.9677 m/s>. The time history plot reveals that the V-shaped TIVLCD not only lowers the peak amplitude but also attenuates
high-frequency oscillations more effectively, leading to faster energy dissipation and reduced residual vibrations. In Fig. 11(b),
corresponding to the Loma Prieta earthquake, similar trends are observed. The peak acceleration for the uncontrolled system is
0.8972 m/s?, which drops to 0.8647 m/s? with TLCDI control. The U-shaped and V-shaped TIVLCD configurations further reduce the
accelerations to 0.7482 m/s? and 0.7054 m/s, respectively. The response curves demonstrate that both TIVLCD systems significantly
reduce the structural accelerations, particularly during the peak shaking period (i.e., 10-15 s), and achieve a smoother decay phase
thereafter. These results confirm that integrating viscoelastic and inerter mechanisms within liquid column dampers significantly
improves acceleration suppression performance. The V-shaped configuration, benefiting from enhanced inertial coupling and
geometric amplification due to its inclination angle, consistently delivers the highest reduction in structural accelerations across both
earthquake events. This highlights the potential of V-shaped TIVLCDs for seismic protection in structures requiring both displacement
and acceleration mitigation. Eq. (45) defines the percentage reduction in peak structural acceleration, denoted A; (%), provided by
the U-shaped or V-shaped Tuned Inerter Viscoelastic Liquid Column Dampers (TIVLCDs) in comparison to the TLCDI system. This
performance index is essential for evaluating the effectiveness of the proposed TIVLCD configurations in mitigating inertial forces
induced by seismic excitations.

(jémax) _ (Xmax) .
Ax %) = s TLCDI s U and V-shaped TIVLCD %100 (45)
’ (jé;nax ) TLCDI

The numerator represents the absolute reduction in the maximum structural acceleration when switching from a TLCDI to a U- or
V-shaped TIVLCD. The denominator normalises this reduction relative to the TLCDI’s performance, yielding a percentage value that
indicates how much more effective the TIVLCD is in attenuating high-frequency vibrations and peak inertial demands. This metric
is crucial for assessing occupant comfort and non-structural component safety in buildings during earthquakes. As demonstrated
in Table 4 of the manuscript, the V-shaped TIVLCD achieves an average acceleration reduction of 27.17%, while the U-shaped
configuration achieves 22.99%, further reinforcing the improved damping performance of the V-shaped design. Eq. (45) thus offers
a practical means to quantify the improvement in structural acceleration control, facilitating informed decisions in selecting damping
solutions for vibration-sensitive structures. (X;"”X)TLCDI defines the maximum acceleration of the SDOF system controlled by TLCDI.
(X;””X)U and V-shaped TIVLCD defines the maximum acceleration responses of the SDOF systems controlled by the U and V-shaped
TIVLCD. The maximum acceleration responses from Table 4 are substituted in Eq. (45) to evaluate the overall acceleration reduction
capacity of the U and V-shaped TIVLCD.

The overall performance comparison shows that the proposed U-shaped and V-shaped TIVLCDs significantly outperform the
TLCDI under various seismic excitations. Time history analyses reveal notable reductions in both structural displacement and
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Table 3
The maximum displacement responses of the uncontrolled and controlled SDOF systems. The SDOF systems are controlled by TLCDI, U-shaped TIVLCD, and
V-shaped TIVLCD.

Earthquake XM (m) D, (%)
Uncontrolled TLCDI U-shaped V-shaped U-shaped V-shaped
TIVLCD TIVLCD TIVLCD TIVLCD
Irpinia, Italy-01 0.0059 0.0059 0.0031 0.0029 47.45762712 50.84745763
Superstition Hills-02 0.0085 0.0083 0.0069 0.0059 16.86746988 28.91566265
Loma Prieta 0.0062 0.0051 0.0046 0.004 9.803921569 21.56862745
Erzican, Turkey 0.0068 0.0068 0.0057 0.0061 16.17647059 10.29411765
Cape Mendocino 0.0157 0.0116 0.0073 0.0084 37.06896552 27.5862069
Landers 0.0058 0.0045 0.004 0.0039 11.11111111 13.33333333
Northridge-01 0.0077 0.0077 0.0058 0.0055 24.67532468 28.57142857
Kocaeli, Turkey 0.0055 0.0032 0.0025 0.0025 21.875 21.875
Chi-Chi, Taiwan 0.0128 0.0098 0.0055 0.005 43.87755102 48.97959184
Chi-Chi, Taiwan 0.0074 0.005 0.0047 0.0048 6 4
Duzce, Turkey 0.0133 0.0118 0.0078 0.0073 33.89830508 38.13559322
Average 0.008690909 0.007245455 0.005263636 0.005118182 27.35257215 29.36010038
Table 4

The maximum acceleration responses of the uncontrolled and controlled SDOF systems. The SDOF systems are controlled by TLCDI, U-shaped TIVLCD, and
V-shaped TIVLCD.

Earthquake %7 (m/s”) A; (%)
Uncontrolled TLCDI U-shaped V-shaped U-shaped V-shaped
TIVLCD TIVLCD TIVLCD TIVLCD

Irpinia, Italy-01 1.2212 1.06 1.0556 0.9697 0.41509434 8.518867925
Superstition Hills-02 1.3986 1.3466 1.1364 0.9677 15.60968365 28.13753156
Loma Prieta 0.8972 0.8647 0.7482 0.7054 13.47288077 18.4225743
Erzican, Turkey 0.8759 0.6323 0.5188 0.4743 17.95034003 24.98813854
Cape Mendocino 1.9038 1.8393 1.3122 1.4013 28.65764149 23.81340727
Landers 1.4073 1.1303 0.9588 0.937 15.17296293 17.10165443
Northridge-01 1.5195 1.4003 1.1237 1.0508 19.75291009 24.95893737
Kocaeli, Turkey 0.8926 0.5421 0.4147 0.3973 23.50119904 26.71093894
Chi-Chi, Taiwan 2.0188 1.4332 0.8364 0.7364 41.64108289 48.61847614
Chi-Chi, Taiwan 0.5071 0.5071 0.3329 0.3577 34.35219878 29.46164465
Duzce, Turkey 2.17 1.837 1.0587 0.9509 42.36799129 48.23625476
Average 1.346545455 1.144809091 0.863309091 0.8135 22.9903623 27.17894781

acceleration when using the new dampers. On average, the U-shaped and V-shaped TIVLCDs achieve 27.35% and 29.36% reductions
in maximum displacement, and 22.99% and 27.17% reductions in peak acceleration, respectively. These improvements highlight
the enhanced damping capacity introduced by the combined inerter-viscoelastic-liquid mechanism. Among the two, the V-shaped
TIVLCD consistently delivers the highest performance due to its geometry, which facilitates stronger gravitational effects and inertial
amplification. These results confirm the effectiveness of the proposed TIVLCDs, particularly the V-shaped configuration, as advanced
passive control devices for mitigating seismic-induced structural vibrations.

5. Conclusion

This paper has presented a comprehensive investigation of Tuned Inerter Viscoelastic Liquid Column Dampers (TIVLCDs)
as an advanced passive vibration control solution. Through rigorous mathematical modelling and optimisation using statistical
linearisation and H, techniques, closed-form expressions for optimal design parameters were derived for both U-shaped and V-
shaped configurations. The frequency domain analysis demonstrates exceptional vibration suppression capabilities, with U-shaped
TIVLCDs achieving peak displacement reductions of 94.41% and 93.03% compared to conventional TLCD and TLCDI systems,
while V-shaped configurations exhibited even more remarkable performance with reductions of 96.93% and 96.43%, respectively.
In addition, the acceleration response reduction capacity of U-shaped TIVLCD is 65.09% and 70.63% superior to the TLCD and
TLCDI. The acceleration response reduction capacity of V-shaped TIVLCD is 78.40% and 81.82% superior to the TLCD and TLCDI.
The time history analysis further confirms the superior performance of the proposed TIVLCD systems under seismic excitations.
Compared to TLCDI, both U-shaped and V-shaped TIVLCDs consistently achieved significant reductions in maximum structural
displacement across eleven real earthquake records. Notably, the V-shaped configuration demonstrated the highest displacement
reduction, averaging approximately 29.36%, owing to enhanced inertial-structural coupling and geometric amplification effects. The
acceleration response analysis further validated the effectiveness of the TIVLCDs, with the V-shaped design achieving the lowest peak
accelerations and faster decay of vibrations. These findings underscore the practical potential of the proposed dampers in improving
the seismic resilience of structures through efficient passive energy dissipation.
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The novelty of this research lies in several key advances: First, the integration of inerters with viscoelastic materials creates
a synergistic damping mechanism that significantly expands the effective frequency bandwidth compared to traditional liquid
column dampers. Second, the derivation of exact closed-form expressions for optimal parameters enables straightforward practical
implementation while ensuring robust performance. Third, the innovative V-shaped configuration maximises the coupling between
inertial and damping forces, resulting in unprecedented vibration suppression efficiency. Fourth, the comprehensive frequency
response analysis provides deep insights into the dynamic behaviour across different geometric configurations and operating
conditions. Fifth, the statistical linearisation approach addresses nonlinear liquid motion effects while maintaining analytical
tractability.

These findings have significant implications for structural vibration control across multiple engineering domains, from high-
rise buildings to offshore structures. The superior performance and adaptability of TIVLCDs make them particularly valuable for
applications requiring robust vibration suppression under varying dynamic loads. While this paper establishes a comprehensive
theoretical and computational framework for the optimal design of TIVLCDs, experimental validation remains an important next step.
Future research will involve constructing physical prototypes of both U-shaped and V-shaped TIVLCD configurations and testing them
under controlled laboratory conditions using harmonic and stochastic base excitations. These experiments will assess the practical
effectiveness of the closed-form optimal parameters derived through H_, optimisation. In addition, dynamic response simulations
using real earthquake ground motions have been conducted to assess the effectiveness of the proposed dampers. These time history
results also facilitate a direct basis for comparison with future experimental results subjected to the same input time histories. Future
work will also extend the proposed framework to multi-degree-of-freedom systems to account for higher-mode effects and modal
interactions. Future work will consider the influence of environmental factors such as temperature, which can affect fluid density
and viscoelastic properties, to ensure robust performance of TIVLCDs under varying operational conditions.
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Appendix. Exact closed-form expressions from Egs. (11), (20), and (27)
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