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ORIGINAL ARTICLE

Nonlinear inertial amplifier resilient friction base isolators for multiple degrees 
of freedom systems

Sudip Chowdhurya , Arnab Banerjeea , and Sondipon Adhikarib

aCivil Engineering Department, Indian Institute of Technology, Delhi, India; bJames Watt School of Engineering, The University of Glasgow, 
Glasgow, Scotland, United Kingdom 

ABSTRACT 
This study introduces the nonlinear inertial amplifier resilient friction bearing isolators (NIARFBI). 
Another friction base isolator, namely the nonlinear inertial amplifier friction pendulum system 
(NIAFPS), is derived by eliminating the static damping from the governing equation of motion of 
the NIARFBI. The damping for NIAFPS is generated through the motion of the friction element of 
the isolator during the movement of the base layer. These novel isolators are placed at the base 
of the multiple degrees of freedom (MDOF) systems to reduce their dynamic responses. Every 
element of the highly nonlinear governing equations of motion of the dynamic systems isolated 
by each nonlinear isolator is linearized using the stochastic linearization approach. The specific 
mathematical formulation for the optimal design parameters for each nonlinear isolator is derived 
using the H2 optimization approach. In order to determine the dynamic responses analytically, the 
transfer function is established. The dynamic responses of the novel isolators are compared with 
the dynamic responses of the traditional isolators. Accordingly, the displacement reduction capaci-
ties of optimum NIARFBI and NIAFPS are significantly 93.60% and 70.82%, superior to TRFBI and 
TFPS. The acceleration reduction capacities of optimum NIARFBI and NIAFPS are 88.27% and 
58.92% superior to TRFBI and TFPS. The recently developed expressions for this study are all math-
ematically accurate and applicable for practical applications.
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1. Introduction

Base isolation [1], also known as seismic isolation or earth-
quake isolation, is a structural engineering technique used to 
protect buildings and other structures from the damaging 
effects of earthquakes [2]. The primary objective of base iso-
lation is to decouple the superstructure (the building or 
structure above ground) from the ground motion generated 
by an earthquake, thereby reducing the transmission of seis-
mic forces and preventing excessive lateral movement and 
shaking [3]. Elastomeric bearings [4], sliding bearings [5], 
laminated rubber bearings [6], lead rubber bearings [7], 
inerter-based isolators [8], and inertial amplifier-based isola-
tors [9] are one of the base isolation systems [10–12] applied 
to the dynamic systems to control the dynamic responses 
subjected to earthquake excitations.

To achieve the robust dynamic response reduction capacity 
from these isolators, the design parameters need to be opti-
mized. H2 optimization method is one of the prominent ana-
lytical optimization methods. Using this method, the optimal 
design parameters can be derived in terms of closed-form 
expressions [13]. This method is applicable for randomly 
excited isolated structures. Another method to achieve robust 
vibration reduction performance from isolators is to increase 
their static mass, which over-increases the flexibility of the 
base layer during seismic events. In addition, the base isolator 
is not well performed for high-rise buildings. Therefore, to 

reduce these drawbacks, instead of static mass, the effective 
mass of the isolators is trying to increase using inerters 
[14, 15] and inertial amplifiers. An inerter, also known as an 
inertance device or dynamic vibration absorber, is a mechan-
ical component used in engineering and vehicle suspension 
systems. It was introduced in the early 2000s as a potential 
improvement to vehicle suspension systems [16]. The inerter’s 
[17, 18] purpose is to provide additional damping by increas-
ing the isolation systems’ effective mass. The key characteristic 
of an inerter is that its force is proportional to the relative 
acceleration between its ends. This means that the inerter gen-
erates a force that opposes this relative motion, thus providing 
additional damping. Inertial amplifiers [19, 20] are also one of 
the effective mass amplification devices which can increase 
effective mass, damping of the isolation systems. It can also 
provide additional flexibility with sufficient load-bearing cap-
acity simultaneously to the isolators during seismic events. 
Therefore, the base layer of the isolators may not be damaged, 
and the time period of the isolated structures may increase. 
Both inerters and inertial amplifier based isolators are applic-
able to high rise buildings. However, to increase the reliability 
and performance of the enhanced isolators, the inertial ampli-
fiers are induced inside the core materials of the nonlinear 
isolators, such as resilient friction base isolation (RFBI) and 
friction pendulum systems (FPS). The application of inertial 
amplifiers to RFBI and FPS for mitigating the dynamic 
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responses of the multiple degrees of freedom systems [21] and 
their corresponding analytical closed-form expressions for 
optimal design parameters do not exist in state of the art. 
Therefore, a research gap is identified.

To address the research gap, the nonlinear inertial ampli-
fier resilient friction base isolation (NIARFBI) and nonlinear 
inertial amplifier friction pendulum systems (NIAFPS) are 
introduced in this paper. These isolators are applied to mul-
tiple degrees of freedom systems (MDOF) to mitigate their 
dynamic responses. H2 optimization method is applied to 
derive the mathematical formulations for optimal design 
parameters for NIARFBI and NIAFPS applied to multiple 
degrees of freedom systems. The dynamic responses of the 
NIARFBI and NIAFPS-controlled MDOF systems are com-
pared with the traditional resilient friction base isolation 
(TRFBI) and traditional friction pendulum systems (TFPS)- 
controlled MDOF systems to obtain the superior dynamic 
response reduction capacity (%) of NIARFBI and NIAFPS.

2. Structural model and equations of motion

Figure 1(a) displays the multiple degrees of freedom systems 
are isolated by NIARFBI and NIAFPS, where mb, cb, kb, and 
l state the static mass, damping, stiffness, and Poisson’s 
ratio of for both isolators. ma and h state the amplifier’s 
mass and inertial angle. The mass, damping, and stiffness of 
each floor are considered the same, i.e. m1 ¼ mN−1 ¼ mN ¼

ms, k1 ¼ kN−1 ¼ kN ¼ ks, and c1 ¼ cN−1 ¼ cN ¼ cs: The gov-
erning equations of motion of MDOF systems isolated by 
NIARFBI and NIAFPS are derived using Lagrange’s equa-
tions and expressed as

Ms½ �f€xsg þ Cs½ �f _xsg þ Ks½ �fxsg ¼ − Ms½ �frgð€xg þ €xbÞ

md€xb þ cd _xb þ kdxb þ lmdgsgnð _xbÞ − c1 _x1 − k1x1 ¼ −md€xg
md€xb þ kdxb þ lmdgsgnð _xbÞ − c1 _x1 − k1x1 ¼ −md€xg

(1) 

where md, cd, and kd state the effective mass, damping, and 
stiffness of NIARFBI and NIAFPS; md ¼ mb þ

0:5ma 1þ 1
2 tan 2h

� �
: The statistical linearization method 

[8, 22] applies to Eq. (1) and linearized equation of motion 
are obtained. To perform that, it has been considered that 
the isolated structures are subjected to random white noise 
excitations having zero mean [23]. The friction element 
inside friction isolators provides additional damping to the 
nonlinear friction-based isolators. To apply the H2 optimiza-
tion method for achieving optimal design parameters in 
terms of closed-form expressions, the nonlinear damping 
part with the signum function has been linearized.

ce ¼ E
�
@ðlmdgsgnð _xbÞÞ

@ _xb

�

¼

ffiffiffi
2
p

r
lmdg
r _xb

(2) 

md€xb þ kdxb þ cd þ ceð Þ _xb − c1 _x1 − k1x1 ¼ −md€xg
md€xb þ kdxb þ ce _xb − c1 _x1 − k1x1 ¼ −md€xg

ce ¼

ffiffiffi
2
p

r
lmdg
r _xb

and ld ¼ lb þ 0:5la 1þ
1

2 tan 2h

� �

(3) 

The steady-state solutions are applied to the governing 
equations of motion for generating the transfer function, i.e. 
xs ¼ Xseixt , xb ¼ Xbeixt , and €xg ¼ Xgeixt: The velocity 
responses are derived as _xs ¼ ðixÞXseixt , _xb ¼ ðixÞXbeixt 

and the acceleration responses are derived as 
€xs ¼ −x2Xseixt , €xb ¼ −x2Xbeixt: ð�Þ

: defines the derivative 
with respect to time.

V1 V2 0 0 0 q2

V2 V1 V2 0 0 q2

0 V2 V1 V2 0 q2

0 0 V2 V1 V2 q2

0 0 0 V2 V3 q2

V2 0 0 0 0 V4

2

6
6
6
6
6
6
4

3

7
7
7
7
7
7
5

X1
X2
X3
X4
X5
Xb

8
>>>>>><

>>>>>>:

9
>>>>>>=

>>>>>>;

¼ −

1
1
1
1
1
ld

2

6
6
6
6
6
6
4

3

7
7
7
7
7
7
5

Xg (4) 

q ¼ ix, V1 ¼ 4 fsqxs þ q2 þ 2 xs
2, V2 ¼ −2 fsqxs − xs

2,
V3 ¼ 2 fsqxs þ q2 þ xs

2 and V4 ¼ 2 qxdfdld þ q2ld þ ldxd
2 þ ceq

(5) 

The dynamic response of the top degree of freedom 
derives as

Z5ðqÞ ¼
X5

Xg
¼

− q4 þ 5 q2xs
2 þ 5 xs

4
� �

q2 þ 3 xs
2

� �

2 fdqxdld þ xd
2ld þ ceq

� �
q2 þ xs

2
� �

 !

Db

(6) Figure 1. (a) The multi-degrees-of-freedom systems isolated by NIARFBI and 
NIAFPS. (b) The schematic diagrams of NIARFBI and NIAFPS.
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The dynamic response of the isolators derives as

ZbðqÞ ¼
Xb

Xg
¼

−q10ld − 9 q8ldxs
2 − 28 q6ldxs

4 − 35 q4ldxs
6

−15 q2ldxs
8 − ldxs

10 − q8xs
2 − 8 q6xs

4 − 21 q4xs
6

−20 q2xs
8 − 5 xs

10

0

@

1

A

Db

(7) 

The denominator Db obtains

Db ¼

q12ld þ 2 fdldxd þ ceð Þq11 þ xd
2ld þ 9 xs

2ld þ xs
2

� �
q10

þ 18 fdxs
2xdld þ 9 cexs

2
� �

q9 þ 9 ldxd
2xs

2 þ 28 xs
4ld þ 8 xs

4
� �

q8

þ 56 fdxs
4xdld þ 28 cexs

4
� �

q7 þ 28 ldxd
2xs

4 þ 35 xs
6ld þ 21 xs

6
� �

q6

þ 70 fdxs
6xdld þ 35 cexs

6
� �

q5 þ 35 ldxd
2xs

6 þ 15 xs
8ld þ 20 xs

8
� �

q4

þ 30 fdxs
8xdld þ 15 cexs

8
� �

q3 þ 15 ldxd
2xs

8 þ ldxs
10 þ 5 xs

10
� �

q2

þ 2 fdxs
10xdld þ cexs

10
� �

qþ ldxd
2xs

10

(8) 

3. H2 optimization

H2 optimization method applies to derive the exact closed- 
form expressions for optimal design parameters of the isola-
tors [13, 24]. fs ¼ 0 is considered, Eq. (8) is a 12th order 
polynomial equation, and the standard deviation [13] of the 
dynamic response of the top DOF obtains

r2
x5
¼

S0p xd 220 fd
2ldxs

2 þ 671 ldxd
2 þ 225 xs

2
� �

2xs6fd
(9) 

The standard deviation for the isolator’s dynamic 
responses derives as

r2
xb
¼

S0p ld
2xs

2 þ 55 ldxb
2 þ 10 ldxs

2 þ 25 xs
2

� �

2ld
2xs2fbxb3

(10) 

To derive optimal design parameters, the mathematical 
formulations are the following:

@r2
x5

@fd
¼ 0 and

@r2
x5

@xd
¼ 0 (11) 

Equation (9) is placed in the first equation of Eq. (11); 
hence, the damping ratio of isolators is obtained.

fd ¼

ffiffiffiffiffi
55
p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ld 671 ldxd2 þ 225 xs2ð Þ
p

110 ldxs
(12) 

Equation (12) substitutes in Eq. (13) which provides

r2
x5
¼

S0p xd 1342 ldxb
2 þ 450 xs

2
� � ffiffiffiffiffi

55
p

ld

xs5
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ld 671 ldxd2 þ 225 xs2ð Þ

p (13) 

Equation (13) places in the second equation of Eq. (11); 
hence, the optimal natural frequency of the isolators is 
obtained.

ðxdÞopt ¼
15xs
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1342 ld
p (14) 

Equation (14) is placed in Eq. (12); hence, the optimal 
damping ratio is derived as

ðfdÞopt ¼

ffiffiffiffiffiffiffiffiffiffi
45

88ld

r

(15) 

Figure 2(a) illustrates the differences in the optimal fre-
quency ratio of the isolators for different inertial angle val-
ues. As base mass increases, the optimal frequency ratio 
decreases but increases as the inertial angle increases. The 
optimal viscous damping ratio variations for isolators with 
different inertial angle values are depicted in Figure 2(b). As 
the base mass increases, the optimal viscous damping ratio 
decreases and increases as the inertial angle increases. An 
algorithm for detailed design procedure of optimum 
NIARFBI and NIAFPS for MDOF systems has been dis-
played in Figure 3. An algorithm for determining dynamic 
response reduction capacity of optimum NIARFBI and 
NIAFPS for MDOF systems has been displayed in Figure 4. 
The mathematical formulation to derive the dynamic 
response reduction capacity of NIARFBI and NIAFPS for 
the MDOF system is derived and expressed as

RNIARFBIð%Þ ¼
HTBI − HNIARFBI

HTBI

� �

� 100 and

RNIAFPSð%Þ ¼
HTBI − HNIAFPS

HTBI

� �

� 100
(16) 

Figure 2. The variations of optimal (a) frequency ratio and (b) viscous damping ratio versus base mass ratio for different values of inertial angles.
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Figure 3. An algorithm for detailed design procedure of optimum NIARFBI and NIAFPS for MDOF systems.

Figure 4. An algorithm for determining dynamic response reduction capacity of optimum NIARFBI and NIAFPS for MDOF systems.

Figure 5. The variations of the optimal dynamic responses of the MDOF systems isolated (a) NIARFBI and (b) NIAFPS subjected to harmonic excitations.
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where RNIARFBIð%Þ and RNIAFPS are the dynamic response 
reduction capacities of NIARFBI and NIAFPS. HTBI, 
HNIARFBI, and HNIAFPS are the maximum dynamic responses 
of the main structure’s each degree of freedom (DOF).

4. Dynamic response evaluation

The variations of optimal top DOF’s displacement of the 
MDOF system isolated by NIARFBI versus frequency ratio 
are shown in Figure 5(a). At fd ¼ 0, Eigen frequencies 
locates in g ¼ 0:1382, 0.4732, 0.9154, 1.349, 1.699, and 
1.919. At ðfdÞopt, resonating frequencies locates in g ¼

0:1371, 0.435, 0.8948, 1.348 and 1.698. The superstructural 
frequency peaks locate at fd ¼ 1, i.e. g ¼ 0:2846, 0.8308, 
1.31, 1.683, and 1.919. The variations of optimal displace-
ment of the MDOF system isolated by NIAFPS versus fre-
quency ratio are shown in Figure 5(b). At fd ¼ 0, Eigen 
frequencies locates in g ¼ 0:1382, 0.4732, 0.9154, 1.349, 
1.699, and 1.923. At ðfdÞopt, resonating frequencies locates 
in g ¼ 0:28, 0.8311, 1.325, 1.688, and 1.921. The superstruc-
tural frequency peaks locate at fd ¼ 1, i.e. g ¼ 0:2846, 
0.8308, 1.31, 1.683, and 1.919. The variations of the optimal 
top DOF’s displacement of the MDOF systems isolated 
NIARFBI and TRFBI subjected to harmonic excitations have 

been shown in Figure 6(a). The optimal design parameters 
for novel nonlinear isolators and traditional base isolators 
(TBI) [25] are listed in Table 1. The mass ratio for novel 
and traditional isolators is taken at 1.1. The damping ratio 
of each degree of freedom is taken at 0.01 and l ¼ 0:04:
The system parameter for each degree of freedom is listed 
in Table 2. The system parameters for novel nonlinear 
isolators are considered as lb ¼ 0:7, la ¼ 0:2, ðfdÞopt ¼

0:4608, ðgdÞopt ¼ 0:2638, h ¼ 14o, and l ¼ 0:04: The struc-
ture’s damping ratio is fs ¼ 0:01: The maximum displace-
ment of the uncontrolled structures’ top degree of freedom 
(DOF) is determined as 2712.6. The maximum displace-
ments of the top DOF of the MDOF system isolated by 
TRFBI and NIARFBI are determined as 614.79 and 39.31. 
The displacement reduction capacity of optimum NIARFBI 
is significantly 93.60% superior to TRFBI. The variations of 
the optimal displacements of the MDOF systems isolated 
NIAFPS and TFPS subjected to harmonic excitations have 
been shown in Figure 6(b). The maximum displacements of 
the top DOF of the MDOF system isolated by TFPS and 
NIAFPS are determined as 160.01 and 46.68. The displace-
ment reduction capacity of optimum NIAFPS is significantly 
70.82% superior to TFPS. The variations of the optimal dis-
placements of the MDOF isolated by NIARFBI and TRFBI 
subjected to random-white excitations have been shown in 
Figure 7(a). The maximum displacement of the top DOF of 
the uncontrolled structures is determined as 5:95� 1010 
dB/Hz. The maximum displacements of the top DOF of the 
structures isolated by TRFBI and NIARFBI are determined 

Figure 6. The variations of the top DOF’s optimal displacement of the multiple degrees of freedom systems isolated (a) NIARFBI and (b) NIAFPS subjected to 
harmonic excitations.

Table 1. H2 optimized system parameters for isolators.

System Proposed by

H2 optimization

gd fd l

Novel nonlinear base isolators This study 0.2638 0.4608 0.04
TRFBI Matsagar and Jangid [25] 0.5 0.1 0.04
TFPS R S Jangid [26] 0.4 0.1 0.05

TBI: base mass ratio (lB) ¼ 1.1, Novel nonlinear base isolators: Total isolator mass ratio (ld ¼ lb þ 2ma) ¼ 0:7þ 2� 0:2 ¼ 1:1, Total mass ratio: ld ¼ lB:

Table 2. System parameters of main structures (uncontrolled and controlled 
structures).

Name Symbol Values

Damping ratio fs 0.01

MECHANICS OF ADVANCED MATERIALS AND STRUCTURES 5



as 4:08� 109 dB/Hz and 1:94� 107 dB/Hz. The displace-
ment reduction capacity of optimum NIARFBI is signifi-
cantly 99.52% superior to TRFBI. The variations of the 
optimal displacements of the MDOF system isolated 
NIAFPS and TFPS subjected to random-white excitations 
have been shown in Figure 7(b). The maximum displace-
ment of the top floor of the uncontrolled structures is 
determined as 5:8828� 1010 dB/Hz. The maximum dis-
placements of the top floor of the structures isolated by 
TFPS and NIAFPS are determined as 2:96� 108 dB/Hz and 
2:50� 107 dB/Hz. The displacement reduction capacity of 
optimum NIAFPS is significantly 91.52% superior to TFPS. 
The variations of the optimal accelerations of the MDOF 
systems isolated NIARFBI and TRFBI subjected to harmonic 
excitations have been shown in Figure 8(a). The maximum 
acceleration of the uncontrolled structures’ top degree of 
freedom (DOF) is determined as 219.71. The maximum 
accelerations of the top DOF of the MDOF system isolated 
by TRFBI and NIARFBI are determined as 39.84 and 4.67. 

The acceleration reduction capacity of optimum NIARFBI is 
significantly 88.27% superior to TRFBI. The variations of 
the optimal accelerations of the MDOF systems isolated 
NIAFPS and TFPS subjected to harmonic excitations have 
been shown in Figure 8(b). The maximum displacements of 
the top DOF of the MDOF system isolated by TFPS and 
NIAFPS are determined as 9.47 and 3.89. The displacement 
reduction capacity of optimum NIAFPS is significantly 
58.92% superior to TFPS. The variations of the optimal dis-
placement of isolation level of the MDOF systems isolated 
NIARFBI and TRFBI subjected to harmonic excitations have 
been shown in Figure 9(a). The maximum displacement of 
isolation level of the MDOF system isolated by TRFBI and 
NIARFBI are determined as 124.03 and 91.12. The displace-
ment reduction capacity of optimum NIARFBI in terms of 
maximum displacement of isolation level is significantly 
26.53% superior to TRFBI. The variations of the optimal 
displacement of isolation level of the MDOF systems iso-
lated NIAFPS and TFPS subjected to harmonic excitations 

Figure 8. The variations of the top DOF’s optimal accelerations of the multiple degrees of freedom systems isolated (a) NIARFBI and (b) NIAFPS subjected to 
harmonic excitations.

Figure 7. The variations of the optimal displacement of the MDOF system isolated (a) NIARFBI and (b) NIAFPS subjected to random-white noise.
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have been shown in Figure 9(b). The maximum displace-
ment of isolation level of the MDOF system isolated by 
TFPS and NIAFPS are determined as 49.28 and 44.19. The 
displacement reduction capacity of optimum NIAFPS in 
terms of maximum displacement of isolation level is signifi-
cantly 10.32% superior to TFPS.

5. Summary and conclusions

The fundamental innovation of this research is the introduc-
tion of the NIARFBI and NIAFPS and their accompanying 
optimum design parameters employing H2 optimization 
techniques. A parametric study is carried out using these 
optimized design parameters. The optimal frequency ratio 
decreases with the base mass ratio but increases with the 
inertial angle. The optimal viscous damping ratio reduces as 
base mass increases and increases as the inertial angle 
increases. The displacement reduction capacity of optimum 
NIARFBI is significantly 93.60% and 99.52%, superior to 
TRFBI subjected to harmonic and random white noise exci-
tations. The displacement reduction capacity of optimum 
NIAFPS is significantly 70.82% and 91.52%, superior to 
TFPS subjected to harmonic and random white noise excita-
tions. The acceleration reduction capacities of optimum 
NIARFBI and NIAFPS are 88.27% and 58.92% superior to 
TRFBI and TFPS. The displacement reduction capacities of 
optimum NIARFBI and NIAFPS in terms of maximum dis-
placement of isolation level are 26.53% and 10.32%, superior 
to TRFBI and TFPS. The conceptualization of NIARFBI, 
NIAFPS, and the accompanying optimum closed-form solu-
tions is the paper’s key original contribution. After using 
these closed-form formulas for the optimal design parame-
ters, the robust dynamic response reduction capacity of the 
optimal NIARFBI and NIAFPS is achieved. Future studies 
may focus on using proposed isolators to bridges to reduce 
vibration.
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