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ARTICLE INFO ABSTRACT
Keywords: The performance of conventional tuned mass dampers (TMDs) is limited by narrow tuning band-
Elastomagnetic amplifier widths, high sensitivity to parameter variations, and the requirement for substantial auxiliary

Elastomagnetic amplifier friction damper
H, and H_, optimisations

Frictional damping element

Magnetic stiffness

mass and large relative displacements to achieve effective vibration reduction. Advanced con-
figurations, including inerter and inertial amplifier systems, improve effective inertia. However,
they lack the ability to simultaneously modulate stiffness and damping, which limits their per-
formance under broadband and varying dynamic excitations. This paper addresses the need for
a vibration mitigation device that can overcome these limitations. An elastomagnetic amplifier
is introduced as a novel mechanism that enables simultaneous enhancement of effective mass
and controllable stiffness. This concept is further extended by integrating a frictional damping
element to develop a nonlinear elastomagnetic amplifier friction damper (EAFD). The govern-
ing equations of motion are derived using the energy method and the Euler-Lagrange equation.
Closed-form expressions for the optimal design parameters are obtained using H, and H_, optimi-
sation techniques. Frequency-domain responses are analysed using transfer function formulations
and validated through numerical simulations employing the Newmark-beta method. The EAFD
achieves a 23.99% improvement in vibration reduction compared to conventional TMDs. The
results demonstrate robust and efficient performance under harmonic, random, and seismic exci-
tations.

1. Introduction

Modern engineering systems demand effective vibration mitigation across a wide range of applications, including mechanical
systems, precision equipment, and civil structures [1-3]. In such systems, vibration control performance is governed by key physical
parameters such as mass, stiffness, damping, and excitation characteristics [4-6]. Tuned mass dampers (TMDs) provide a reliable
passive control strategy due to their simplicity, ease of implementation, and ability to attenuate resonant responses without external
energy input [7-12]. A conventional TMD consists of a secondary mass attached to the primary structure through a spring and
viscous damper, tuned to oscillate out of phase with the structural motion, thereby transferring and dissipating vibrational energy.
These systems have been successfully applied in high-rise buildings, long-span bridges, and precision instruments subjected to wind,
seismic, and operational excitations [13-22]. To enhance energy dissipation, several variants have been developed, including tuned
mass friction dampers, friction vibration absorbers, and negative stiffness systems, which improve nonlinear energy dissipation and
low-frequency performance [23-31]. Despite these advantages, these systems remain sensitive to tuning accuracy and often rely on

* Corresponding author.
E-mail address: Sudip.Chowdhury@glasgow.ac.uk (S. Chowdhury).

https://doi.org/10.1016/j.apm.2026.117044

Received 19 February 2026; Received in revised form 20 April 2026; Accepted 8 May 2026

Available online 12 May 2026

0307-904X/© 2026 Elsevier Inc. All rights are reserved, including those for text and data mining, Al training, and similar technologies.


https://www.elsevier.com/locate/apm
https://www.elsevier.com/locate/apm
https://orcid.org/0000-0001-6218-4843

$H_2$


$H_\infty $


$H_2$


$H_\infty $


$m_s$


$m_s$


$m_d$


$m_d$


$m_a$


$m_a$


$m_b$


$m_b$


$k_s$


$k_s$


$k_d$


$k_d$


$k_a$


$k_a$


$k_b$


$k_b$


$c_s$


$c_s$


$c_b$


$c_b$


$c_e$


$c_e$


$u_s$


$u_s$


$u_d$


$u_d$


$y_d$


$y_d$


$x_a, y_a$


$x_a, y_a$


$\dot {(\cdot )}, \ddot {(\cdot )}$


$\dot {(\cdot )}, \ddot {(\cdot )}$


$\phi $


$\phi $


$b$


$b$


$c$


$c$


$r^{\pm }$


$r^{\pm }$


$\alpha $


$\alpha $


$A_0, A_1, A_2, A_3$


$A_0, A_1, A_2, A_3$


$V_m$


$V_m$


$T, V$


$T, V$


$L$


$L$


$\mu _d = m_d/m_s$


$\mu _d = m_d/m_s$


$\mu _a = m_a/m_d$


$\mu _a = m_a/m_d$


$\kappa = k_a/k_d$


$\kappa = k_a/k_d$


$\nu = A_1/k_b$


$\nu = A_1/k_b$


$\gamma _b = m_b/m_d$


$\gamma _b = m_b/m_d$


$\kappa _b$


$\kappa _b$


$\omega _s$


$\omega _s$


$\omega _d$


$\omega _d$


$\Omega = \omega /\omega _s$


$\Omega = \omega /\omega _s$


$\Omega _d = \omega _d/\omega _s$


$\Omega _d = \omega _d/\omega _s$


$\xi _s$


$\xi _s$


$\xi _d$


$\xi _d$


$q$


$q$


$q = i\omega $


$\sigma _{u_d}$


$\sigma _{u_d}$


$\sigma _{\dot {u}_d}$


$\sigma _{\dot {u}_d}$


$S_0$


$S_0$


$u_g$


$u_g$


$\dot {u}_g, \ddot {u}_g$


$\dot {u}_g, \ddot {u}_g$


$\mu $


$\mu $


$g$


$g$


$H_2$


$H_\infty $


$H_2$


$H_\infty $


$\phi $


$m_{d}$


$k_{d}$


$k_{a}$


$x_{a}$


$y_{a}$
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\begin {equation}\begin {split} r_L^{+} = \sqrt {\left (c+\frac {y_{d}}{2 \tan {\phi }}\right )^2+\left (\frac {y_d}{2}+\frac {b}{2}\right )^2} \mathand r_L^{-} = \sqrt {\left (c+\frac {y_{d}}{2 \tan {\phi }}\right )^2+\left (\frac {y_d}{2}-\frac {b}{2}\right )^2} \end {split} \label {Xeqn2-2}\end {equation}
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\begin {equation}\label {eqn:k4} \dot {y}_{a}=\frac {\dot {y}_{d}}{2} \mathand \dot {x}_{a}=\frac {\dot {y}_{d}}{2 \tan {\phi }}\end {equation}


\begin {equation}T_{d}=\frac {1}{2}m_{d} \dot {y}_{d}^{2} \label {Xeqn5-5}\end {equation}


\begin {equation}\label {eqn:k6} \begin {split} T_{a}=\frac {1}{2}m_{a}\left (\dot {x}_{a}^{2}+\dot {y}_{a}^{2}\right ) \end {split}\end {equation}
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\begin {equation}\label {eqn:er9} \begin {split} V=\frac {1}{2}\left (k_{d}+k_{a}\cot ^{2}{\phi }\right )y_{d}^{2}+V_{m} \end {split}\end {equation}


$V_{m}$


$V_{m}$
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\begin {equation}\label {eqn:sd2} \begin {split} \frac {\partial \sigma _{u_s}^{2}}{\partial \xi _{d}}=0 \mathand \frac {\partial \sigma _{u_s}^{2}}{\partial \omega _{d}}=0 \end {split}\end {equation}


\begin {equation}\label {eqn:zd1} \begin {split} \xi _{d}=\sqrt {\frac {N_{2}}{2 {\left (\left (2 \mu _{d} +2\right ) \left (\sin ^{2}\left (\phi \right )\right )+\mu _{a} \mu _{d} \right )}^{3} \left (\csc ^{4}\left (\phi \right )\right ) {\left (2 \left (\sin ^{2}\left (\phi \right )\right )+\mu _{a} \right )}^{2} \omega _{d}^{2} \omega _{s}^{2}}} \end {split}\end {equation}


$N_{2}$


\begin {equation}\label {eqn:od1} \begin {split} \left (\omega _{d}\right )_{\ropt }=\sqrt {\frac {\left (\left (2 \mu _{d} -4\right ) \left (\sin ^{2}\left (\phi \right )\right )+\mu _{a} \mu _{d} \right ) \omega _{s}^{2} \left (2 \left (\sin ^{2}\left (\phi \right )\right )+\mu _{a} \right )}{2 \left (\nu -1\right ) \left (\left (\cot ^{2}\left (\phi \right )\right ) \kappa +1\right ) {\left (\left (2 \mu _{d} +2\right ) \left (\sin ^{2}\left (\phi \right )\right )+\mu _{a} \mu _{d} \right )}^{2}} } \end {split}\end {equation}


\begin {equation}\begin {split} \left ( \Omega _{d}\right )_{\ropt }=\sqrt {\frac {\left (\left (2 \mu _{d} -4\right ) \left (\sin ^{2}\left (\phi \right )\right )+\mu _{a} \mu _{d} \right ) \left (2 \left (\sin ^{2}\left (\phi \right )\right )+\mu _{a} \right )}{2 \left (\nu -1\right ) \left (\left (\cot ^{2}\left (\phi \right )\right ) \kappa +1\right ) {\left (\left (2 \mu _{d} +2\right ) \left (\sin ^{2}\left (\phi \right )\right )+\mu _{a} \mu _{d} \right )}^{2}} } \end {split} \label {Xeqn40-40}\end {equation}


\begin {equation}\begin {split} \left (\xi _{d}\right )_{\ropt }=\sqrt {\frac {\mu _{d} \left (\sin ^{2}\left (\phi \right )\right ) \left (\left (2 \mu _{d} -8\right ) \left (\sin ^{2}\left (\phi \right )\right )+\mu _{a} \mu _{d} \right ) \left ( 1-\nu \right ) \left (\left (\cot ^{2}\left (\phi \right )\right ) \kappa +1\right )}{4 \left (\left (2 \mu _{d} +2\right ) \left (\sin ^{2}\left (\phi \right )\right )+\mu _{a} \mu _{d} \right ) \left (\left (2 \mu _{d} -4\right ) \left (\sin ^{2}\left (\phi \right )\right )+\mu _{a} \mu _{d} \right )} } \end {split} \label {Xeqn41-41}\end {equation}


$H_{\infty }$


$H_{2}$


$H_{\infty }$


$\omega _{s}^{2}$


$H_{\infty }$


\begin {equation}\begin {split} \left [\begin {array}{cc} 2 \,\ri \Omega \xi _{s} -\Omega ^{2}+1 & A_{12} \\ \left (-\frac {\mu _{a} \Omega ^{2} \left (\csc ^{2}\left (\phi \right )\right )}{2}-\Omega ^{2}\right ) \mu _{d} & A_{22} \end {array}\right ]\left \{\begin {array}{c} U_{s} \\ U_{d} \end {array}\right \}=\left [\begin {array}{c} -1 \\ -\left (1+\frac {\mu _{a} \left (\csc ^{2}\left (\phi \right )\right )}{2}\right ) \mu _{d} \end {array}\right ] \frac {U_{g}}{\omega _{s}^{2}} \end {split} \label {Xeqn42-42}\end {equation}


$A_{12}$


$A_{22}$


\begin {equation}\begin {split} &A_{12}=\kappa \mu _{d} \left (\cot ^{2}\left (\phi \right )\right ) \Omega _{d}^{2} \left (-1+\nu \right )-\ri \mu _{a} \left (\csc ^{2}\left (\phi \right )\right ) \xi _{d} \Omega \Omega _{d} \mu _{d} +\mu _{d} \left (-1+\nu \right ) \Omega _{d}^{2}-2 \,\ri \Omega _{d} \xi _{d} \Omega \mu _{d} \\ &A_{22}=\left (\mu _{a} \left (\ri \xi _{d} \Omega _{d} -\frac {\Omega }{2}\right ) \Omega \left (\csc ^{2}\left (\phi \right )\right )-\Omega _{d}^{2} \kappa \left (\cot ^{2}\left (\phi \right )\right ) \left (-1+\nu \right )+\left (1-\nu \right ) \Omega _{d}^{2}+2 \,\ri \Omega _{d} \xi _{d} \Omega -\Omega ^{2}\right ) \mu _{d} \end {split} \label {Xeqn43-43}\end {equation}


$\xi _{s}=0$


\begin {equation}\label {eqn:his} \begin {split} H_{s}\left (\Omega \right )&=\left (\frac {U_{s}}{U_{g}}\right )\omega _{s}^{2}\\&=\frac {\begin {array}{cc}-\mu _{d} \Omega _{d}^{2} \left (\csc ^{2}\left (\phi \right )\right ) \left (\cot ^{2}\left (\phi \right )\right ) \kappa \mu _{a} \nu +\mu _{d} \Omega _{d}^{2} \left (\csc ^{2}\left (\phi \right )\right ) \left (\cot ^{2}\left (\phi \right )\right ) \kappa \mu _{a} \\-\mu _{d} \Omega _{d}^{2} \left (\csc ^{2}\left (\phi \right )\right ) \mu _{a} \nu -2 \mu _{d} \kappa \left (\cot ^{2}\left (\phi \right )\right ) \Omega _{d}^{2} \nu +\mu _{d} \Omega _{d}^{2} \left (\csc ^{2}\left (\phi \right )\right ) \mu _{a} \\+2 \mu _{d} \kappa \left (\cot ^{2}\left (\phi \right )\right ) \Omega _{d}^{2}-2 \kappa \left (\cot ^{2}\left (\phi \right )\right ) \Omega _{d}^{2} \nu -\mu _{a} \Omega ^{2} \left (\csc ^{2}\left (\phi \right )\right )\\+2 \kappa \left (\cot ^{2}\left (\phi \right )\right ) \Omega _{d}^{2}-2 \mu _{d} \Omega _{d}^{2} \nu +2 \mu _{d} \Omega _{d}^{2}-2 \Omega _{d}^{2} \nu -2 \Omega ^{2}+2 \Omega _{d}^{2}\\+\ri \left (\begin {array}{cc}\mu _{d} \Omega _{d} \left (\csc ^{4}\left (\phi \right )\right ) \Omega \,\mu _{a}^{2} \xi _{d} +4 \Omega \xi _{d} \Omega _{d} \\+4 \mu _{d} \mu _{a} \Omega \xi _{d} \Omega _{d} \left (\csc ^{2}\left (\phi \right )\right )+4 \Omega _{d} \xi _{d} \Omega \mu _{d} +2 \mu _{a} \Omega \left (\csc ^{2}\left (\phi \right )\right ) \xi _{d} \Omega _{d} \end {array}\right ) \end {array}}{\Delta } \end {split}\end {equation}


\begin {equation}\label {eqn:hid} \begin {split} H_{d}\left (\Omega \right )=\left (\frac {U_{d}}{U_{g}}\right )\omega _{s}^{2}=\frac {\mu _{a} \left (\csc ^{2}\left (\phi \right )\right )+2}{\Delta } \end {split}\end {equation}


\begin {equation}\begin {split} \Delta =\begin {array}{cc} 2 \Omega ^{2} \Omega _{d}^{2}+2 \mu _{d} \left (\cot ^{2}\left (\phi \right )\right ) \Omega ^{2} \kappa \,\Omega _{d}^{2}+2 \Omega _{d}^{2} \nu -2 \left (\cot ^{2}\left (\phi \right )\right ) \Omega ^{2} \kappa \nu \,\Omega _{d}^{2}\\+\left (\csc ^{2}\left (\phi \right )\right ) \Omega ^{2} \mu _{a} \mu _{d} \Omega _{d}^{2}-\left (\csc ^{2}\left (\phi \right )\right ) \left (\cot ^{2}\left (\phi \right )\right ) \Omega ^{2} \kappa \mu _{a} \mu _{d} \nu \,\Omega _{d}^{2}\\+\mu _{a} \Omega ^{2} \left (\csc ^{2}\left (\phi \right )\right )+2 \Omega ^{2}+\left (\csc ^{2}\left (\phi \right )\right ) \left (\cot ^{2}\left (\phi \right )\right ) \Omega ^{2} \kappa \mu _{a} \mu _{d} \Omega _{d}^{2}\\-2 \mu _{d} \Omega ^{2} \nu \,\Omega _{d}^{2}+2 \kappa \left (\cot ^{2}\left (\phi \right )\right ) \Omega _{d}^{2} \nu +2 \left (\cot ^{2}\left (\phi \right )\right ) \Omega ^{2} \kappa \,\Omega _{d}^{2}\\-2 \mu _{d} \left (\cot ^{2}\left (\phi \right )\right ) \Omega ^{2} \kappa \nu \,\Omega _{d}^{2}-2 \Omega ^{4}-2 \Omega _{d}^{2}-\left (\csc ^{2}\left (\phi \right )\right ) \Omega ^{2} \mu _{a} \mu _{d} \nu \,\Omega _{d}^{2}\\-2 \kappa \left (\cot ^{2}\left (\phi \right )\right ) \Omega _{d}^{2}-\left (\csc ^{2}\left (\phi \right )\right ) \Omega ^{4} \mu _{a} +2 \mu _{d} \Omega ^{2} \Omega _{d}^{2}-2 \Omega ^{2} \nu \,\Omega _{d}^{2}\\+\ri \left (\begin {array}{cc}4 \mu _{d} \Omega ^{3} \xi _{d} \Omega _{d} +4 \mu _{d} \left (\csc ^{2}\left (\phi \right )\right ) \Omega ^{3} \mu _{a} \xi _{d} \Omega _{d} +\left (\csc ^{4}\left (\phi \right )\right ) \Omega ^{3} \mu _{a}^{2} \mu _{d} \xi _{d} \Omega _{d} \\+4 \Omega ^{3} \xi _{d} \Omega _{d} -4 \Omega _{d} \xi _{d} \Omega -2 \mu _{a} \Omega \left (\csc ^{2}\left (\phi \right )\right ) \xi _{d} \Omega _{d} +2 \left (\csc ^{2}\left (\phi \right )\right ) \Omega ^{3} \mu _{a} \xi _{d} \Omega _{d} \end {array}\right ) \end {array} \end {split} \label {Xeqn46-46}\end {equation}


\begin {equation}|H_{s}\left (\Omega \right )|=\Bigg |\frac {I_{1}}{I_{2}}\Bigg |\sqrt {\frac {\frac {R_{1}^{2}}{I_{1}^{2}}+\xi _{d}^{2}}{\frac {R_{2}^{2}}{I_{2}^{2}}+\xi _{d}^{2}}} \label {Xeqn47-47}\end {equation}


$H_{\infty }$


\begin {equation}\label {eqn:cn} \begin {split} \Bigg |\frac {R_{1}}{I_{1}}\Bigg |_{\Omega }=\Bigg |\frac {R_{2}}{I_{2}}\Bigg |_{\Omega } \mathand \Bigg |\frac {I_{1}}{I_{2}}\Bigg |_{\Omega _{1}}=\Bigg |\frac {I_{1}}{I_{2}}\Bigg |_{\Omega _{2}} \end {split}\end {equation}


\begin {equation}\label {eqn:cn1} \begin {array}{cc} \left (\begin {array}{cc}-2 \mu _{d} \left (\csc ^{4}\left (\phi \right )\right ) \mu _{a}^{2}-8 \left (\csc ^{2}\left (\phi \right )\right ) \mu _{a} \mu _{d} -4 \left (\csc ^{2}\left (\phi \right )\right ) \mu _{a} -8 \mu _{d} -8\end {array}\right ) \Omega ^{4}\\+\left (\begin {array}{cc}8+4 \mu _{d} -8 \Omega _{d}^{2} \nu +16 \mu _{d} \Omega _{d}^{2}+8 \mu _{d}^{2} \Omega _{d}^{2}+8 \Omega _{d}^{2}-16 \mu _{d} \Omega _{d}^{2} \nu -8 \mu _{d}^{2} \nu \,\Omega _{d}^{2}\\-2 \left (\csc ^{2}\left (\phi \right )\right ) \left (\cot ^{2}\left (\phi \right )\right ) \kappa \,\mu _{a}^{2} \mu _{d}^{2} \nu \,\Omega _{d}^{2}-4 \left (\cot ^{2}\left (\phi \right )\right ) \left (\csc ^{2}\left (\phi \right )\right ) \kappa \mu _{a} \mu _{d}^{2} \nu \,\Omega _{d}^{2}\\-4 \mu _{d} \Omega _{d}^{2} \left (\csc ^{2}\left (\phi \right )\right ) \left (\cot ^{2}\left (\phi \right )\right ) \kappa \mu _{a} \nu -4 \mu _{d} \Omega _{d}^{2} \kappa \mu _{a} \nu \left (\cot ^{2}\left (\phi \right )\right )\\+2 \left (\csc ^{2}\left (\phi \right )\right ) \left (\cot ^{2}\left (\phi \right )\right ) \kappa \,\mu _{a}^{2} \mu _{d}^{2} \Omega _{d}^{2}+4 \left (\cot ^{2}\left (\phi \right )\right ) \left (\csc ^{2}\left (\phi \right )\right ) \kappa \mu _{a} \mu _{d}^{2} \Omega _{d}^{2}\\-4 \left (\cot ^{2}\left (\phi \right )\right ) \kappa \mu _{a} \mu _{d}^{2} \nu \,\Omega _{d}^{2}+4 \mu _{d} \Omega _{d}^{2} \left (\csc ^{2}\left (\phi \right )\right ) \left (\cot ^{2}\left (\phi \right )\right ) \kappa \mu _{a} \\+16 \mu _{d} \kappa \left (\cot ^{2}\left (\phi \right )\right ) \Omega _{d}^{2}+8 \mu _{d} \Omega _{d}^{2} \left (\csc ^{2}\left (\phi \right )\right ) \mu _{a} -8 \kappa \left (\cot ^{2}\left (\phi \right )\right ) \Omega _{d}^{2} \nu \\+2 \left (\csc ^{4}\left (\phi \right )\right ) \mu _{a}^{2} \mu _{d}^{2} \Omega _{d}^{2}+8 \left (\cot ^{2}\left (\phi \right )\right ) \kappa \,\mu _{d}^{2} \Omega _{d}^{2}+8 \left (\csc ^{2}\left (\phi \right )\right ) \mu _{a} \mu _{d}^{2} \Omega _{d}^{2}\\-16 \mu _{d} \kappa \left (\cot ^{2}\left (\phi \right )\right ) \Omega _{d}^{2} \nu -8 \mu _{d} \Omega _{d}^{2} \left (\csc ^{2}\left (\phi \right )\right ) \mu _{a} \nu +4 \mu _{d} \Omega _{d}^{2} \kappa \mu _{a} \left (\cot ^{2}\left (\phi \right )\right )\\-2 \left (\csc ^{4}\left (\phi \right )\right ) \mu _{a}^{2} \mu _{d}^{2} \nu \,\Omega _{d}^{2}-8 \left (\cot ^{2}\left (\phi \right )\right ) \kappa \,\mu _{d}^{2} \nu \,\Omega _{d}^{2}-8 \left (\csc ^{2}\left (\phi \right )\right ) \mu _{a} \mu _{d}^{2} \nu \,\Omega _{d}^{2}\\+4 \left (\cot ^{2}\left (\phi \right )\right ) \kappa \mu _{a} \mu _{d}^{2} \Omega _{d}^{2}+\mu _{d} \left (\csc ^{4}\left (\phi \right )\right ) \mu _{a}^{2}+4 \left (\csc ^{2}\left (\phi \right )\right ) \mu _{a} \mu _{d} \\+8 \kappa \left (\cot ^{2}\left (\phi \right )\right ) \Omega _{d}^{2}+4 \left (\csc ^{2}\left (\phi \right )\right ) \mu _{a} \end {array}\right ) \Omega ^{2}\\+2 \mu _{d} \Omega _{d}^{2} \left (\csc ^{2}\left (\phi \right )\right ) \left (\cot ^{2}\left (\phi \right )\right ) \kappa \mu _{a} \nu -2 \mu _{d} \Omega _{d}^{2} \left (\csc ^{2}\left (\phi \right )\right ) \left (\cot ^{2}\left (\phi \right )\right ) \kappa \mu _{a} \\+2 \mu _{d} \Omega _{d}^{2} \kappa \mu _{a} \nu \left (\cot ^{2}\left (\phi \right )\right )+8 \mu _{d} \kappa \left (\cot ^{2}\left (\phi \right )\right ) \Omega _{d}^{2} \nu +4 \mu _{d} \Omega _{d}^{2} \left (\csc ^{2}\left (\phi \right )\right ) \mu _{a} \nu \\-2 \mu _{d} \Omega _{d}^{2} \kappa \mu _{a} \left (\cot ^{2}\left (\phi \right )\right )-8 \mu _{d} \kappa \left (\cot ^{2}\left (\phi \right )\right ) \Omega _{d}^{2}+8 \kappa \left (\cot ^{2}\left (\phi \right )\right ) \Omega _{d}^{2} \nu \\-4 \mu _{d} \Omega _{d}^{2} \left (\csc ^{2}\left (\phi \right )\right ) \mu _{a} -8 \kappa \left (\cot ^{2}\left (\phi \right )\right ) \Omega _{d}^{2}+8 \mu _{d} \Omega _{d}^{2} \nu -8 \mu _{d} \Omega _{d}^{2}+8 \Omega _{d}^{2} \nu \\-8 \Omega _{d}^{2}=0 \end {array}\end {equation}


\begin {equation}\label {eqn:cn2} \Omega ^{4}+\left (-\Omega _{1}^{2}-\Omega _{2}^{2}\right ) \Omega ^{2}+\Omega _{1}^{2} \Omega _{2}^{2}=0\end {equation}


\begin {equation}\label {eqn:k1} \begin {split} \Omega _{1}^{2}+\Omega _{2}^{2}=\frac {\left (\begin {array}{cc}8+4 \mu _{d} -8 \Omega _{d}^{2} \nu +16 \mu _{d} \Omega _{d}^{2}+8 \mu _{d}^{2} \Omega _{d}^{2}+8 \Omega _{d}^{2}-16 \mu _{d} \Omega _{d}^{2} \nu -8 \mu _{d}^{2} \nu \,\Omega _{d}^{2}\\-2 \left (\csc ^{2}\left (\phi \right )\right ) \left (\cot ^{2}\left (\phi \right )\right ) \kappa \,\mu _{a}^{2} \mu _{d}^{2} \nu \,\Omega _{d}^{2}-4 \left (\cot ^{2}\left (\phi \right )\right ) \left (\csc ^{2}\left (\phi \right )\right ) \kappa \mu _{a} \mu _{d}^{2} \nu \,\Omega _{d}^{2}\\-4 \mu _{d} \Omega _{d}^{2} \left (\csc ^{2}\left (\phi \right )\right ) \left (\cot ^{2}\left (\phi \right )\right ) \kappa \mu _{a} \nu -4 \mu _{d} \Omega _{d}^{2} \kappa \mu _{a} \nu \left (\cot ^{2}\left (\phi \right )\right )\\+2 \left (\csc ^{2}\left (\phi \right )\right ) \left (\cot ^{2}\left (\phi \right )\right ) \kappa \,\mu _{a}^{2} \mu _{d}^{2} \Omega _{d}^{2}+4 \left (\cot ^{2}\left (\phi \right )\right ) \left (\csc ^{2}\left (\phi \right )\right ) \kappa \mu _{a} \mu _{d}^{2} \Omega _{d}^{2}\\-4 \left (\cot ^{2}\left (\phi \right )\right ) \kappa \mu _{a} \mu _{d}^{2} \nu \,\Omega _{d}^{2}+4 \mu _{d} \Omega _{d}^{2} \left (\csc ^{2}\left (\phi \right )\right ) \left (\cot ^{2}\left (\phi \right )\right ) \kappa \mu _{a} \\+16 \mu _{d} \kappa \left (\cot ^{2}\left (\phi \right )\right ) \Omega _{d}^{2}+8 \mu _{d} \Omega _{d}^{2} \left (\csc ^{2}\left (\phi \right )\right ) \mu _{a} -8 \kappa \left (\cot ^{2}\left (\phi \right )\right ) \Omega _{d}^{2} \nu \\+2 \left (\csc ^{4}\left (\phi \right )\right ) \mu _{a}^{2} \mu _{d}^{2} \Omega _{d}^{2}+8 \left (\cot ^{2}\left (\phi \right )\right ) \kappa \,\mu _{d}^{2} \Omega _{d}^{2}+8 \left (\csc ^{2}\left (\phi \right )\right ) \mu _{a} \mu _{d}^{2} \Omega _{d}^{2}\\-16 \mu _{d} \kappa \left (\cot ^{2}\left (\phi \right )\right ) \Omega _{d}^{2} \nu -8 \mu _{d} \Omega _{d}^{2} \left (\csc ^{2}\left (\phi \right )\right ) \mu _{a} \nu +4 \mu _{d} \Omega _{d}^{2} \kappa \mu _{a} \left (\cot ^{2}\left (\phi \right )\right )\\-2 \left (\csc ^{4}\left (\phi \right )\right ) \mu _{a}^{2} \mu _{d}^{2} \nu \,\Omega _{d}^{2}-8 \left (\cot ^{2}\left (\phi \right )\right ) \kappa \,\mu _{d}^{2} \nu \,\Omega _{d}^{2}-8 \left (\csc ^{2}\left (\phi \right )\right ) \mu _{a} \mu _{d}^{2} \nu \,\Omega _{d}^{2}\\+4 \left (\cot ^{2}\left (\phi \right )\right ) \kappa \mu _{a} \mu _{d}^{2} \Omega _{d}^{2}+\mu _{d} \left (\csc ^{4}\left (\phi \right )\right ) \mu _{a}^{2}+4 \left (\csc ^{2}\left (\phi \right )\right ) \mu _{a} \mu _{d} \\+8 \kappa \left (\cot ^{2}\left (\phi \right )\right ) \Omega _{d}^{2}+4 \left (\csc ^{2}\left (\phi \right )\right ) \mu _{a} \end {array}\right )}{\left (\begin {array}{cc}2 \mu _{d} \left (\csc ^{4}\left (\phi \right )\right ) \mu _{a}^{2}+8 \left (\csc ^{2}\left (\phi \right )\right ) \mu _{a} \mu _{d} +4 \left (\csc ^{2}\left (\phi \right )\right ) \mu _{a} +8 \mu _{d} +8\end {array}\right )} \end {split}\end {equation}


\begin {equation}\label {eqn:cn3} \Omega _{1}+\Omega _{2}=0\end {equation}


\begin {equation}\begin {split} \Omega _{d}=\sqrt {\frac {\mu _{d} \left (\csc ^{4}\left (\phi \right )\right ) \mu _{a}^{2}+4 \left (\csc ^{2}\left (\phi \right )\right ) \mu _{a} \mu _{d} +4 \left (\csc ^{2}\left (\phi \right )\right ) \mu _{a} +4 \mu _{d} +8}{\begin {array}{cc} 8-8 \nu +16 \mu _{d} +4 \left (\csc ^{2}\left (\phi \right )\right ) \left (\cot ^{2}\left (\phi \right )\right ) \kappa \mu _{a} \mu _{d} -4 \left (\cot ^{2}\left (\phi \right )\right ) \kappa \mu _{a} \mu _{d}^{2} \nu \\-4 \left (\cot ^{2}\left (\phi \right )\right ) \kappa \mu _{a} \mu _{d} \nu +2 \left (\csc ^{2}\left (\phi \right )\right ) \left (\cot ^{2}\left (\phi \right )\right ) \kappa \,\mu _{a}^{2} \mu _{d}^{2}+8 \left (\cot ^{2}\left (\phi \right )\right ) \kappa \\+4 \left (\csc ^{2}\left (\phi \right )\right ) \left (\cot ^{2}\left (\phi \right )\right ) \kappa \mu _{a} \mu _{d}^{2} -4 \left (\csc ^{2}\left (\phi \right )\right ) \left (\cot ^{2}\left (\phi \right )\right ) \kappa \mu _{a} \mu _{d} \nu \\-2 \left (\csc ^{2}\left (\phi \right )\right ) \left (\cot ^{2}\left (\phi \right )\right ) \kappa \,\mu _{a}^{2} \mu _{d}^{2} \nu -4 \left (\csc ^{2}\left (\phi \right )\right ) \left (\cot ^{2}\left (\phi \right )\right ) \kappa \mu _{a} \mu _{d}^{2} \nu -8 \mu _{d}^{2} \nu \\-16 \mu _{d} \nu +8 \mu _{d}^{2}-8 \left (\cot ^{2}\left (\phi \right )\right ) \kappa \nu +2 \left (\csc ^{4}\left (\phi \right )\right ) \mu _{a}^{2} \mu _{d}^{2}+8 \left (\csc ^{2}\left (\phi \right )\right ) \mu _{a} \mu _{d}^{2}\\+8 \left (\cot ^{2}\left (\phi \right )\right ) \kappa \,\mu _{d}^{2}+16 \left (\cot ^{2}\left (\phi \right )\right ) \kappa \mu _{d} -2 \left (\csc ^{4}\left (\phi \right )\right ) \mu _{a}^{2} \mu _{d}^{2} \nu \\-8 \left (\csc ^{2}\left (\phi \right )\right ) \mu _{a} \mu _{d}^{2} \nu -16 \left (\cot ^{2}\left (\phi \right )\right ) \kappa \mu _{d} \nu -8 \left (\cot ^{2}\left (\phi \right )\right ) \kappa \,\mu _{d}^{2} \nu \\-8 \left (\csc ^{2}\left (\phi \right )\right ) \mu _{a} \mu _{d} \nu +4 \left (\cot ^{2}\left (\phi \right )\right ) \kappa \mu _{a} \mu _{d}^{2}+4 \left (\cot ^{2}\left (\phi \right )\right ) \kappa \mu _{a} \mu _{d} \\+8 \left (\csc ^{2}\left (\phi \right )\right ) \mu _{a} \mu _{d} \end {array}}} \end {split} \label {Xeqn53-53}\end {equation}


$\Omega _{1}^{2}$


$\Omega _{2}^{2}$


\begin {equation}\begin {split} \Omega _{1,2}^{2}=\pm \sqrt {\frac {2 \left (\sin ^{2}\left (\phi \right )\right ) \left (\kappa \left (\cot ^{2}\left (\phi \right )\right )+1\right ) \left (1-\nu \right ) \Omega _{d}^{2}}{2 \left (\sin ^{2}\left (\phi \right )\right )+\mu _{a}}} \end {split} \label {Xeqn54-54}\end {equation}


\begin {equation}\label {eqn:l1} \begin {split} \frac {\partial |H_{s}\left (\Omega \right )|^{2} }{\partial \Omega ^{2}}=0 \mathand \xi _{d}=\sqrt {\frac {\xi _{d1}^{2}+\xi _{d2}^{2}}{2}} \end {split}\end {equation}


$\xi _{d1,d2}^{2}$


\begin {equation}\label {eqn:zdi2} \begin {split} &Z_{1} \xi _{d1,d2}^{4}+Z_{2}\xi _{d1,d2}^{2}+Z_{3}=0\\ &\xi _{d1,d2}^{2}=\frac {-Z_{2}\pm \sqrt {Z_{2}^{2}-4Z_{1}Z_{3}}}{2 Z_{1}} \end {split}\end {equation}


$Z_{1}$


$Z_{2}$


$Z_{3}$


$\xi _{s}=0.01$


$H_{2}$


$H_{\infty }$


$10^{o}$


$H_{2}$


$H_{2}$


$H_\infty $


$H_\infty $


$H_{2}$


$H_{2}$


$H_\infty $


$2.4983 \times 10^{8}$


$6.3321 \times 10^{6}$


$5.721 \times 10^{6}$


$1.6186 \times 10^{6}$


$H_\infty $


$4.956 \times 10^{7}$


$5.0297 \times 10^{6}$


$m_s=3000$


$T_s=0.5$


$\omega _s = 2 \pi / T_s$


$\xi _s=0.01$


$0.0082\,\mathrm {m}$


$0.0055\,\mathrm {m}$


$0.0038\,\mathrm {m}$


$30.90\%$


$m/s^{2}$


$m/s^{2}$


$m/s^{2}$


$1.3400\,\mathrm {m/s^{2}}$


$0.7736\,\mathrm {m/s^{2}}$


$0.6958\,\mathrm {m/s^{2}}$


$10.05\%$


$H_{2}$


$H_{\infty }$


$H_{2}$


\begin {equation}\begin {split} N_{1}=\begin {array}{cc} 16 \left (\begin {array}{cc}\kappa ^{2} \omega _{d}^{4} \left (\mu _{d} +1\right )^{4} \left (\nu -1\right )^{2} \left (\cot ^{4}\left (\phi \right )\right )\\+2 \kappa \left (\left (\mu _{d} +1\right )^{2} \left (\nu -1\right ) \omega _{d}^{2}-\frac {\omega _{s}^{2} \left (\mu _{d} -2\right )}{2}\right ) \omega _{d}^{2} \left (\mu _{d} +1\right )^{2} \left (\nu -1\right ) \left (\cot ^{2}\left (\phi \right )\right )\\+\left (\mu _{d} +1\right )^{4} \left (\nu -1\right )^{2} \omega _{d}^{4}+\omega _{s}^{4}\\-\left (\left (-4 \xi _{d}^{2}+\nu -1\right ) \mu _{d} -4 \xi _{d}^{2}-2 \nu +2\right ) \left (\mu _{d} +1\right )^{2} \omega _{s}^{2} \omega _{d}^{2}\end {array}\right ) \left (\sin ^{6}\left (\phi \right )\right )\\+32 \left (\begin {array}{cc}\kappa ^{2} \mu _{d} \omega _{d}^{4} \left (\mu _{d} +1\right )^{3} \left (\nu -1\right )^{2} \left (\cot ^{4}\left (\phi \right )\right )\\+2 \kappa \,\omega _{d}^{2} \left (\mu _{d} +1\right ) \left (\begin {array}{cc}\mu _{d} \left (\mu _{d} +1\right )^{2} \left (\nu -1\right ) \omega _{d}^{2}\\-\frac {\omega _{s}^{2} \left (\mu _{d}^{2}-\mu _{d} -\frac {1}{2}\right )}{2}\end {array}\right ) \left (\nu -1\right ) \left (\cot ^{2}\left (\phi \right )\right )\\+\mu _{d} \left (\mu _{d} +1\right )^{3} \left (\nu -1\right )^{2} \omega _{d}^{4}+\frac {\omega _{s}^{4}}{2}\\-\left (\left (-5 \xi _{d}^{2}+\nu -1\right ) \mu _{d}^{2}+\left (-7 \xi _{d}^{2}-\nu +1\right ) \mu _{d} -2 \xi _{d}^{2}-\frac {\nu }{2}+\frac {1}{2}\right ) \left (\mu _{d} +1\right ) \omega _{s}^{2} \omega _{d}^{2}\end {array}\right ) \mu _{a} \left (\sin ^{4}\left (\phi \right )\right )\\+24 \left (\begin {array}{cc}\kappa ^{2} \mu _{d}^{2} \omega _{d}^{4} \left (\mu _{d} +1\right )^{2} \left (\nu -1\right )^{2} \left (\cot ^{4}\left (\phi \right )\right )\\+2 \kappa \left (\mu _{d} \left (\mu _{d} +1\right )^{2} \left (\nu -1\right ) \omega _{d}^{2}-\frac {\left (\mu _{d}^{2}-\frac {1}{2}\right ) \omega _{s}^{2}}{2}\right ) \omega _{d}^{2} \mu _{d} \left (\nu -1\right ) \left (\cot ^{2}\left (\phi \right )\right )\\+\mu _{d}^{2} \left (\mu _{d} +1\right )^{2} \left (\nu -1\right )^{2} \omega _{d}^{4}+\frac {\omega _{s}^{4}}{6}\\-\left (\left (-\frac {20 \xi _{d}^{2}}{3}+\nu -1\right ) \mu _{d}^{3}-12 \mu _{d}^{2} \xi _{d}^{2}+\left (-6 \xi _{d}^{2}-\frac {\nu }{2}+\frac {1}{2}\right ) \mu _{d} -\frac {2 \xi _{d}^{2}}{3}\right ) \omega _{s}^{2} \omega _{d}^{2}\end {array}\right ) \mu _{a}^{2} \left (\sin ^{2}\left (\phi \right )\right )\\+\omega _{d}^{2} \mu _{d} \mu _{a}^{3} \left (\begin {array}{cc}8 \kappa ^{2} \mu _{d}^{2} \omega _{d}^{2} \left (\nu -1\right )^{2} \left (\mu _{d} +1\right ) \left (\cot ^{4}\left (\phi \right )\right )\\+\kappa \,\mu _{d}^{2} \left (\nu -1\right ) \left (\begin {array}{cc}\kappa \mu _{a} \mu _{d} \omega _{d}^{2} \left (\nu -1\right ) \left (\cot ^{2}\left (\phi \right )\right )\\+16 \left (\mu _{d} +1\right ) \left (\nu -1\right ) \omega _{d}^{2}-8 \omega _{s}^{2}\end {array}\right ) \left (\cot ^{2}\left (\phi \right )\right )\\+2 \kappa \,\mu _{d}^{2} \mu _{a} \left (\mu _{d} \left (\nu -1\right ) \omega _{d}^{2}-\frac {\omega _{s}^{2}}{2}\right ) \left (\nu -1\right ) \left (\cot ^{2}\left (\phi \right )\right )+2 \left (\csc ^{4}\left (\phi \right )\right ) \mu _{a}^{2} \mu _{d}^{2} \xi _{d}^{2} \omega _{s}^{2}\\+\left (\mu _{d}^{2} \left (\nu -1\right )^{2} \omega _{d}^{2}-\left (\left (-20 \xi _{d}^{2}+\nu -1\right ) \mu _{d} -12 \xi _{d}^{2}\right ) \omega _{s}^{2}\right ) \mu _{d} \mu _{a} \left (\csc ^{2}\left (\phi \right )\right )\\+8 \mu _{d}^{2} \left (\nu -1\right )^{2} \left (\mu _{d} +1\right ) \omega _{d}^{2}-8 \left (\left (-10 \xi _{d}^{2}+\nu -1\right ) \mu _{d}^{2}-12 \mu _{d} \xi _{d}^{2}-3 \xi _{d}^{2}\right ) \omega _{s}^{2}\end {array}\right ) \end {array} \end {split} \label {Xeqn57-A.1}\end {equation}


\begin {equation}\begin {split} N_{2}=\begin {array}{cc} 16 \left (\begin {array}{cc}\kappa ^{2} \omega _{d}^{4} \left (1+\mu _{d} \right )^{4} \left (\nu -1\right )^{2} \left (\cot ^{4}\left (\phi \right )\right )\\+2 \omega _{d}^{2} \left (\left (1+\mu _{d} \right )^{2} \left (\nu -1\right ) \omega _{d}^{2}-\frac {\omega _{s}^{2} \left (\mu _{d} -2\right )}{2}\right ) \kappa \left (\nu -1\right ) \left (1+\mu _{d} \right )^{2} \left (\cot ^{2}\left (\phi \right )\right )\\+\left (1+\mu _{d} \right )^{4} \left (\nu -1\right )^{2} \omega _{d}^{4}-\omega _{s}^{2} \left (\mu _{d} -2\right ) \left (1+\mu _{d} \right )^{2} \left (\nu -1\right ) \omega _{d}^{2}+\omega _{s}^{4}\end {array}\right ) \left (\sin ^{6}\left (\phi \right )\right )\\+32 \mu _{a} \left (\begin {array}{cc}\kappa ^{2} \mu _{d} \omega _{d}^{4} \left (1+\mu _{d} \right )^{3} \left (\nu -1\right )^{2} \left (\cot ^{4}\left (\phi \right )\right )\\+ \left (\mu _{d} \left (1+\mu _{d} \right )^{2} \left (\nu -1\right ) \omega _{d}^{2}-\frac {\omega _{s}^{2} \left (\mu _{d}^{2}-\mu _{d} -\frac {1}{2}\right )}{2}\right )\\2 \omega _{d}^{2} \kappa \left (\nu -1\right ) \left (1+\mu _{d} \right ) \left (\cot ^{2}\left (\phi \right )\right )\\+\mu _{d} \left (1+\mu _{d} \right )^{3} \left (\nu -1\right )^{2} \omega _{d}^{4}+\frac {\omega _{s}^{4}}{2}\\-\omega _{s}^{2} \left (\mu _{d}^{2}-\mu _{d} -\frac {1}{2}\right ) \left (\nu -1\right ) \left (1+\mu _{d} \right ) \omega _{d}^{2}\end {array}\right ) \left (\sin ^{4}\left (\phi \right )\right )\\+24 \left (\begin {array}{cc}\kappa ^{2} \mu _{d}^{2} \omega _{d}^{4} \left (1+\mu _{d} \right )^{2} \left (\nu -1\right )^{2} \left (\cot ^{4}\left (\phi \right )\right )\\+2 \omega _{d}^{2} \left (\mu _{d} \left (1+\mu _{d} \right )^{2} \left (\nu -1\right ) \omega _{d}^{2}-\frac {\omega _{s}^{2} \left (\mu _{d}^{2}-\frac {1}{2}\right )}{2}\right ) \kappa \left (\nu -1\right ) \mu _{d} \left (\cot ^{2}\left (\phi \right )\right )\\+\mu _{d}^{2} \left (1+\mu _{d} \right )^{2} \left (\nu -1\right )^{2} \omega _{d}^{4}-\omega _{s}^{2} \left (\mu _{d}^{2}-\frac {1}{2}\right ) \left (\nu -1\right ) \mu _{d} \omega _{d}^{2}+\frac {\omega _{s}^{4}}{6}\end {array}\right ) \mu _{a}^{2} \left (\sin ^{2}\left (\phi \right )\right )\\+\left (\begin {array}{cc}8 \kappa ^{2} \omega _{d}^{2} \left (1+\mu _{d} \right ) \left (\nu -1\right ) \left (\cot ^{4}\left (\phi \right )\right )\\+\left (\begin {array}{cc}\kappa \mu _{a} \mu _{d} \omega _{d}^{2} \left (\nu -1\right ) \left (\cot ^{2}\left (\phi \right )\right )\\+16 \left (1+\mu _{d} \right ) \left (\nu -1\right ) \omega _{d}^{2}-8 \omega _{s}^{2}\end {array}\right ) \kappa \left (\cot ^{2}\left (\phi \right )\right )\\+2 \left (\mu _{d} \left (\nu -1\right ) \omega _{d}^{2}-\frac {\omega _{s}^{2}}{2}\right ) \mu _{a} \kappa \left (\cot ^{2}\left (\phi \right )\right )\\+\mu _{a} \left (\mu _{d} \left (\nu -1\right ) \omega _{d}^{2}-\omega _{s}^{2}\right ) \left (\csc ^{2}\left (\phi \right )\right )\\+8 \left (1+\mu _{d} \right ) \left (\nu -1\right ) \omega _{d}^{2}-8 \omega _{s}^{2}\end {array}\right ) \omega _{d}^{2} \mu _{a}^{3} \left (\nu -1\right ) \mu _{d}^{3} \end {array} \end {split} \label {Xeqn58-A.2}\end {equation}


$H_{\infty }$


\begin {equation}\begin {split} Z_{1}=&-2 \left (\left (\csc ^{2}\left (\phi \right )\right ) \mu _{a} \mu _{d} \Omega _{1,2}^{2} +2 \mu _{d} \Omega _{1,2}^{2} +2 \Omega _{1,2}^{2} -2\right ) \Omega _{1,2}^{4} {\left (2 \left (\sin ^{2}\left (\phi \right )\right )+\mu _{a} \right )}^{4} \\&\Omega _{d}^{4} {\left (\left (2 \mu _{d} +2\right ) \left (\sin ^{2}\left (\phi \right )\right )+\mu _{a} \mu _{d} \right )}^{3} \left (\csc ^{14}\left (\phi \right )\right ) \end {split} \label {Xeqn59-B.1}\end {equation}


\begin {equation}\begin {split} Z_{2}=\begin {array}{cc} \left (-4 \Omega _{d}^{2} {\left (\left (2 \mu _{d} +2\right ) \left (\sin ^{2}\left (\phi \right )\right )+\mu _{a} \mu _{d} \right )}^{2} \left (\csc ^{12}\left (\phi \right )\right ) {\left (2 \left (\sin ^{2}\left (\phi \right )\right )+\mu _{a} \right )}^{4} \right )\Omega _{1,2}^{8}\\[3pt] +\left (\begin {array}{cc}-8 \left (\begin {array}{cc}\left (\begin {array}{cc}2 \kappa \,\Omega _{d}^{2} \left (\mu _{d} +1\right ) \left (\nu -1\right ) \left (\cot ^{2}\left (\phi \right )\right )\\[3pt]-1+2 \left (\mu _{d} +1\right ) \left (\nu -1\right ) \Omega _{d}^{2}\end {array}\right ) \left (\sin ^{2}\left (\phi \right )\right )\\[3pt]+\mu _{a} \left (\kappa \mu _{d} \Omega _{d}^{2} \left (\nu -1\right ) \left (\cot ^{2}\left (\phi \right )\right )-\frac {1}{2}+\mu _{d} \left (\nu -1\right ) \Omega _{d}^{2}\right )\end {array}\right )\\[3pt] \Omega _{d}^{2} \left (\csc ^{12}\left (\phi \right )\right ) {\left (\left (2 \mu _{d} +2\right ) \left (\sin ^{2}\left (\phi \right )\right )+\mu _{a} \mu _{d} \right )}^{2} {\left (2 \left (\sin ^{2}\left (\phi \right )\right )+\mu _{a} \right )}^{3} \end {array}\right )\Omega _{1,2}^{6}\\[3pt]+G_{1}\Omega _{1,2}^{4}+G_{2} \end {array} \end {split} \label {Xeqn60-B.2}\end {equation}


\begin {equation}\begin {split} G_{1}=\begin {array}{cc} -4 \left (\begin {array}{cc}\left (\frac {1}{4}+\mu _{d}^{2} \left (\nu -1\right )^{2} \Omega _{d}^{4}-\frac {\left (\nu -1\right ) \mu _{d} \Omega _{d}^{2}}{2}\right ) \mu _{a}^{4} \mu _{d}^{2} \left (\csc ^{12}\left (\phi \right )\right )\\[3pt]+2 \mu _{a}^{3} \mu _{d} \left (\begin {array}{cc}\mu _{a} \mu _{d}^{2} \left (-\frac {1}{4}+\left (\nu -1\right ) \mu _{d} \Omega _{d}^{2}\right ) \kappa \,\Omega _{d}^{2} \left (\nu -1\right ) \left (\cot ^{2}\left (\phi \right )\right )\\[3pt]+4 \mu _{d}^{2} \left (\nu -1\right )^{2} \left (\mu _{d} +1\right ) \Omega _{d}^{4}+\frac {1}{2} \\[3pt]-2 \mu _{d} \left (\mu _{d} +\frac {3}{2}\right ) \left (\nu -1\right ) \Omega _{d}^{2}+\mu _{d} \end {array}\right ) \left (\csc ^{10}\left (\phi \right )\right )\\[3pt]+\mu _{a}^{2} \mu _{d} \left (\begin {array}{cc}\kappa ^{2} \mu _{a}^{2} \mu _{d}^{3} \Omega _{d}^{4} \left (\nu -1\right )^{2} \left (\cot ^{4}\left (\phi \right )\right )\\[3pt]+16 \mu _{a} \mu _{d} \left (\mu _{d} \left (\mu _{d} +1\right ) \left (\nu -1\right ) \Omega _{d}^{2}-\frac {\mu _{d}}{4}-\frac {3}{8}\right )\\[3pt] \kappa \,\Omega _{d}^{2} \left (\nu -1\right ) \left (\cot ^{2}\left (\phi \right )\right )\\[3pt]+24 \mu _{d} \left (\mu _{d} +1\right )^{2} \left (\nu -1\right )^{2} \Omega _{d}^{4}+6\\[3pt]-12 \left (\mu _{d}^{2}+3 \mu _{d} +\frac {3}{2}\right ) \left (\nu -1\right ) \Omega _{d}^{2}+6 \mu _{d} \end {array}\right ) \left (\csc ^{8}\left (\phi \right )\right )\\[3pt]+8 \mu _{a} \left (\begin {array}{cc}\kappa ^{2} \mu _{a}^{2} \mu _{d}^{3} \Omega _{d}^{4} \left (\nu -1\right )^{2} \left (\mu _{d} +1\right ) \left (\cot ^{4}\left (\phi \right )\right )\\[3pt]+6 \mu _{a} \mu _{d} \kappa \,\Omega _{d}^{2} \left (\mu _{d} \left (\mu _{d} +1\right )^{2} \left (\nu -1\right ) \Omega _{d}^{2}-\frac {\mu _{d}^{2}}{4}-\frac {3 \mu _{d}}{4}-\frac {3}{8}\right ) \\[3pt]\left (\nu -1\right ) \left (\cot ^{2}\left (\phi \right )\right )\\[3pt]+4 \mu _{d} \left (\mu _{d} +1\right )^{3} \left (\nu -1\right )^{2} \Omega _{d}^{4}+\frac {3 \mu _{d}}{2}+\mu _{d}^{2}\\[3pt]-2 \left (\mu _{d}^{2}+\frac {7}{2} \mu _{d} +1\right ) \left (\nu -1\right ) \left (\mu _{d} +1\right ) \Omega _{d}^{2}\end {array}\right ) \left (\csc ^{6}\left (\phi \right )\right )\\[3pt]+4 \left (\begin {array}{cc}6 \kappa ^{2} \mu _{a}^{2} \mu _{d}^{2} \Omega _{d}^{4} \left (\mu _{d} +1\right )^{2} \left (\nu -1\right )^{2} \left (\cot ^{4}\left (\phi \right )\right )\\[3pt]+16 \mu _{a} \kappa \,\Omega _{d}^{2} \left (\mu _{d} \left (\mu _{d} +1\right )^{2} \left (\nu -1\right ) \Omega _{d}^{2}-\frac {\mu _{d}^{2}}{4}-\frac {7 \mu _{d}}{8}-\frac {1}{4}\right ) \\[3pt]\left (\nu -1\right ) \left (\mu _{d} +1\right ) \left (\cot ^{2}\left (\phi \right )\right )\\[3pt]+4 \left (\mu _{d} +1\right )^{4} \left (\nu -1\right )^{2} \Omega _{d}^{4}-2 \left (\mu _{d} +4\right ) \left (\mu _{d} +1\right )^{2} \left (\nu -1\right ) \Omega _{d}^{2}\\[3pt]+\mu _{d}^{2}+2 \mu _{d} \end {array}\right ) \left (\csc ^{4}\left (\phi \right )\right )\\[3pt]+32 \left (\begin {array}{cc}\kappa \mu _{a} \mu _{d} \Omega _{d}^{2} \left (\mu _{d} +1\right ) \left (\nu -1\right ) \left (\cot ^{2}\left (\phi \right )\right )\\[3pt]+\left (\mu _{d} +1\right )^{2} \left (\nu -1\right ) \Omega _{d}^{2}-\frac {\mu _{d}}{4}-1\end {array}\right ) \\[3pt]\left (\cot ^{2}\left (\phi \right )\right ) \kappa \,\Omega _{d}^{2} \left (\nu -1\right ) \left (\mu _{d} +1\right )^{2} \left (\csc ^{2}\left (\phi \right )\right )\\[3pt]+16 \kappa ^{2} \Omega _{d}^{4} \left (\cot ^{4}\left (\phi \right )\right ) \left (\mu _{d} +1\right )^{4} \left (\nu -1\right )^{2}\end {array}\right )\\[3pt] \Omega _{d}^{2} {\left (2 \left (\sin ^{2}\left (\phi \right )\right )+\mu _{a} \right )}^{2} \end {array} \end {split} \label {Xeqn61-B.3}\end {equation}


\begin {equation}\begin {split} G_{2}=8 {\left (\left (2 \mu _{d} +2\right ) \left (\sin ^{2}\left (\phi \right )\right )+\mu _{a} \mu _{d} \right )}^{3} {\left (\left (\cot ^{2}\left (\phi \right )\right ) \kappa +1\right )}^{2} \\[3pt]\Omega _{d}^{6} {\left (2 \left (\sin ^{2}\left (\phi \right )\right )+\mu _{a} \right )}^{2} \left (\csc ^{10}\left (\phi \right )\right ) \left (\nu -1\right )^{2} \end {split} \label {Xeqn62-B.4}\end {equation}


\begin {equation}\begin {split} Z_{3}=\begin {array}{cc} -32 \left (\begin {array}{cc}\left (\begin {array}{cc}\kappa \,\Omega _{d}^{2} \left (\nu -1\right ) \left (\mu _{d} \Omega _{1,2}^{2} +\Omega _{1,2}^{2} -1\right ) \left (\cot ^{2}\left (\phi \right )\right )\\+\left (\nu -1\right ) \left (\mu _{d} \Omega _{1,2}^{2} +\Omega _{1,2}^{2} -1\right ) \Omega _{d}^{2}+\Omega _{1,2}^{4}-\Omega _{1,2}^{2} \end {array}\right ) \left (\sin ^{2}\left (\phi \right )\right )\\+\frac {\Omega _{1,2}^{2} \mu _{a} \left (\kappa \mu _{d} \Omega _{d}^{2} \left (\nu -1\right ) \left (\cot ^{2}\left (\phi \right )\right )+\mu _{d} \left (\nu -1\right ) \Omega _{d}^{2}+\Omega _{1,2}^{2} -1\right )}{2}\end {array}\right )\\ \left (\csc ^{8}\left (\phi \right )\right ) \left (\begin {array}{cc}\left (\kappa \,\Omega _{d}^{2} \left (\mu _{d} +1\right ) \left (\nu -1\right ) \left (\cot ^{2}\left (\phi \right )\right )+\left (\mu _{d} +1\right ) \left (\nu -1\right ) \Omega _{d}^{2}+\Omega _{1,2}^{2} \right ) \left (\sin ^{2}\left (\phi \right )\right )\\+\frac {\mu _{a} \left (\kappa \mu _{d} \Omega _{d}^{2} \left (\nu -1\right ) \left (\cot ^{2}\left (\phi \right )\right )+\mu _{d} \left (\nu -1\right ) \Omega _{d}^{2}+\Omega _{1,2}^{2} \right )}{2}\end {array}\right ) \\\left (\begin {array}{cc}\left (\begin {array}{cc}\kappa ^{2} \Omega _{d}^{4} \left (\mu _{d} +1\right )^{2} \left (\nu -1\right )^{2} \left (\cot ^{4}\left (\phi \right )\right )\\+2 \left (\nu -1\right ) \left (\begin {array}{cc}\left (\mu _{d} +1\right )^{2} \left (\nu -1\right ) \Omega _{d}^{2}\\+\left (\Omega _{1,2}^{2} -\frac {1}{2}\right ) \mu _{d} +\Omega _{1,2}^{2} \end {array}\right ) \Omega _{d}^{2} \kappa \left (\cot ^{2}\left (\phi \right )\right )\\+\left (\mu _{d} +1\right )^{2} \left (\nu -1\right )^{2} \Omega _{d}^{4}+2 \left (\left (\Omega _{1,2}^{2} -\frac {1}{2}\right ) \mu _{d} +\Omega _{1,2}^{2} \right ) \left (\nu -1\right ) \Omega _{d}^{2}+\Omega _{1,2}^{4}\end {array}\right ) \left (\sin ^{4}\left (\phi \right )\right )\\+\mu _{a} \left (\begin {array}{cc}\kappa ^{2} \mu _{d} \Omega _{d}^{4} \left (\nu -1\right )^{2} \left (\mu _{d} +1\right ) \left (\cot ^{4}\left (\phi \right )\right )\\+2 \left (\nu -1\right ) \Omega _{d}^{2} \left (\begin {array}{cc}\mu _{d} \left (\mu _{d} +1\right ) \left (\nu -1\right ) \Omega _{d}^{2}\\+\left (\Omega _{1,2}^{2} -\frac {1}{2}\right ) \mu _{d} +\frac {\Omega _{1,2}^{2}}{2}\end {array}\right ) \kappa \left (\cot ^{2}\left (\phi \right )\right )\\+\mu _{d} \left (\nu -1\right )^{2} \left (\mu _{d} +1\right ) \Omega _{d}^{4}+\Omega _{1,2}^{4}\\+2 \left (\left (\Omega _{1,2}^{2} -\frac {1}{2}\right ) \mu _{d} +\frac {\Omega _{1,2}^{2}}{2}\right ) \left (\nu -1\right ) \Omega _{d}^{2}\end {array}\right ) \left (\sin ^{2}\left (\phi \right )\right )\\+\frac {\mu _{a}^{2} \left (\begin {array}{cc}\kappa ^{2} \mu _{d}^{2} \Omega _{d}^{4} \left (\nu -1\right )^{2} \left (\cot ^{4}\left (\phi \right )\right )\\+2 \mu _{d} \left (\nu -1\right ) \Omega _{d}^{2} \left (\mu _{d} \left (\nu -1\right ) \Omega _{d}^{2}+\Omega _{1,2}^{2} -\frac {1}{2}\right ) \kappa \left (\cot ^{2}\left (\phi \right )\right )\\+\mu _{d}^{2} \left (\nu -1\right )^{2} \Omega _{d}^{4}+2 \left (\Omega _{1,2}^{2} -\frac {1}{2}\right ) \mu _{d} \left (\nu -1\right ) \Omega _{d}^{2}+\Omega _{1,2}^{4}\end {array}\right )}{4}\end {array}\right ) \end {array} \end {split} \label {Xeqn63-B.5}\end {equation}
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Nomenclature

Symbols

m Mass of the primary structure

my Mass of the damper

m, Mass of the amplifier magnet

my, Effective mass of the elastomagnetic amplifier
kg Stiffness of the primary structure

ky Stiffness of the damper spring

k, Stiffness of the amplifier spring

ky, Effective stiffness of the elastomagnetic amplifier
g Damping coefficient of the primary structure
[ Damping coefficient of the damper

¢, Equivalent linearised damping coefficient

u, Displacement of the primary structure

Uy Relative displacement of the damper

Ya Displacement of the amplifier

Xgs Va Horizontal and vertical displacements of amplifier mass
,0 First and second time derivatives

) Magnetic amplifier angle

b Vertical spacing between fixed magnets

¢ Horizontal distance between magnets

rt Distance between amplifier and fixed magnets
a Magnetic strength coefficient

Ay, Ay, Ay, A; Magnetic force expansion coefficients

Vi Magnetic potential energy
T,V Kinetic and potential energy
L Lagrangian of the system

Dimensionless parameters
Mg = mg/m;  Damper-to-structure mass ratio
U, =my/my;  Amplifier-to-damper mass ratio

Kk=k,/ky Amplifier stiffness ratio

v=A/k, Magnetic stiffness ratio

y, =my/m,;  Magnetic amplification factor

Kp Effective stiffness amplification factor
Dynamic parameters

N Natural frequency of the structure
Wy Natural frequency of the damper
Q=w/w, Frequency ratio

Q, =w,/w, Damper frequency ratio

& Damping ratio of the structure

&y Damping ratio of the damper

q Complex frequency variable (g = iw)

Statistical quantities

Ouy Standard deviation of damper displacement
%, Standard deviation of damper velocity
S Power spectral density of excitation

Excitation terms

Uy Base displacement excitation
Ug, g Base velocity and acceleration
u Friction coefficient

g Acceleration due to gravity

substantial auxiliary mass or large relative displacements, which limits their effectiveness under broadband and varying dynamic
excitations.
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The goal of TMD design advancements is to overcome these limitations through the development of enhanced tuning strategies and
optimisation techniques [32-35]. Modern optimisation frameworks enable systematic parameter selection and improved robustness
under varying dynamic conditions. For instance, the optimal tuning frequency and damping ratios of TMDs are commonly determined
using H, optimisation [36,37], which minimises the mean-square dynamic response under random excitations [38,39]. Similarly,
these parameters are obtained from the dynamic responses [40] of TMD-controlled structures exposed to harmonic excitations [41]
using H, optimisation, which focuses on reducing the worst-case response and ensuring robustness under bounded disturbances. In
addition to these classical approaches, gradient-based, robust, and metaheuristic optimisation techniques such as genetic algorithms,
particle swarm optimisation, and differential evolution have been widely used to address nonlinear and multi-objective design prob-
lems [42,43]. Parallel to these developments, inerter-based systems have gained attention for their ability to enhance effective inertia
without increasing physical mass, while inertial amplifiers utilise geometric and kinematic configurations to amplify inertial forces
and improve vibration attenuation [44-47]. In a broader context, advanced continuum and mathematical modelling frameworks,
such as micromorphic theory and fractional formulations, have been developed to describe materials with microstructural character-
istics, intrinsic rotations, and memory-dependent behaviour [48,49]. These approaches enable the incorporation of nonlocal effects
and complex interactions that are not adequately captured by classical models [50,51]. However, these systems still exhibit several
limitations. Inerter-based devices introduce mechanical complexity and sensitivity to parameter tuning, while inertial amplifier sys-
tems primarily enhance effective mass without significantly influencing stiffness. Furthermore, many optimisation approaches rely
heavily on numerical procedures, which can be computationally expensive and may not provide direct analytical insight into system
behaviour. These limitations highlight the need for advanced vibration mitigation strategies capable of simultaneously improving
effective mass, stiffness, and damping characteristics.

To address these limitations, this paper introduces a novel vibration mitigation framework based on an elastomagnetic amplifi-
cation mechanism. The elastomagnetic amplifier is proposed as a new device that enables simultaneous enhancement of effective
mass and controllable stiffness through magnetic interactions, including the generation of effective negative stiffness. This capability
allows significant modulation of system dynamics without increasing static mass, which is not achievable using conventional or ex-
isting amplification-based systems. The concept is further extended by integrating a frictional damping element within the amplifier
framework to develop a nonlinear elastomagnetic amplifier friction damper. This unified mechanism combines mass amplification,
stiffness modulation, and nonlinear energy dissipation, thereby overcoming the fundamental limitations of conventional and ad-
vanced vibration control devices. The governing equations of motion of the coupled system are derived using the energy method
and the Euler-Lagrange equation. In addition, closed-form expressions for the optimal design parameters are obtained using H, and
H_, optimisation techniques, providing direct analytical insight into system behaviour and enabling efficient and reliable design
implementation. Finally, the developed system is systematically compared with conventional tuned mass dampers to evaluate its
vibration mitigation capability and to assess its effectiveness in addressing limitations related to bandwidth, adaptability, and mass
requirements.

2. Elastomagnetic amplifier

The schematic diagram of the elastomagnetic amplifier is shown in Fig. 1(a).

¢ defines the magnetic amplifier angle. An upward movement is considered for the central mass m,. This mass is connected
by a spring with stiffness of k,. In addition, the amplifier itself has a spring with stiffness of k,. The amplifier magnetic mass has
displacements of x, and y,. Accordingly, the amplifier displacements are derived as

Ya = y7d and  x, = 2tJ::1¢
where y, denotes the displacement of the amplifier. The static horizontal distance at the reference position between the amplifier
magnet and the fixed magnet wall is indicated by the parameter ¢ > 0. The instantaneous horizontal separation is ¢ + x, because the
horizontal displacement x, satisfies x, > 0 when the amplifier magnet moves away from the wall and x, < 0 when it moves towards
the wall. On each wall, the amplifier magnet m, is situated halfway between two fixed magnets at +b/2. Consequently, r; . represents
the instantaneous distances between the amplifier magnet and the fixed magnets on the left and right sides, where the superscripts
ve + and ve-represent the lower and upper fixed magnets, respectively. Accordingly, the distances between the amplifier magnet
and the lower and upper fixed magnets on the left side are derived as

2 2 2 )
+_ Yd Ya b - Yd Ya b @)
rL_\/<C+2tan¢> +<2 +2) and rL_\/<C+2tan¢> +<2 2)

Simultaneously, the distances between the amplifier magnet and the lower and upper fixed magnets on the right side are derived as

2 2 2 2
+ YVd (yd b) - Ya (Yd b) 3)
= + +(=+z and = + +{=—-z
"R \/<C 2tan¢> 2 72 "R ‘T otang 272
Because of the system’s geometric symmetry and the local definition of the displacement coordinates, the amplifier magnet experiences
the same magnetic interaction distances on the left and right sides for a given configuration. Eq. (1) is differentiated with respect to
time. Accordingly, the velocities of the amplifier mass in x and y-directions are derived as
. Ya . Va
=24 d =4 4
Ya=7 A %= Ttne )

ey
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Fig. 1. The schematic diagram of elastomagnetic amplifier.

The kinetic energy of the central mass is derived as
1

2
Td = Emdyd

The total kinetic energy of the amplifier magnet mass is derived as

1 . )
T, = Ema(xg =+ yﬁ)

Eq. (4) is substituted in Eq. (6). Accordingly, the total kinetic energy of the amplifier magnet mass is derived as

1 1 1
T,=-mp| -+ —
a 2mayczi<4+4tan2¢>

The total kinetic energy of the elastomagnetic amplifier is derived as

1 1 m, .
T=—-(my+-m,+
2 (md 2Ma 2tan2¢>y‘21

1 mg >~2
=-(my+—2—)y
2( ¢ 2sin’ ¢ d

Simultaneously, the total potential energy of the elastomagnetic amplifier is derived as

V= %(kd +kycot? @)y +V,

()

(6)

)]

(€]

)]

where V,, defines the magnetic potential energy. Each wall contributes the total of the interactions with its two fixed magnets, and the
magnetic interaction energy is additive. The factor of two results from the identical contributions from both walls due to geometric

left-right symmetry. Therefore, V,, is derived as
2

oen((3) 4 (L)

(10)
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The amplifier magnet and the fixed magnets on the left and right walls have the same distances because of the system’s geometric
left-right symmetry, i.e., 7 = r3 = r*. Eq. (10) substitutes in Eq. (9). As a result, the total potential energy of the elastomagnetic

R
amplifier is derived as
1 22 1\2, /12
V—E(kd+kaCOt ¢)yd+2a<(r7> +<-,) ) an

I

where a defines the magnetic strength coefficient. The Lagrange equation is employed to derive the governing equation of motion of
the elastomagnetic amplifier, which is expressed as

L=T-V 12)

The governing equation of motion is obtained by applying Euler-Lagrange’s equation with respect to the generalised coordinate y,
and expressed as

d ( oL oL
ey e 13
di (ai'd ) 0yy 13
Egs. (8) and (11) are substituted in Eq. (13). Accordingly, the governing equation of motion is derived as

(’"d t i )Vd + (kg + ko (cot? (#)) ) vy

Yd .
2tan (¢) +e
tan (¢)

- 2 - s 2
() +(242)) (o) +(%-3))

Eq. (14) is expanded using the Taylor series expansion around the equilibrium position y = 0. Accordingly, the expanded expression
is derived as

Yd__ .
b 2tan(§) Yd _b =0 (14)
2 tan (¢) 2 2

Yd
+4 4+

Mg+ — ) 5+ (kg + kg o2 ) vy — Ag — Ay g + Agy? + Asyd +0(y) =0
d ) YVd d a Vd 0 1Ya 2Y4 3y Vi) =
2sin” ¢ —_— (15)
ki
my

where A, A;, A,, and A; are derived as

A0=Mc®2 and ©= — .

(6% +4c?) 2tang

320(4°07 — 486207 — 31? + 4c?)
A= 3 = vk, .

(/J2 +4cz)

3072c((_4@2 +1)c +b2(®2 _ %))@)a

Ay = T = fk, -
(b2 +4cz)
3 5 19 1
1024« (64 e E)b4 - 4062(64 - 559+ ﬁ)bz
4t - lg2 4 1
+80¢ (@ -30 +%)

e = Ak, o)

(B +4c2)°
where v = A, /k, defines the ratio of magnetic linear stiffness to damper effective stiffness or magnetic stiffness ratio. p = A, /k, and
A = A3 /k, define the ratio of squared and cubic stiffness to damper effective stiffness. Since the higher-order terms O(y‘;) represent
insignificant nonlinearities that have little effect on the dynamic response during small amplitude vibrations around the equilibrium
position, they are neglected. In addition, A, is a constant force that only modifies the static equilibrium position and has no effect on
the dynamic response when vibrations are measured around equilibrium and is therefore neglected. Therefore, the final governing
equation of motion is derived as

myFg + (1= Vk,yy + Ayys + A3y =0 (20)

The magnetic interaction between the stationary magnets on the walls and the moving amplifier magnets is the source of the negative
stiffness, denoted by the term in the equation. This result reduces the system’s net stiffness, lowering the resonant frequency and
enabling the amplifier to greatly increase vibration amplitudes for more effective energy mitigation.

The effective mass and stiffness are evaluated by comparing with the static mass and stiffness of the elastomagnetic amplifiers to
assess the advancement over the conventional mass-spring damper. Therefore, the effective mass ratio of the elastomagnetic amplifier
with respect to the static mass is derived as

yb=ﬂ=<1+ e ) @1)

mq 2sin® ¢
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Fig. 2. (a) The variations of magnetic amplification factor versus magnetic amplifier angle for different values of amplifier to damper mass ratio.
(b) The variations of magnetic stiffness amplification factor versus magnetic amplifier angle for different values of magnetic stiffness ratio.

where y, also defines the magnetic amplification factor. u, = m,/m, defines the amplifier-to-damper mass ratio. A; has a greater
influence than A, and A; on the static stiffness of the amplifier in terms of restoring force generation process. Therefore, A, and A;
are neglected to estimate effective stiffness. The effective stiffness ratio is derived as

2

Kb:(l—v)w—cmd)):(1—v)(l+Kc0t2¢) (22)

d

where «, also defines the effective stiffness amplification factor. k = k,/k, defines the amplifier stiffness ratio. The magnetic force
provides effective negative stiffness, which helps to increase the time period of the hosting structure during vibration. In other
words, this effective stiffness provides advanced vibration reduction capacity to the amplifier. Fig. 2 shows how design parameters
affect the elastomagnetic amplifier’s performance metrics, particularly the magnetic amplification factor and the magnetic stiffness
amplification factor. The device’s ability to reduce vibrations beyond what traditional mass-spring-damper devices can do is largely
dependent on these characteristics.

As the magnetic amplifier angle ¢ lowers, Fig. 2(a) demonstrates that the magnetic amplification factor, which is the ratio of
the effective mass to the static damper mass (y, = m,/m,), rises sharply. In terms of physics, this indicates that a relatively modest
physical mass m, can behave as a significantly larger effective mass m, at a smaller angle. Increasing the amplifier-to-damper mass
ratio (u,) further amplifies this impact by enabling the device to better utilise inertial forces for vibration suppression without adding
undue physical weight to the structure. A similar pattern can be seen in Fig. 2(b) for the magnetic stiffness amplification factor, which
rises as the magnetic stiffness ratio v rises and the amplifier angle ¢ falls. The creation of negative stiffness via magnetic contact is
where this factor’s physical relevance lies. By supplying this negative stiffness, the amplifier lowers the system’s net stiffness, lowering
the resonance frequency and lengthening the hosting structure’s time period. In comparison to conventional passive dampers, this
enables the amplifier to experience greater vibration amplitudes, dissipating more energy and offering better vibration reduction.
These trends highlight that the amplifier operates most effectively within a lower range of ¢, where both inertial and stiffness
amplification mechanisms are dominant. The combined effect of mass amplification and negative stiffness enhances the dynamic
interaction between the damper and the primary structure, leading to improved energy transfer and dissipation. This behaviour
demonstrates the capability of the proposed mechanism to achieve enhanced vibration mitigation without increasing physical mass,
while maintaining flexibility in tuning through u, and v.

3. Elastomagnetic amplifier friction dampers

A building is conceptualised as a single degree of freedom (SDOF) system. The elastomagnetic amplifier friction damper (EAFD)
is installed at the top of the SDOF system and the coupled system is shown in Fig. 3.
The energy method is applied to derive the governing equations of motion of the SDOF system controlled by the EAFD. Accordingly,
the governing equation of motion is derived as
myilg + cgutg + kug — pmyg sgn(iny) — cylty — kyug + Ajuy — A2u§ - A3u2 = —mxug

(23)

myiiy + myii; + pmyg sgn(ity) + cpliy + kyuy — Ajuy + Azui + A3u§ = —myiy
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Fig. 3. A single degree of freedom system is controlled by elastomagnetic amplifier damper subjected to base excitation.

where u; =y, —u, and u; = y, — y, define the relative displacements of SDOF system and damper. ii, defines the base excitation. u
defines the friction coefficient. m,, ¢, = 2m & w,, and k; = m,w? define the mass, damping, and stiffness of the SDOF system. m,, ¢, =
2myéym,4, and k, define the effective mass, damping, and stiffness of the EAFD. Eq. (23) is a highly nonlinear equation. The dynamic
responses are derived using the harmonic balance method. However, before performing this method, the governing parameters of
the EAFD need to be optimised to achieve robust vibration reduction. H, and H_, methods are employed to derive optimal design
parameters in terms of closed-form expressions. The feasibility of the H, and H_- optimised parameters will be compared more
closely with the optimal parameters derived from numerical methods. In addition, Eq. (23) is linearised to implement these methods,
and the damping ratio of the SDOF system is assumed to be zero, i.e., & = 0. The statistical linearisation method is applied to Eq. (23)
and the linearised parameters are derived as

0 sgn(u
¢, = E{ O{umy sgnlty)) } - \/E_Mmbg 24)
dit, T oy,

The variance of the velocity response of the EAFD is denoted by o, . An error arises during the linearisation process and is expressed
as

0e? 5
€, = umyg sgn(iy) — c iy and 6_b = E{ (umyg sgn(iy) — c,ity) } =0 (25)

Ce
Eq. (25) indicates that the expected linearisation error is zero. The nonlinear restoring forces through the magnets are linearised as

o(Au? a(Az’
Aze:E{M}:O and A3B:E{M}:3A3ai] (26)

duy ouy

The standard deviation of the dynamic response of the damper is denoted by afd. The linearised terms are substituted in Eq. (23). In
addition, the closed-form expressions for ¢, and o2 need to be derived using H, optimisation technique. To perform this method,
the initial values of these quantities are considered zero and Eq. (23) is rewritten as
mgii; + cglig + kug — cpliy — kyug + vkyuy = —mygii
s%s s%s s%s b*d b%d b%d s“g (27)
myiiy + myilg + cyiy + kyuy — vkyuy = —myii,
The steady state solutions are considered as u, = U, u, = U e, and ii, = U,e!". These solutions are substituted in Eq. (27) to
derive the transfer matrix. In addition, Eq. (27) is divided by m, and the transfer matrix is expressed as

qusws + qZ + C()? AIZ {U

-1
2 s U 2 2
q2<1 + Ma(cs; () )ﬂd Ay Ud} _<1 + ﬂg(cs; (¢)) )ﬂd U, (28)
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—Haq(csc? (§))E 0y + K (cot® (¢)) iy > (29)

—K(cot2 (¢))a)‘21 + a)gv - 2q¢,0,4 — ?

Ap = ﬂd(
]

2 CSC2
Ay = m( aa(e5 @) égoy + GO 4 (co () > (30)

—K(CO[2 (q.')))a)fiv - a)iv + a)z +2¢é 04 + q*

where ¢ =iw and i = \/—_1 denotes the imaginary unit. @ defines the excitation frequency. « = k,/k, defines the amplifier stiffness
ratio. u, = m,/m, defines the amplifier-to-damper mass ratio. p; = m,/m, defines the ratio of damper mass to structural mass. The
damping ratio of the main structure is considered zero, i.e., & = 0, to perform the optimisation schemes. Accordingly, the transfer
function of the dynamic response of the main structure is derived as

U
Hs(q) =T
g

g=iw

—a@? py (csc® (9)) (cot® () kpyv + gy (csc* () u2qéy
+a)§;4d (C802 (q.'))) (cot2 (q.')))lcua - Za)iyd (cot2 (¢)>KV
+24% - a’ﬁﬂd (CSCZ (¢))M0V +4wgpy (CSC2 (¢))M045d

+02 g (cse? (@)t + 202 g (cot? () k — 2k (cot? ()l v

+24,q(csc? (§))Eymy + 2k (cot® () @2 + 1 q* (cse? (@)

—Za)(ziydv +4w 95, + 2w§ud - 2a)§v +4qé, 0, + 2w§

A

(31)

The transfer function of the dynamic response of the damper is derived as

— 2 2 2
=) o Telled @) 32

8 lg=iw
The denominator of Egs. (31) and (32) is derived as
(cse? () uaq*@? +2(cot? (§)) k > @% + 2(cot? (§)) k w2 ? +24* + 2¢° 0}
+2w§w§ + 2q2a)f + 2;4dq2w§ - (csc2 (q.'))) (cot2 (q.')))KyaMdv q2w§ —-2v qzwg
—2v wiw? + 4q3.§d(od + (csc2 (¢));4aq4 = 2u4v qzwi + 4qu3§da)d + 4q§dwda)?
A= + (csc? (¢))Maudq2w§ +2(csc? () o g Egwy + 2(cot? ((ﬁ))K‘quzwj (33)
—2(cot? (¢)) kv g*@?% — 2(cot® () kv @ a? + py(cse* () u2qE 0,
—(es2 () Hattgv @] +4(csc? () Hahga*Eg@y — 2(co () kpgv g* )
+2(csc2 (q.')))ﬂaqfdcodwf + (csc2 (d))) (cot2 (zj)))lcyaydqzwfj
Egs. (31) and (33) are employed further to perform the optimisation H, and H_, schemes. In addition, Eq. (32) is also employed to
derive the standard deviation of the dynamic response and velocity response of the damper.

4. Optimal design parameter

The H, optimisation scheme is applied under white-noise random excitation, whereas the H_ optimisation is employed under
harmonic excitation. Later, both excitations are applied to estimate the dynamic responses of the controlled structures.

4.1. H, optimisation

Egs. (31) and (33) are employed to derive the standard deviation of the dynamic response of the structure and is expressed as

2 Som( Ny )

s dadpgwq (2(sin® () + ”0)3@

The closed-form expression for N, is derived and expressed in A. In addition, the standard deviation of the dynamic response of the
damper is derived as

o

(34

(k@2 (10 +1)° = D(co @) + (g +1)°v = D = @y ) (sin® (@)
o (Ha (=102 -2 ) (e562 )

4Sy7 ity Ka% (ug + 1)2(v—] 1)(§0t2 @) + n (35)
i +Kﬂal‘d0)d(\/; )(cot2 () T (g + 1) - Do —
o =
t 4003 pgEq?(v = D)((cot? (@) + 1) (2(sin® () + u,)

8
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Fig. 4. The variations of the optimal (a) frequency and (b) damping ratios of the damper versus damper mass ratio for different values of magnetic
stiffness ratio.

The standard deviation of the velocity response of the damper is derived as

- Som((2uy +2) (sin2 (D)) + tahy)

g 22 (36)
28404 (2(sin® (@) + Ha) Ha
The closed-form expressions for the optimal frequency and damping ratios of the damper are derived using the following expressions.
065 60'3
= =0 and — =0 (37)
08, 0w,

Eq. (34) is substituted in the first expression of Eq. (37). Accordingly, the closed-form expression for the damping ratio of the damper
is derived as

Ny
éd = .5 3 .5 2 (38)
2((21g +2) (sin® () + paryg)” (csc* (@) (2(sin” (@) + p,) @20?

The closed-form expression for N, is derived and expressed in A. Eq. (38) is substituted in Eq. (34). As a result, the standard deviation
of the dynamic response of the main structure is modified which only contains the natural frequency of the damper. This modified
Eq. (34) is substituted in the second expression of the Eq. (37) to derive the optimal frequency of the damper. Therefore, the optimal
frequency of the damper is derived as

(). = (214 = 4) (sin” (9)) + patta) @3 (2(sin” (9)) + 1a) (39)
T\ 200 - D((cor? @)k + 1) (20 +2) (si® (@) + pattg)”
The frequency ratio of the damper is derived as
(@) = ((2ug = 4) (sin® () + Hatg ) (2(sin® (§)) + 4,) (40)
T\ 20 = D((co2 (@))r + 1) (20 +2) (sin® (@) + oy’

Eq. (39) is substituted in Eq. (38) to derive the optimal damping ratio of the damper. Accordingly, the optimal damping ratio of the
damper is derived as

(E1)oy = \J ta (sin® () (214 — 8) (sin? (@) + apg) (1 = v)((cot? (§))x + 1) 1)

4((2uq +2) (5in* () + Hahta) (214 = 4) (sin® () + Haha)

The variations in the optimal frequency ratio of the damper are obtained by varying the damper mass ratio, as shown in Fig. 4 (a).
The magnetic stiffness ratio is also varied to identify the effect of magnets on the physical properties of the damper during vibra-
tion. It is observed that the damper frequency ratio decreases with increasing damper mass ratio, while it increases with the magnetic
stiffness ratio. This behaviour indicates that higher mass ratios combined with lower magnetic stiffness lead to lower tuning frequen-
cies, corresponding to an increased effective time period of the coupled system. Such a shift enables improved interaction between
the damper and the primary structure, thereby enhancing vibration attenuation near resonance. To further assess the influence of the

9
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magnetic amplifier, the variations of the damping ratio with the damper mass ratio are shown in Fig. 4(b). The optimal damping ratio
increases with the damper mass ratio and decreases with increasing magnetic stiffness ratio, reflecting the need for greater energy
dissipation as the effective inertia of the system increases. These results suggest that an appropriate combination of higher damper
mass ratio and moderate magnetic stiffness can improve overall vibration mitigation performance while maintaining stable system
behaviour.

4.2. H optimisation

In addition to the H, optimisation method, H, optimisation scheme is employed to obtain the optimal design parameters under
harmonic excitation. Accordingly, Eq. (28) is further divided by wf, to perform the H optimisation scheme. The transfer matrix is
derived as

U -1 U

2iQ¢, - Q% +1 Ay g
N = e E— 2
{ Uy } _<1 + Ha(“; @) )Hd w? (42)

2 ((neel
<_ﬂa9 (Lzsc () —Qz>l‘d A

The closed-form expressions for A}, and A,, are derived as

N

App = kg (cot? () Q2(—1 +v) —ip, (csc? ($))E,QQy g + py(—1 +VIQ] — 2iQ,E,Qu,

: Q . (43)

Ay = (ﬂa(lgdgd - E)sz(csc2 (@) — Qi (cot? () (=1 +v) + (I = VIQ] +2iQ,£,Q - Qz)ﬂd
The damping of the main structure is considered zero, i.e., £ = 0. Accordingly, the transfer function of the dynamic response of the
main structure is derived as

Hy(Q) = <ﬂ>w2
s - Ug s

— g Q2 (csc? () (cot? () kpov + 1y Q2 (csc? () (cot? () k g
—1gQ7% (cse? () gV — 2pgx (cot? () Q2 v + 1y Q2 (esc? () g
+2pgx (cot? (¢)) Q2 — 2k (cot? () Q2 v — p, Q% (csc? () (44)
+2i (cot? () Q2 — 2, Q2 + 21, Q2 — 2Q2v — 207 + 202
< 1 Qq (csc* () Q p2E, +4QE,Q, )
Fhpg 1, Q8 Q4 (csc? () + 4QuE,Qpy + 21, (csc? (9))E,Q
A

The transfer function of the dynamic response of the damper is derived as
Ug\ o Halese® () +2
Hy(Q) = <Fg>ws = (45)

The denominator of Egs. (44) and (45) is derived as

202Q7% + 2, (cot? ()) Q2x Q2 +2Q2v — 2(cot? (¢)) Q2 xv Q2
+(csc? () Q2 s Q% — (csc? () (cot? () Q2 pgpagv Q2
+14,Q% (es¢? (@) +2Q2 + (cse? () (cot? () 2k p, 142
=20y Q%v Q2 + 2x(cot? (¢)) Q2 v + 2(cot? (¢)) Q7x Q2

A=
24 (cot? () Q2 kv Q2 — 2Q* - 2Q2 — (csc? (§)) Q? p pgv Q2 (46)
—2 (cot? () Q2 — (csc? () Q*p, + 21, Q7Q2 - 207V Q3
+.( ApgQ3E,Qy + 4py (esc? () QP 4Ry + (csc* () Q32 pgEaQy )
+AQ3E,0, — 4Q,E,Q — 21,Q(csc? () £,Q4 + 2(csc? () Q3 1,8, Qy
The resultant of Eq. (44) is written as
1
[H ()| = (47)
H_, optimisation is employed. Accordingly, the constraints are derived as
R R 1 1
o2l = [, [ @
Ll 2 o 2 g, 2lq,

10
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The first expression of Eq. (48) is applied, and an expression with the frequency ratio is derived as

( =2uq(csc* (@)} — 8(esc () patty — 4(esC? (§) g — Bug =8 )*
8+ 4, —8Q2v + 164,Q2 + 812Q2 +8Q% — 1641,Q2v — 8%v Q2
—2(csc2 (¢)) (cot2 (qb)))c /45;43\/92 — 4(cot2 (¢)) (csc2 ((]5)))('/4”#3\/ 93
~44g QG (cs¢? () (cot® () kv — 4ug QG gV (cot® ()
+2(0502 (¢)) (cot2 (¢))K ;42/4392 + 4(cot2 (q.'))) (0502 (q’)))KﬂaMgQi
—4(cot? () kpapiv Q2 + 41y Q2 (csc? (@) (cot® () ki,
+16p14k (cot? ()) Q3 + By Q2 (csc? () ) u, — 8k (cot? () Q2v Q2
+2(csct (@) w22 Q2 + 8(cot® () k 12 Q2 + 8(csc? (@) ) o u2 Q2
—16;4d1c(cot2 (d)))ng — Sdei (0502 (d)))ﬂav + 4ﬂdQ§K/4a (cot2 (q.'))) (49)
—2(csct (@) u2p3v Q% — 8(cot? () k pav Q2 — 8(csc? () uauiv Q2
+4(cot? () kg HAQE + pg (csc* () 2 + 4(csc? (D)) oty
+8i(cot® () Q2 + 4(cse? ()
+2;4d£2121 (csc? (¢)) (cot? (@) xp,v — 2ﬂd9,21 (csc? (¢)) (cot? () ki,
+2/4dﬂfikﬂav(cot2 (q.’))) + Sydk(cotz (q.')))Qﬁv + 4;4[19?1 (0502 (q.')))yav
244 Q2 kp, (cot? (§)) — gk (cot? () Q2 + Bi (cot? ()) Q2 v
—411, Q2 (cse? (), — 8 (cot? (@) Q2 + 8, Q2v — 81, Q2 + 8Q2v
—-8Q2 =0

+

The above expression is written as
O+ (-2 - Q2)Q? + Q202 =0 (50)
Egs. (49) and (50) are compared.

8+4uy —8Q2v + 1611,Q% +8u2Q2 +8Q2 — 161,Q%v — 8u7v Q2
—2(csc? () (cot® () k uZp2v Q2 — 4(cot? (¢)) (csc? (P)) kp u2v Q3
~41 Q2 (es¢ () (cot® () KoV = duyQx,v (cot? (¢)
+2(csc? (@) ) (cot? () k 22 Q2 + 4(cot? () (csc? () k p ur Q3
—4(cot? (@) kg 2V Q2 + 411y Q2 (csc? () (cot® (b))
+1641,x (cot? () Q2 + 8y Q2 (csc? () u, — 8k (cot? (¢))Q2v
+2(csct () 212 Q2 + 8(cot® () k 42 Q2 + 8(csc? (@) uu2 Q2
—16/4dK(CO[2 (q.')))Qﬁv - Sydﬂfi (0502 (q.')))yav + 4ﬂdﬂflkya(cot2 (¢))
—2(csc* () u2u3v Q% — 8(cot? () k v Q2 — 8(csc? () uau2v Q2
+4(cot? () k32 + pg (csct () uZ + 4(csc (@) atty
+8ic (cot® () Q2 + 4(cse? () u,

( 2ug(csc* (@) 2 + 8(csc? () oty + 4(csc? () g + 8ug +8 )

The second expression of Eq. (48) is applied, and an expression with the frequency ratio is derived as

(51)

2 2 _
Q) +Q; =

Q+Q,=0 (52)

Egs. (51) and (52) are equated and the closed-form expression for the optimal frequency ratio of the damper is derived as

Ha (csc* (@) 2 + 4(csc? (@) oty + 4(csC? () g + 4pty +8

8 — 8v + 161y + 4(csc? () (cot® () kg — 4(cot? (@) u3v
—4(cot2 (¢))K;4a;4dv + 2(csc2 (4))) (cot2 (¢))K yﬁﬂg + 8(cot2 (¢))K
+4(csc? (@) (cot? (¢));<,4a,4§ — 4(csc? () (cot? (@) K papgv
—2(csc? (@) (cot® () k p2 v — 4(csc? () (cot? (@) ) kg 2V — B2y (53)
—16p,v + 842 — 8(cot? (¢)) kv + 2(cse? () u2 3 + 8(cse? () g1
+8(cot® (¢)) & 42 + 16(cot? (@) xpy — 2(csc? (¢))[45/d§\/
—8(0502 ((}.’)))yayzv - 16(cot2 (¢))K/4dv - 8(cot2 (q.')))K y(ziv
—8(csc? () gttgv + 4(cot® () kg2 + 4(cot® () Kty
\ +8(csc? () oy

The roots of Q2 and Q2 are derived as

Q=

)
@ s 2(sin® (@) (x (cot? (§)) + 1) (1 = Q3 54)
2(sin® () + H,
The optimal damping ratio of the damper is derived using the following expressions and is expressed as
3| H(@)I? TR (55)
B i
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Fig. 5. The optimal (a) frequency and (b) damping ratios of the damper versus damper mass ratio for different values of magnetic stiffness ratio.

Eq. (44) is substituted in the first expression of Eq. (55). Accordingly, the closed-form expression for .52 a2 is derived as

4 2 —
Zlgdl,dz + ZZ‘fdl,dz +23=0

~Zy 4/ 22 -42,Z, (56)

2 -
Sarar = 27,

The closed-form expressions for Z|, Z,, and Z; are derived and expressed in B. Fig. 5(a) illustrates how the damper’s optimal frequency
ratios fluctuate depending on the damper mass ratio. The impact of magnets on the damper’s physical characteristics during vibration
is also determined by varying the magnetic stiffness ratio.

It is observed that the damper frequency ratio decreases with increasing damper mass ratio, while it increases with the magnetic
stiffness ratio. This behaviour indicates that higher damper mass ratios combined with lower magnetic stiffness shift the optimal
tuning towards lower frequencies, corresponding to an increased effective time period of the coupled system. Such a shift enhances
the dynamic interaction between the damper and the primary structure, thereby improving vibration attenuation near resonance. To
further examine the influence of the magnetic amplifier, the variations of the damping ratio with the damper mass ratio are presented
in Fig. 5(b). The optimal damping ratio increases with the damper mass ratio and decreases with increasing magnetic stiffness ratio,
reflecting the requirement for greater energy dissipation as the effective inertia of the system increases. This trend highlights the
coupled role of inertia amplification and damping in stabilising the system response. Accordingly, an appropriate combination of
higher damper mass ratio and moderate magnetic stiffness is desirable to achieve enhanced vibration mitigation while maintaining
stable dynamic behaviour.

5. Dynamic response analysis

The effectiveness of the optimal design parameters is examined by evaluating the dynamic responses of the controlled structures.
Furthermore, & = 0.01, or the damping ratio of the main structure, is taken to be 0.01.

5.1. Frequency domain response

At the base, harmonic excitation is applied first. In order to compare the innovative and conventional dampers in terms of vibration
reduction, this paper considers H, and H,, optimised traditional tuned mass dampers. To ensure a fair comparison, the total static
mass of each damper is kept constant. The total mass of the dampers is taken as 0.05. The amplifier stiffness ratio is considered
0.5. The magnetic stiffness ratio is considered 0.01. The magnetic amplifier angle is considered 10°. The damping ratio of the SDOF
systems is taken as 0.01. The conventional tuned mass dampers are denoted as TMD1 and TMD2. TMD1 is developed by Warburton
[52] and Zilletti et al. [53] while TMD2 is developed by Iwata [54]. The frictional tuned mass damper (FTMD) is developed by Gewei
and Basu [55]. The variations of structural displacements of the SDOF systems controlled by H, optimised dampers are shown in
Fig. 6(a).

The displacement response of the uncontrolled structure is also evaluated, and the maximum displacement is obtained as 50.
The displacement responses of the SDOF systems controlled by TMD1 and TMD2 are 8.0177 and 7.5055, respectively, while the
EAFD-controlled system exhibits a significantly lower maximum displacement of 3.9763. This substantial reduction indicates that
the EAFD effectively suppresses the resonant peak by enhancing energy dissipation and improving dynamic interaction between the
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subjected to random white excitation.

damper and the primary structure. In particular, the combined effects of inertia amplification and magnetic stiffness modulation
enable a broader and more efficient vibration attenuation compared to conventional TMDs. Accordingly, the EAFD achieves 50.40%
and 47.02% greater dynamic response reduction than TMD1 and TMD2, respectively. Furthermore, the performance of H_, optimised
dampers is examined, as shown in Fig. 6(b). The maximum displacement of the uncontrolled system remains 50, while the responses
of the systems controlled by FTMD and EAFD are obtained as 21.4399 and 6.9102, respectively. The significantly lower response
of the EAFD demonstrates its superior capability in limiting peak amplitudes under harmonic excitation. This improvement can be
attributed to the synergistic interaction of nonlinear frictional damping and stiffness modulation, which enhances energy dissipation
over a wider frequency range. As a result, the EAFD achieves 67.76% greater dynamic response reduction than the FTMD, highlighting
its effectiveness in controlling vibrations under both resonant and off-resonant conditions. In addition to harmonic excitation, random
white-noise excitation is applied at the base to evaluate the performance of the EAFD under broadband loading conditions. This
analysis enables assessment of the damper effectiveness over a wide range of frequencies, which is essential for realistic structural
excitations. Accordingly, the variations of structural displacements of the SDOF systems controlled by H, optimised dampers under
random excitation are presented in Fig. 7(a).

Additionally, the displacement response of the uncontrolled structure is evaluated under random white-noise excitation, and
the maximum response is obtained as 2.4983 x 108 dB/Hz. The SDOF systems controlled by TMD1 and TMD2 exhibit maximum
displacement responses of 6.3321 x 10 dB/Hz and 5.721 x 10° dB/Hz, respectively, whereas the EAFD-controlled system shows a
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Table 1

The details of the near field earthquake records.
Earthquake Year M, Recording station Vsyp(m/s)  Component  E, (km)  PGA,g
Irpinia, Italy-01 1980 6.9 Sturno 1000 MUL009 30.4 0.31
Superstition Hills-02 1987 6.5 Parachute Test Site 349 SUPERST 16.0 0.42
Loma Prieta 1989 6.9 LOMAP 371 HEC000 27.2 0.38
Erzican, Turkey 1992 6.7 Erzincan 11 275 ERZIKAN 9.0 0.49
Cape Mendocino 1992 7.0 CAPEMEND 713 NIS090 4.5 0.63
Landers 1992 7.3 Lucerne 685 LANDERS 44.0 0.79
Northridge-01 1994 6.7 Rinaldi Receiving Sta 282 NORTHR 10.9 0.87
Kocaeli, Turkey 1999 7.5 Izmit 811 KOCAELI 5.3 0.22
Chi-Chi, Taiwan 1999 7.6 TCU065 306 CHICHI 26.7 0.82
Chi-Chi, Taiwan 1999 7.6 TCU102 714 CHICHI 45.6 0.29
Duzce, Turkey 1999 7.1 Duzce 276 DUZCE 1.6 0.52

significantly lower response of 1.6186 x 10° dB/Hz. This substantial reduction indicates that the EAFD effectively suppresses broadband
vibration energy by enhancing dissipation and improving dynamic interaction over a wide frequency range. Accordingly, the EAFD
achieves 74.43% and 71.71% greater dynamic response reduction than TMD1 and TMD2, respectively. Furthermore, the dynamic
response reduction capacity of H, optimised dampers is evaluated, as shown in Fig. 7(b). The maximum displacement responses of
the systems controlled by FTMD and EAFD are obtained as 4.956 x 107 dB/Hz and 5.0297 x 10° dB/Hz, respectively. The significantly
lower response of the EAFD demonstrates its superior capability in attenuating broadband excitations. This improvement can be
attributed to the combined effects of inertia amplification, magnetic stiffness modulation, and nonlinear frictional damping, which
enhance energy dissipation across a wider frequency spectrum. As a result, the EAFD achieves 89.85% greater dynamic response
reduction than the FTMD.

The consistent reduction in peak responses under both harmonic and random excitations demonstrates that the proposed EAFD
provides not only resonance suppression but also effective broadband vibration control. Unlike conventional TMDs, whose perfor-
mance is highly sensitive to tuning conditions, the combined effects of inertia amplification, magnetic stiffness modulation, and
nonlinear damping enable the EAFD to maintain stable performance over a wide frequency range. This behaviour highlights the ro-
bustness of the proposed system and confirms its suitability for practical engineering applications subjected to uncertain and varying
dynamic loads.

5.2. Time history result

In order to test the performed methodology across a wider range of real seismic excitation events, real earthquake ground motions
are taken into consideration. Newmark-beta method is employed to perform this analysis. The mass of the main structure is 3000
tons, or m, = 3000 tons. T, = 0.5 s is the representation of the structure’s stated time period of 0.5 s. The natural frequency of the
structure is determined by its time period, which is expressed as w,; = 2z /T. It is assumed that the fundamental structure’s viscous
damping ratio is 0.01; this can be expressed as & = 0.01.

Table 1 lists the information of the near-field earthquake record with pulses. Buildings are more at risk from near-field earthquakes
with pulses than from far-field ones. Therefore, near-field earthquake recordings with pulses that have a noticeable vertical component
are used in the numerical analysis meant to evaluate each damper’s vibration attenuation effectiveness. The damping factor is taken
into consideration at 5%, and the near-field earthquake records with pulse spectra are displayed in Fig. 8.

The displacement responses of the primary structure controlled by the EAFD under the Irpinia, Italy-01 and Superstition Hills-02
earthquake excitations are evaluated and presented in Fig. 9(a) and (b), respectively. The results demonstrate that the EAFD ef-
fectively reduces both the peak and transient displacement responses compared to the uncontrolled and conventionally controlled
systems. This improved performance can be attributed to the combined effects of inertia amplification, magnetic stiffness mod-
ulation, and nonlinear frictional damping, which enhance energy dissipation and stabilise the structural response under seismic
excitations.

According to Fig. 9(a), the maximum displacement of the uncontrolled structure is obtained as 0.0049 m. The maximum displace-
ment of the structure controlled by the TMD is reduced to 0.0026 m, while the EAFD-controlled system exhibits a further reduction to
0.0019 m. This significant decrease indicates that the EAFD more effectively suppresses both peak and transient responses under seis-
mic excitation. In particular, the enhanced performance can be attributed to the combined effects of inertia amplification, magnetic
stiffness modulation, and nonlinear frictional damping, which improve energy dissipation and dynamic stability. Consequently, the
EAFD achieves a 26.92% higher vibration reduction capability compared to the conventional TMD. According to Fig. 9(b), the peak
displacement of the uncontrolled structure is observed to be 0.0082 m. The implementation of a conventional TMD reduces this value
to 0.0055 m, whereas the EAFD further decreases the maximum displacement to 0.0038 m. This pronounced reduction demonstrates
that the EAFD is more effective in mitigating both peak and transient structural responses under seismic excitation. The improved per-
formance is primarily attributed to the synergistic interaction of inertia amplification, magnetic stiffness modulation, and nonlinear
frictional damping, which collectively enhance energy dissipation and dynamic stability. As a result, the EAFD provides approximately
30.90% greater vibration reduction compared to the conventional TMD. Similarly, the displacement responses for other considered
earthquake records are presented in Table 2 and are further evaluated to assess the performance of the proposed damper.
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Fig. 9. The variations of structural displacements of the SDOF systems controlled by dampers versus time subjected to (a) Irpinia, Italy-01 and (b)
Superstition Hills-02 earthquakes.

Table 2
The maximum displacements of the uncontrolled and controlled structures. The displacement reduction
capacity is derived by comparing the maximum displacement of SDOF system controlled by TMD and

EAFD.

Earthquake u™ (m) Displacement reduction capacity (%)
Uncontrolled TMD EAFD EAFD

Irpinia, Italy-01 0.0049 0.0026 0.0019 26.92307692
Superstition Hills-02 0.0082 0.0055 0.0038 30.90909091
Loma Prieta 0.0055 0.004 0.0034 15
Erzican, Turkey 0.0066 0.0064 0.0042 34.375
Cape Mendocino 0.0117 0.0082 0.0077 6.097560976
Landers 0.0041 0.0035 0.0024 31.42857143
Northridge-01 0.0072 0.0056 0.0047 16.07142857
Kocaeli, Turkey 0.0044 0.0039 0.0017 56.41025641
Chi-Chi, Taiwan 0.0088 0.0069 0.0052 24.63768116
Chi-Chi, Taiwan 0.0063 0.0051 0.0044 13.7254902
Duzce, Turkey 0.011 0.0072 0.0066 8.333333333
Average 0.007154545 0.005354545 0.004181818 23.99195363
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Fig. 10. The variations of structural accelerations of the SDOF systems controlled by dampers versus time subjected to (a) Irpinia, Italy-01 and (b)

Superstition Hills-02 earthquakes.

Table 3

The maximum accelerations of the uncontrolled and controlled structures. The acceleration reduction
capacity is derived by comparing the maximum acceleration of SDOF system controlled by TMD and

EAFD.
Earthquake @ (m/s?) Acceleration reduction capacity (%)
Uncontrolled TMD EAFD EAFD

Irpinia, Italy-01 0.7932 0.4229 0.3717 12.10688106
Superstition Hills-02 1.34 0.7736 0.6958 10.05687694
Loma Prieta 0.8531 0.7244 0.5803 19.89232468
Erzican, Turkey 0.9524 0.7843 0.7216 7.994389902
Cape Mendocino 1.9069 0.9419 0.7844 16.72152033
Landers 1.2678 1.0256 0.8864 13.5725429
Northridge-01 1.4202 1.0797 0.9115 15.57840141
Kocaeli, Turkey 0.7072 0.6311 0.3607 42.84582475
Chi-Chi, Taiwan 1.3977 0.8792 0.6022 31.50591447
Chi-Chi, Taiwan 0.8644 0.5646 0.3923 30.5171803
Duzce, Turkey 1.8135 1.0309 0.9053 12.18352896
Average 1.210581818  0.805290909  0.655654545 19.3613987

The displacement response reduction capability of the EAFD is evaluated by comparing the average maximum displacement
amplitudes of structures controlled by the conventional and EAFD systems, as presented in Table 2. The results indicate that the EAFD
achieves a 23.99% greater displacement reduction capacity than the conventional damper. Fig. 10(a) and (b) present the acceleration
responses of the primary structure controlled by the EAFD under the Irpinia, Italy-01 and Superstition Hills-02 earthquake excitations,
respectively.

According to Fig. 10(a), the maximum acceleration of the uncontrolled structure is obtained as 0.7932 m/s2. The maximum accel-
eration of the TMD-controlled structure is reduced to 0.4229 m/s?, while the EAFD-controlled structure exhibits a further reduction
to 0.3717 m/s%. This reduction indicates that the EAFD effectively limits acceleration peaks, which is critical for improving struc-
tural safety and serviceability under seismic loading. The improved performance can be attributed to the combined effects of inertia
amplification, magnetic stiffness modulation, and nonlinear frictional damping, which enhance energy dissipation and reduce high-
frequency response components. Consequently, the EAFD achieves a 12.10% higher acceleration reduction capability compared to
the conventional TMD. According to Fig. 10(b), the peak acceleration of the uncontrolled structure is recorded as 1.3400 m/s2. The
introduction of a conventional TMD reduces this value to 0.7736 m/s2, while the EAFD further lowers the maximum acceleration to
0.6958 m/s2. This reduction demonstrates the capability of the EAFD to more effectively limit acceleration peaks, which is essential
for enhancing structural safety and serviceability under seismic excitation. The superior performance is attributed to the combined
influence of inertia amplification, magnetic stiffness modulation, and nonlinear frictional damping, which collectively improve en-
ergy dissipation and attenuate high-frequency response components. Consequently, the EAFD provides approximately 10.05% greater
acceleration reduction compared to the conventional TMD. The acceleration response reduction capability of the EAFD is evaluated
by comparing the average maximum acceleration amplitudes of structures controlled by the conventional and EAFD systems, as
presented in Table 3.
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The results indicate that the EAFD achieves a 19.36% greater acceleration reduction capacity compared to the conventional
damper.

6. Summary and conclusions

An advanced elastomagnetic amplifier and an elastomagnetic amplifier friction damper are introduced. These novel amplifiers
and dampers circumvent the limited frequency bandwidth and limited adaptability of traditional tuned mass dampers by combining
stiffness and mass amplification techniques. The exact closed-form expressions for the optimal design parameters of the damper are
derived using the H, and H, optimisation techniques. Using the transfer matrix, the frequency domain responses under harmonic and
random noise excitations showed notable gains in vibration mitigation capabilities. Their efficiency in reducing structural responses is
further demonstrated through comparative studies using near-field earthquake records and the Newmark-beta method. With increases
of up to 23.99% under seismic excitations, the suggested designs continuously beat traditional TMDs in terms of vibration reduction
capability.

¢ The integration of magnetic stiffness amplification elements for extended frequency control is one of the research’s primary
accomplishments.

o Improved dissipation of energy using frictional damping systems and magnets.

e Sturdy operation in a variety of dynamic circumstances, including seismic applications.

These results demonstrate that the novel damper provides effective and flexible vibration control for buildings exposed to broadband
and erratic excitations, offering a viable solution to contemporary engineering challenges. One of the main contributions of this
work is the introduction of elastomagnetic amplifiers and elastomagnetic amplifier friction dampers, which enable the simultaneous
enhancement of effective mass, stiffness, and damping characteristics within a unified framework. In addition, new closed-form
expressions for the optimal design parameters of the proposed dampers are derived, providing direct analytical insight into system
behaviour and facilitating efficient and reliable design implementation. To further enhance their applicability, future research may
explore extensions to multi-degree-of-freedom systems.
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Appendix A. The closed-form expressions from H, optimisation

The closed-form expression from Eq. (34) is listed below.
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The closed-form expression from Eq. (38) is listed below.
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Appendix B. The closed-form expressions from H optimisation

The closed-form expressions from Eq. (56) are listed below.
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