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ABSTRACT

This study introduces the nonlinear inertial amplifier resilient friction bearing isolators (NIARFBI).
Another friction base isolator, namely the nonlinear inertial amplifier friction pendulum system
(NIAFPS), is derived by eliminating the static damping from the governing equation of motion of
the NIARFBI. The damping for NIAFPS is generated through the motion of the friction element of
the isolator during the movement of the base layer. These novel isolators are placed at the base
of the multiple degrees of freedom (MDOF) systems to reduce their dynamic responses. Every
element of the highly nonlinear governing equations of motion of the dynamic systems isolated
by each nonlinear isolator is linearized using the stochastic linearization approach. The specific
mathematical formulation for the optimal design parameters for each nonlinear isolator is derived
using the H, optimization approach. In order to determine the dynamic responses analytically, the
transfer function is established. The dynamic responses of the novel isolators are compared with
the dynamic responses of the traditional isolators. Accordingly, the displacement reduction capaci-
ties of optimum NIARFBI and NIAFPS are significantly 93.60% and 70.82%, superior to TRFBI and
TFPS. The acceleration reduction capacities of optimum NIARFBI and NIAFPS are 88.27% and
58.92% superior to TRFBI and TFPS. The recently developed expressions for this study are all math-
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ematically accurate and applicable for practical applications.

1. Introduction

Base isolation [1], also known as seismic isolation or earth-
quake isolation, is a structural engineering technique used to
protect buildings and other structures from the damaging
effects of earthquakes [2]. The primary objective of base iso-
lation is to decouple the superstructure (the building or
structure above ground) from the ground motion generated
by an earthquake, thereby reducing the transmission of seis-
mic forces and preventing excessive lateral movement and
shaking [3]. Elastomeric bearings [4], sliding bearings [5],
laminated rubber bearings [6], lead rubber bearings [7],
inerter-based isolators [8], and inertial amplifier-based isola-
tors [9] are one of the base isolation systems [10-12] applied
to the dynamic systems to control the dynamic responses
subjected to earthquake excitations.

To achieve the robust dynamic response reduction capacity
from these isolators, the design parameters need to be opti-
mized. H, optimization method is one of the prominent ana-
Iytical optimization methods. Using this method, the optimal
design parameters can be derived in terms of closed-form
expressions [13]. This method is applicable for randomly
excited isolated structures. Another method to achieve robust
vibration reduction performance from isolators is to increase
their static mass, which over-increases the flexibility of the
base layer during seismic events. In addition, the base isolator
is not well performed for high-rise buildings. Therefore, to

reduce these drawbacks, instead of static mass, the effective
mass of the isolators is trying to increase using inerters
[14, 15] and inertial amplifiers. An inerter, also known as an
inertance device or dynamic vibration absorber, is a mechan-
ical component used in engineering and vehicle suspension
systems. It was introduced in the early 2000s as a potential
improvement to vehicle suspension systems [16]. The inerter’s
[17, 18] purpose is to provide additional damping by increas-
ing the isolation systems’ effective mass. The key characteristic
of an inerter is that its force is proportional to the relative
acceleration between its ends. This means that the inerter gen-
erates a force that opposes this relative motion, thus providing
additional damping. Inertial amplifiers [19, 20] are also one of
the effective mass amplification devices which can increase
effective mass, damping of the isolation systems. It can also
provide additional flexibility with sufficient load-bearing cap-
acity simultaneously to the isolators during seismic events.
Therefore, the base layer of the isolators may not be damaged,
and the time period of the isolated structures may increase.
Both inerters and inertial amplifier based isolators are applic-
able to high rise buildings. However, to increase the reliability
and performance of the enhanced isolators, the inertial ampli-
fiers are induced inside the core materials of the nonlinear
isolators, such as resilient friction base isolation (RFBI) and
friction pendulum systems (FPS). The application of inertial
amplifiers to RFBI and FPS for mitigating the dynamic
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responses of the multiple degrees of freedom systems [21] and
their corresponding analytical closed-form expressions for
optimal design parameters do not exist in state of the art.
Therefore, a research gap is identified.

To address the research gap, the nonlinear inertial ampli-
fier resilient friction base isolation (NIARFBI) and nonlinear
inertial amplifier friction pendulum systems (NIAFPS) are
introduced in this paper. These isolators are applied to mul-
tiple degrees of freedom systems (MDOF) to mitigate their
dynamic responses. H, optimization method is applied to
derive the mathematical formulations for optimal design
parameters for NIARFBI and NIAFPS applied to multiple
degrees of freedom systems. The dynamic responses of the
NIARFBI and NIAFPS-controlled MDOF systems are com-
pared with the traditional resilient friction base isolation
(TRFBI) and traditional friction pendulum systems (TFPS)-
controlled MDOF systems to obtain the superior dynamic
response reduction capacity (%) of NIARFBI and NIAFPS.

2. Structural model and equations of motion

Figure 1(a) displays the multiple degrees of freedom systems
are isolated by NIARFBI and NIAFPS, where my, c;, kp, and
u state the static mass, damping, stiffness, and Poisson’s
ratio of for both isolators. m, and 0 state the amplifier’s
mass and inertial angle. The mass, damping, and stiffness of
each floor are considered the same, ie. m; = my_1 = my =
ms ki = knoy = kn = ks, and ¢; = cy—1 = ey = ¢;. The gov-
erning equations of motion of MDOF systems isolated by
NIARFBI and NIAFPS are derived using Lagrange’s equa-
tions and expressed as

(a) o TN (k) ™ )
kN CN
—>UN_
—p N-1 my
kn—1 N1
- —>Uq :_) u,
ky (51
m —>Up my,
-
Xy

Figure 1. (a) The multi-degrees-of-freedom systems isolated by NIARFBI and
NIAFPS. (b) The schematic diagrams of NIARFBI and NIAFPS.

[M] (55} + [C{xs} + [K]{xs} = —[M]{r} (% + %)
MaXy + CaXp + Kaxp + pmagsgn(xy) — 1% — kix; = —mgxy
maXy + kaxy + pmagsgn(xy) — c1x; — kyxy = —mgi,

(1)

where my, ¢, and k,; state the effective mass, damping, and

stiffness of NIARFBI and NIAFPS; my = my +
O.Srnu(l +m). The statistical linearization method

[8, 22] applies to Eq. (1) and linearized equation of motion
are obtained. To perform that, it has been considered that
the isolated structures are subjected to random white noise
excitations having zero mean [23]. The friction element
inside friction isolators provides additional damping to the
nonlinear friction-based isolators. To apply the H, optimiza-
tion method for achieving optimal design parameters in
terms of closed-form expressions, the nonlinear damping
part with the signum function has been linearized.

o= { O(umagsgn (i) } _ \f pmag @)

oxy, T O,
mgxy + kaxp + (Cd + Ce)fcb —ax; —kixy = —mdbég
maXy + kgxp + coxp — c1x1 — kix; = —mdbég
2 umgg 1
e =+4/——= and = 0.5 14+——
e \/; o Mg = My +0.50, +2tan20
(3)

The steady-state solutions are applied to the governing
equations of motion for generating the transfer function, i.e.
x, = X€”, x, = Xpe'”!, and X, = Xge''. The velocity
responses are derived as X, = (iw)Xe”, xp = (iw)Xpe!

and the acceleration responses are derived as
Xy = —?Xe ¥ Xy = —w? X!, (o) defines the derivative
with respect to time.
V1 V2 0 0 0 q2 X] 1
V2 V1 V2 0 0 q2 Xz 1
0 Vz V1 V2 0 q2 X3 1
= - X, 4
00V, Vi Vv, &)X X @
0 0 0 V2 V3 q2 X5 1
Vv, 0 0 0 0 V| l|X 1y

qg=i0,V, =4 {qo, + ¢ +2 0?2V, = =2 {qo, - o2,
Vi =2 {qos+¢*+ o and Vi =2 qoalapy + ¢y + 10l + cq

(5)

The dynamic response of the top degree of freedom
derives as

—(g* +5 Pl +5 o) (g +3 v?)
X (2 Laqoapta + 0d 1y + ceq) (6 + o)
X, A

(6)



The dynamic response of the isolators derives as

—9"1s =9 g o =28 o8t =35 ¢ pgob
15 uob — ot — ol -8 ot - 21 gtos
=20 g*wd -5 o
Ay

)

7)

The denominator A, obtains

92pg + (2 Laptgwa + c0)g" + (0dlptg + 9 0lpg + )"
+(18 Lo lwaug +9 cgwsz)q9 + (9 pyoltod +28 ol +8 ws")q8
+(56 {otoauy + 28 coot)q + (28 wgol ol +35 olu, + 21 of)q®
+(70 {yodoauy + 35 ccwl)q + E35 ool +15 olu; + 20 of)qt
+(30 Lyodwaug +15 o) + (15 godlod + 1o +5 ol)g
+(2 (.vvdwslowd:ud + Cewslo)q + #dwdzwsm

(8)

3. H, optimization

H, optimization method applies to derive the exact closed-
form expressions for optimal design parameters of the isola-
tors [13, 24]. {, =0 is considered, Eq. (8) is a 12" order
polynomial equation, and the standard deviation [13] of the
dynamic response of the top DOF obtains

2 Somt 04(220 {Ppgw? + 671 pyog® + 225 w?)

)
® zwsst
The standard deviation for the isolator’s dynamic
responses derives as
2 Somt (2o + 55 pgop? + 10 ol + 25 o)
® 2plt ooy’
(10)

To derive optimal design parameters, the mathematical
formulations are the following:
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_ V554/14(671 pgog + 225 o)

(12)
ba 110 p s
Equation (12) substitutes in Eq. (13) which provides
,  Som (1342 pgy? + 450 )55, 13)

05/ 1g(671 pgg® +225 )

Equation (13) places in the second equation of Eq. (11);
hence, the optimal natural frequency of the isolators is
obtained.
15wy

v/ 1342 Ha

Equation (14) is placed in Eq. (12); hence, the optimal
damping ratio is derived as

(wd)opt = (14)

45

— 15
- (15)

(Cd)opt =
Figure 2(a) illustrates the differences in the optimal fre-
quency ratio of the isolators for different inertial angle val-
ues. As base mass increases, the optimal frequency ratio
decreases but increases as the inertial angle increases. The
optimal viscous damping ratio variations for isolators with
different inertial angle values are depicted in Figure 2(b). As
the base mass increases, the optimal viscous damping ratio
decreases and increases as the inertial angle increases. An
algorithm for detailed design procedure of optimum
NIARFBI and NIAFPS for MDOF systems has been dis-
played in Figure 3. An algorithm for determining dynamic
response reduction capacity of optimum NIARFBI and
NIAFPS for MDOF systems has been displayed in Figure 4.
The mathematical formulation to derive the dynamic
response reduction capacity of NIARFBI and NIAFPS for
the MDOF system is derived and expressed as

da? Oa? Hrer — H
2=0 and —2=0 (11) R — (HEL__NARFBL) 100 and
34 Do s () i e
Equation (9) is placed in the first equation of Eq. (11); Ruparps(%) = (M % 100
hence, the damping ratio of isolators is obtained. Hrgy
(a) ; ; (b)
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Figure 2. The variations of optimal (a) frequency ratio and (b) viscous damping ratio versus base mass ratio for different values of inertial angles.
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Figure 3. An algorithm for detailed design procedure of optimum NIARFBI and NIAFPS for MDOF systems.
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Figure 6. The variations of the top DOF’s optimal displacement of the multiple degrees of freedom systems isolated (a) NIARFBI and (b) NIAFPS subjected to

harmonic excitations.

Table 1. H, optimized system parameters for isolators.

H, optimization

System Proposed by Nd la u

Novel nonlinear base isolators This study 0.2638 0.4608 0.04
TRFBI Matsagar and Jangid [25] 0.5 0.1 0.04
TFPS R S Jangid [26] 0.4 0.1 0.05

TBI: base mass ratio (1) = 1.1, Novel nonlinear base isolators: Total isolator mass ratio (1; = u, +2mg) = 0.7+ 2 x 0.2 = 1.1, Total mass ratio: pigy = .

Table 2. System parameters of main structures (uncontrolled and controlled
structures).

Values
0.01

Name Symbol

Damping ratio s

where Ryiaresr(%) and Rypapps are the dynamic response
reduction capacities of NIARFBI and NIAFPS. Hrygy,
Hyiarepr and Hypapps are the maximum dynamic responses
of the main structure’s each degree of freedom (DOF).

4. Dynamic response evaluation

The variations of optimal top DOF’s displacement of the
MDOF system isolated by NIARFBI versus frequency ratio
are shown in Figure 5(a). At {; =0, Eigen frequencies
locates in 1 = 0.1382, 0.4732, 0.9154, 1.349, 1.699, and
1.919. At ({4)op resonating frequencies locates in 5 =
0.1371, 0.435, 0.8948, 1.348 and 1.698. The superstructural
frequency peaks locate at {; = 0o, ie. = 0.2846, 0.8308,
1.31, 1.683, and 1.919. The variations of optimal displace-
ment of the MDOF system isolated by NIAFPS versus fre-
quency ratio are shown in Figure 5(b). At {; =0, Eigen
frequencies locates in 7 = 0.1382, 0.4732, 0.9154, 1.349,
1.699, and 1.923. At ({4),, resonating frequencies locates
in n = 0.28, 0.8311, 1.325, 1.688, and 1.921. The superstruc-
tural frequency peaks locate at {; = o0, i.e. 1 =0.2846,
0.8308, 1.31, 1.683, and 1.919. The variations of the optimal
top DOF’s displacement of the MDOF systems isolated
NIARFBI and TRFBI subjected to harmonic excitations have

been shown in Figure 6(a). The optimal design parameters
for novel nonlinear isolators and traditional base isolators
(TBI) [25] are listed in Table 1. The mass ratio for novel
and traditional isolators is taken at 1.1. The damping ratio
of each degree of freedom is taken at 0.01 and u = 0.04.
The system parameter for each degree of freedom is listed
in Table 2. The system parameters for novel nonlinear
isolators are considered as yy, = 0.7, 1, = 0.2, ({a)op =
0.4608, (174) 5 = 0.2638,0 = 14°, and u = 0.04. The struc-
ture’s damping ratio is {; = 0.01. The maximum displace-
ment of the uncontrolled structures’ top degree of freedom
(DOF) is determined as 2712.6. The maximum displace-
ments of the top DOF of the MDOF system isolated by
TRFBI and NIARFBI are determined as 614.79 and 39.31.
The displacement reduction capacity of optimum NIARFBI
is significantly 93.60% superior to TRFBI. The variations of
the optimal displacements of the MDOF systems isolated
NIAFPS and TFPS subjected to harmonic excitations have
been shown in Figure 6(b). The maximum displacements of
the top DOF of the MDOF system isolated by TFPS and
NIAFPS are determined as 160.01 and 46.68. The displace-
ment reduction capacity of optimum NIAFPS is significantly
70.82% superior to TFPS. The variations of the optimal dis-
placements of the MDOF isolated by NIARFBI and TRFBI
subjected to random-white excitations have been shown in
Figure 7(a). The maximum displacement of the top DOF of
the uncontrolled structures is determined as 5.95 x 10'0
dB/Hz. The maximum displacements of the top DOF of the
structures isolated by TRFBI and NIARFBI are determined
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Figure 7. The variations of the optimal displacement of the MDOF system isolated (a) NIARFBI and (b) NIAFPS subjected to random-white noise.
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Figure 8. The variations of the top DOF's optimal accelerations of the multiple degrees of freedom systems isolated (a) NIARFBI and (b) NIAFPS subjected to

harmonic excitations.

as 4.08 x 10° dB/Hz and 1.94 x 107 dB/Hz. The displace-
ment reduction capacity of optimum NIARFBI is signifi-
cantly 99.52% superior to TRFBI. The variations of the
optimal displacements of the MDOF system isolated
NIAFPS and TFPS subjected to random-white excitations
have been shown in Figure 7(b). The maximum displace-
ment of the top floor of the uncontrolled structures is
determined as 5.8828 x 10'0 dB/Hz. The maximum dis-
placements of the top floor of the structures isolated by
TFPS and NIAFPS are determined as 2.96 x 10® dB/Hz and
2.50 x 107 dB/Hz. The displacement reduction capacity of
optimum NIAFPS is significantly 91.52% superior to TFPS.
The variations of the optimal accelerations of the MDOF
systems isolated NIARFBI and TRFBI subjected to harmonic
excitations have been shown in Figure 8(a). The maximum
acceleration of the uncontrolled structures’ top degree of
freedom (DOF) is determined as 219.71. The maximum
accelerations of the top DOF of the MDOF system isolated
by TRFBI and NIARFBI are determined as 39.84 and 4.67.

The acceleration reduction capacity of optimum NIARFBI is
significantly 88.27% superior to TRFBI. The variations of
the optimal accelerations of the MDOF systems isolated
NIAFPS and TFPS subjected to harmonic excitations have
been shown in Figure 8(b). The maximum displacements of
the top DOF of the MDOF system isolated by TFPS and
NIAFPS are determined as 9.47 and 3.89. The displacement
reduction capacity of optimum NIAFPS is significantly
58.92% superior to TFPS. The variations of the optimal dis-
placement of isolation level of the MDOF systems isolated
NIARFBI and TRFBI subjected to harmonic excitations have
been shown in Figure 9(a). The maximum displacement of
isolation level of the MDOF system isolated by TRFBI and
NIARFBI are determined as 124.03 and 91.12. The displace-
ment reduction capacity of optimum NIARFBI in terms of
maximum displacement of isolation level is significantly
26.53% superior to TRFBI. The variations of the optimal
displacement of isolation level of the MDOF systems iso-
lated NIAFPS and TFPS subjected to harmonic excitations
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Figure 9. The variations of the top DOF’s optimal displacement of isolation level of the multiple degrees of freedom systems isolated (a) NIARFBI and (b) NIAFPS

subjected to harmonic excitations.

have been shown in Figure 9(b). The maximum displace-
ment of isolation level of the MDOF system isolated by
TFPS and NIAFPS are determined as 49.28 and 44.19. The
displacement reduction capacity of optimum NIAFPS in
terms of maximum displacement of isolation level is signifi-
cantly 10.32% superior to TFPS.

5. Summary and conclusions

The fundamental innovation of this research is the introduc-
tion of the NIARFBI and NIAFPS and their accompanying
optimum design parameters employing H, optimization
techniques. A parametric study is carried out using these
optimized design parameters. The optimal frequency ratio
decreases with the base mass ratio but increases with the
inertial angle. The optimal viscous damping ratio reduces as
base mass increases and increases as the inertial angle
increases. The displacement reduction capacity of optimum
NIARFBI is significantly 93.60% and 99.52%, superior to
TRFBI subjected to harmonic and random white noise exci-
tations. The displacement reduction capacity of optimum
NIAFPS is significantly 70.82% and 91.52%, superior to
TFPS subjected to harmonic and random white noise excita-
tions. The acceleration reduction capacities of optimum
NIARFBI and NIAFPS are 88.27% and 58.92% superior to
TRFBI and TFPS. The displacement reduction capacities of
optimum NIARFBI and NIAFPS in terms of maximum dis-
placement of isolation level are 26.53% and 10.32%, superior
to TRFBI and TFPS. The conceptualization of NIARFBI,
NIAFPS, and the accompanying optimum closed-form solu-
tions is the paper’s key original contribution. After using
these closed-form formulas for the optimal design parame-
ters, the robust dynamic response reduction capacity of the
optimal NIARFBI and NIAFPS is achieved. Future studies
may focus on using proposed isolators to bridges to reduce
vibration.
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