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A B S T R A C T

The negative stiffness inerter-based base isolators (NSIBI) are introduced in this paper. The negative stiffness
device and inerters are installed inside the core of the conventional base isolators (CBI) to enhance their
dynamic response reduction capacity. The novel isolators have been installed at the multi-storey building’s
base to mitigate their dynamic responses during vibration. 𝐻2 optimization method applies to derive the
exact closed-form expression for negative stiffness inerter-based base isolators’ optimal design parameters,
such as frequency and viscous damping ratio for multi-storey buildings. Applying these 𝐻2 optimized design
parameters, the optimum NSIBI for dynamic response mitigation of multi-storey buildings have been achieved.
The dynamic responses of the NSIBI-controlled multi-storey buildings are compared with the dynamic responses
of multi-storey buildings isolated by optimum CBI to determine the exact superior dynamic response reduction
capacity of optimum NSIBI. The dynamic responses of isolated structures in the frequency domain are evaluated
by forming the transfer function. Therefore, for five-storey buildings, the dynamic response reduction capacity
of NSIBI is significantly 51.93% and 81.24% superior to the dynamic response reduction capacity of CBI
subjected to harmonic and random-white excitations. In contrast, for ten-storey buildings, the optimum NSIBI
has 77.73% and 94.02% more dynamic response reduction capacity than the optimum CBI subjected to
harmonic and random-white excitations. In addition, using the Newmark beta method, a numerical study
further conducts to verify the accuracy of the 𝐻2 optimized design parameters by obtaining the time history
results for isolated structures subjected to near-field pulse-type earthquake base excitations. Accordingly, the
optimum NSIBI have 57.591% and 55.398% more displacement and acceleration capacity than the optimum
CBI for five-storey buildings. Besides, for ten-storey buildings, the displacement and acceleration capacities
of optimum NSIBI are significantly around 56.42%and 55.80%, superior to the optimum CBI. Thus, the
vibration reduction capacity of optimum CBI is significantly decreasing while the storey level of the multi-
storey buildings increases, whereas NSIBI is still efficient in reducing the dynamic responses effectively. The
paper’s outcomes are mathematically accurate and applicable to practical implementation.
1. Introduction

To protect structures and individuals from natural disasters like
earthquakes and heavy storms, the base isolation devices are preferable
to all other passive vibration control devices [1–3]. In order to mitigate
the dynamic responses during vibration, the base isolation devices
are installed in an assortment of structures, such as aircraft landing
gear [4,5], buildings [6], bridges [7], liquid storage tanks [8], and
vehicle suspension [9]. Among all dynamic systems, precisely from
civil engineering structures, the dynamic responses of the buildings
and bridges are controlled by the base isolation systems. These isola-
tion devices are installed between the dynamic systems’ substructure
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and superstructure [10–13]. The dynamic responses of the linear iso-
lators [14] are determined by considering the entire isolator as a
mass–spring–dash pot and mathematically derive [15], through transfer
function [16], analytically derive straightforward solutions [17]. The
viscous damping ratio considers for linear isolators. However, the non-
linear isolators are mathematically formulated by replacing the viscous
damping [18] ratio through hysteresis [19], and non-viscous damp-
ing [18]. New Zealand bearing [20], lead rubber bearing [21], resilient
friction base isolator [22], friction-pendulum system [23,24], and pure
friction system [25] are the nonlinear base isolation devices [26],
applicable for the structures for vibration reduction. Particularly for
building structures, the isolators [27–32] are installed at the base of
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single-storey and multi-storey buildings and the isolated structures are
mathematically formulated by considering SDOF and MDOF systems.
For isolated MDOF structures [33], the modal superposition method is
most preferably applicable to analyse the dynamic responses.

In addition, to achieve robustness in vibration reduction from the
isolators, the optimal design parameters for the isolators need to be
determined [34–36]. There are different types of analytical and numer-
ical optimization methods available. Among all optimization methods
in the domain of analytical optimization schemes, 𝐻2 and 𝐻∞ methods
re the most prominent ones [37–40]. The mathematical formulations
n terms of closed-form expressions for optimal design parameters of
he isolators are obtained [41]. The optimal closed-form expressions for
he stochastic 𝐻2 optimization method emerge from the standard de-
iation of the primary structure’s responses to random vibration of the
solated structures [42,43]. In contrast, applying the 𝐻∞ optimization

method, the exact closed-form expressions for optimal design param-
eters are obtained to minimize the dynamic response of the primary
structure [44] as using this method, the equations of motion of the
complete MDOF system can be decoupled into the equation of motion
of the individual SDOF systems for each degree of freedom. From the
perspective of the working principle of traditional base isolators, the
base isolator provides larger displacement at the isolation layer, which
is undesirable as it can damage the isolation floor for higher amplitude
earthquakes [45]. These over-increased time periods of the isolated
structure can also reduce the isolator’s adaptability when the ground
motion load pattern changes from near-fault to far-field [46]. The
traditional base isolators become less efficient for high-rise buildings
in terms of vibration reduction. These scenarios need to be reduced,
which motivates researchers to find an alternative way to enhance its
adaptability and performance [47].

Therefore, considering the advantages and disadvantages of the
traditional isolators, to overcome the above-mentioned disadvantages
of the traditional isolators, the vibration reduction capacity of the
traditional isolators in recent days increased using effective mass am-
plification devices, named inerters [48–50] and inertial amplifiers [51–
55]. In addition, the applications of negative stiffness [56,57], nega-
tive mass [58–60], negative Young modulus [61–63], and other de-
vices [64–66] to traditional isolators for increasing their vibration
reduction capacity plus minimizing the structures’ dynamic responses.
Magnetic negative stiffness dampers [67], pseudo-negative
stiffness [68], high-static-low-dynamic stiffness [69,70], and Euler
buckled beams [71,72], negative-stiffness inclusions [73] are used as
negative stiffness elements in the traditional base isolators to increase
their vibration reduction capacity. However, a combination of neg-
ative stiffness devices and inerters does not apply to the traditional
base isolators to overcome the above-mentioned disadvantages of the
traditional isolators, plus the rigorous explicit analytical closed-form
mathematical formulations for the optimal design parameters of the
novel isolator have not been studied and presented in the existing
state-of-the-art. Accordingly, a research scope identifies.

The negative stiffness inerter-based base isolators (NSIBI) are intro-
duced in this paper to address the above-stated research scope. The
novel isolators are installed at the base of the multi-storey buildings
to reduce the dynamic responses of the isolated structures during
vibratory circumstances. 𝐻2 optimization methods are applied to derive
the exact mathematical closed-form formulations for optimal design
parameters such as the natural frequency and viscous damping ra-
tio of NSIBI. Initially, to verify the accuracy of the 𝐻2 optimized
closed-form solutions for the isolators, the dynamic responses, and
the corresponding dynamic response reduction capacity of multi-storey
buildings isolated by traditional or conventional base isolators (CBI)
and negative stiffness inerter-based base isolators (NSIBI) are derived
analytically through transfer function formations subjected to harmonic
and random-white noise base excitations. Later, a numerical study,
considering the Newmark-beta method, has been performed to verify
1233

the accuracy of the 𝐻2 optimized closed-form solutions for the isolators
with the time-domain responses. The near-field earthquake records are
induced in the design as seismic base excitations to conduct the time
history analysis and determine time domain responses. Furthermore,
the dynamic response reduction capacity of the optimum NSIBI has
been compared w.r.t the optimum CBI.

2. Methodology

2.1. Structural model

The schematic diagram of a multi-storey building isolated by neg-
ative stiffness inerter-base vibration isolator has been shown in Fig. 1.
The NSIBI systems are installed at the base of the multi-storey buildings
subjected to base excitations. 𝑚𝑏, 𝑘𝑏, and 𝑐𝑏 refer to the mass, stiffness,
and damping of the NSIBI. 𝑚𝑑 refers to the mass of the inerter. 𝑘𝑑
refers to the stiffness of the negative stiffness device. ’N’ refers to the
number of floors for the superstructure. 𝑚N, 𝑘N, and 𝑐N define the mass,
stiffness, and damping of the top floor. 𝑚1, 𝑘1, and 𝑐1 refer to the mass,
stiffness, and damping of the first floor. 𝑥𝑔 , 𝑢𝑏, 𝑢1, and 𝑢N refer to the
displacement of base excitation, isolator, first floor, and the top floor
during vibration.

2.2. Equations of motion

Newton’s second law has been applied to derive the equations
of motion for isolated multi-storey buildings. The governing equa-
tions of motion of multi-storey buildings isolated by negative stiffness
inerter-based isolation systems have been derived as

[𝐌𝑠]{𝐱̈𝑠} + [𝐂𝑠]{𝐱̇𝑠} + [𝐊𝑠]{𝐱𝑠} = −[𝐌𝑠]{𝐫}(𝑥̈𝑔 + 𝑥̈𝑏)

𝑚𝑏𝑥̈𝑏 + 𝑚𝑑 𝑥̈𝑏 + 𝑐𝑏𝑥̇𝑏 +
(

𝑘𝑏 − 𝑘𝑑
)

𝑥𝑏 − 𝑘1𝑥1 − 𝑐1𝑥̇1 = −𝑚𝑏𝑥̈𝑔
(1)

where, 𝑥𝑏 = 𝑢𝑏 − 𝑥𝑔 refers to the relative displacement of isolator.
𝑥N = 𝑢N − 𝑢𝑏, 𝑥N−1 = 𝑢N−1 − 𝑢𝑏, and 𝑥1 = 𝑢1 − 𝑢𝑏 refer to the
relative displacement of each floor. [𝐌𝑠], [𝐂𝑠], and [𝐊𝑠] refer to the
mass, viscous damping, and stiffness matrix of the superstructure.
{𝐱𝑠} = {𝑥1, 𝑥2, 𝑥3,… , 𝑥N}, {𝐱̈𝑠}, and {𝐱̇𝑠} refer to the unknown relative
displacement, acceleration, and velocity vectors for the superstructure.
{𝐫} = {1, 1, 1,… , 1} refers to the influence coefficients vector. Five-
storey building lies in the class of the acceleration control range. Hence,
first, a five-storey building has been considered to derive the dynamic
responses of the isolated multi-storey buildings analytically.

𝑚𝑏𝑥̈𝑏 + 𝑚𝑑 𝑥̈𝑏 + 𝑐𝑏𝑥̇𝑏 +
(

𝑘𝑏 − 𝑘𝑑
)

𝑥𝑏 − 𝑘1𝑥1 − 𝑐1𝑥̇1 = −𝑚𝑏𝑥̈𝑔
𝑚1𝑥̈1 + (𝑐1 + 𝑐2)𝑥̇1 − 𝑐2𝑥̇2 + (𝑘1 + 𝑘2)𝑥1 − 𝑘2𝑥2 + 𝑚1𝑥𝑏 = −𝑚1𝑥̈𝑔
𝑚2𝑥̈2 − 𝑐2𝑥̇1 + (𝑐2 + 𝑐3)𝑥̇2 − 𝑐3𝑥̇3 − 𝑘2𝑥1 + (𝑘2 + 𝑘3)𝑥2 − 𝑘3𝑥3 + 𝑚2𝑥𝑏

= −𝑚2𝑥̈𝑔
𝑚3𝑥̈3 − 𝑐3𝑥̇2 + (𝑐3 + 𝑐4)𝑥̇3 − 𝑐4𝑥̇4 − 𝑘3𝑥2 + (𝑘3 + 𝑘4)𝑥3 − 𝑘4𝑥4 + 𝑚3𝑥𝑏

= −𝑚3𝑥̈𝑔
𝑚4𝑥̈4 − 𝑐4𝑥̇3 + (𝑐4 + 𝑐5)𝑥̇4 − 𝑐5𝑥̇5 − 𝑘4𝑥3 + (𝑘4 + 𝑘5)𝑥4 − 𝑘5𝑥5 + 𝑚4𝑥𝑏

= −𝑚4𝑥̈𝑔
𝑚5𝑥̈5 − 𝑐5𝑥̇4 + 𝑐5𝑥̇5 − 𝑘5𝑥4 + 𝑘5𝑥5 + 𝑚5𝑥𝑏 = −𝑚5𝑥̈𝑔

(2)

where 𝑚1, 𝑚2, 𝑚3, 𝑚4, 𝑚5 refers to the mass of each floor and is
considered as same, i.e., 𝑚1 = 𝑚2 = 𝑚3 = 𝑚4 = 𝑚5 = 𝑚𝑠. 𝑘1, 𝑘2, 𝑘3,
𝑘4, 𝑘5 refers to the stiffness of each floor and is considered as same,
i.e., 𝑘1 = 𝑘2 = 𝑘3 = 𝑘4 = 𝑘5 = 𝑘𝑠. 𝑐1, 𝑐2, 𝑐3, 𝑐4, 𝑐5 refers to the
damping of each floor and is considered as same, i.e., 𝑐1 = 𝑐2 = 𝑐3 =
𝑐4 = 𝑐5 = 𝑐𝑠. The steady-state solutions for the dynamic responses of
isolated structures subjected to harmonic base excitations are derived
as 𝑥1 = 𝑋1𝑒i𝜔𝑡, 𝑥2 = 𝑋2𝑒i𝜔𝑡, 𝑥3 = 𝑋3𝑒i𝜔𝑡, 𝑥4 = 𝑋4𝑒i𝜔𝑡, 𝑥5 = 𝑋5𝑒i𝜔𝑡,
𝑥𝑏 = 𝑋𝑏𝑒i𝜔𝑡, and 𝑥̈𝑔 = 𝐴𝑔𝑒i𝜔𝑡. Therefore, a transfer function has been

formed to derive the dynamic responses of the multi-storey buildings
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Fig. 1. The schematic diagram of multi-storey building isolated by negative stiffness inerter-based base isolator subjected to base excitations.
after substituting the steady state solutions into Eq. (2) and expressed
as
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𝑞 = i𝜔,𝐵1 = 4 𝜁𝑠𝑞𝜔𝑠 + 𝑞2 + 2𝜔𝑠
2, 𝐵2 = −2 𝜁𝑠𝑞𝜔𝑠 − 𝜔𝑠

2,

𝐵3 = 2 𝜁𝑠𝑞𝜔𝑠 + 𝑞2 + 𝜔𝑠
2

and 𝐵4 =
(

𝜇𝑏 + 𝜇𝑑
)

𝑞2 + 2 𝜁𝑏𝑞𝜔𝑏
(

𝜇𝑏 + 𝜇𝑑
)

+ 𝜔𝑏
2 (𝜇𝑏 + 𝜇𝑑

)

− 𝛽 𝜔𝑏
2 (𝜇𝑏 + 𝜇𝑑

)

(4)

where 𝜇𝑏 = 𝑚𝑏∕𝑚𝑠 refers to the base mass ratio. 𝜇𝑑 = 𝑚𝑑∕𝑚𝑠 refers
to the inerter mass ratio. 𝜔𝑏 =

√

𝑘𝑏∕
(

𝑚𝑏 + 𝑚𝑑
)

refers to the natural
frequency of the isolator. 𝜂𝑏 = 𝜔𝑏∕𝜔𝑠 refers to the frequency ratio of
the isolator. 𝜔𝑠 =

√

𝑘𝑠∕𝑚𝑠 refers to the natural frequency of the each
floor. 𝜁𝑏 =

𝑐𝑏
2(𝑚𝑏+𝑚𝑑 )𝜔𝑏

refers to the viscous damping ratio of the isolator.
𝛽 = 𝑘𝑑∕𝑘𝑏 refers to the stiffness ratio of NSIBI. 𝜁𝑠 = 𝑐𝑠

2𝑚𝑠𝜔𝑠
defines the

viscous damping ratio of each floor. To perform the 𝐻2 optimization
method for deriving the closed-form expressions for optimal design
parameters of NSIBI analytically, the viscous damping ratio of each
floor of the superstructure has been considered as 𝜁𝑠 = 0. Therefore,
the dynamic response of the top floor of the five-storey building has
been derived as

𝐻5(𝑞) =
𝑋5
𝐴𝑔

=

( (

𝜇𝑏 + 𝜇𝑑
)

(𝛽 − 1)𝜔𝑏
2

−2 𝑞𝜁𝑏
(

𝜇𝑏 + 𝜇𝑑
)

𝜔𝑏 − 𝑞2𝜇𝑑

)

(

𝑞2 + 𝜔𝑠
2) (𝑞4 + 5 𝑞2𝜔𝑠

2 + 5𝜔𝑠
4) (𝑞2 + 3𝜔𝑠

2)

𝛥

(5)

The Eqs. (5) and (A.2) apply further to derive mathematical closed-
form formulations for optimal design parameters of NSIBI using 𝐻2
optimization method. The dynamic response of NSIBI and the closed-
form expression for 𝛥 has been listed in Appendix A. The total effective
mass of the negative stiffness inerter-based isolators has been derived
as 𝑚𝑒 = 𝑚𝑏 + 𝑚𝑑 . The effective mass ratio has been derived as

𝜇𝑒 =
𝑚𝑏 + 𝑚𝑑

𝑚𝑠
= 𝜇𝑏 + 𝜇𝑑 (6)

The total effective stiffness of the negative stiffness inerter-based isola-
tor has been derived as

𝑘𝑒 = 𝑘𝑏 − 𝑘𝑑 = 𝑘𝑏(1 − 𝛽) (7)

where 𝛽 = 𝑘𝑑∕𝑘𝑏 refers to the stiffness ratio of NSIBI. The effective
stiffness of NSIBI has been divided by the stiffness of each floor of the
main structure, i.e., 𝜈 = 𝑘 ∕𝑘 . 𝜈 has also been named as an ‘‘isolator
1234

𝑒 𝑠
effective to each floor of main structure stiffness ratio’’. Accordingly, 𝜈
has been derived as

𝜈 =
𝑘𝑒
𝑘𝑠

=
(

𝜇𝑏 + 𝜇𝑑
)

𝜂2𝑏 (1 − 𝛽) (8)

Applying Eq. (8), the variations of isolator effective to each floor of
main structure stiffness ratio versus stiffness ratio for different values
of inerter mass ratio have been shown in Fig. 2(a). 𝜇𝑏 = 0.8 considers
for this graph. 𝜈 decreases as the stiffness ratio increases while 𝜈
increases as the inerter mass ratio increases. In addition, the variations
of isolator effective to each floor of the main structure stiffness ratio
versus stiffness ratio for different values of base mass ratio have been
shown in Fig. 2(b). 𝜇𝑑 = 0.3 considers for this graph. 𝜈 decreases as
the stiffness ratio increases while 𝜈 increases as the base mass ratio
increases. Only for Fig. 2, 𝜂𝑏 = 0.4 has been considered to find out the
effectiveness of 𝛽 on the total effective stiffness of the negative stiffness
inerter-based isolator. The higher values of 𝛽 provide lower stiffness to
the system, which indicates additional flexibility to the base, resulting
in more dynamic response reduction capacity. From Fig. 2, 𝛽 = 0.1
has been selected for the study to investigate the vibration reduction
performance of NSIBI for multi-storey buildings at its lower stiffness
ratio region. The effective stiffness ratio has been derived as

𝜅𝑒 =
𝑘𝑏 − 𝑘𝑑

𝑘𝑏
=

(

𝜇𝑏 + 𝜇𝑑
)

(1 − 𝛽)
𝜇𝑏

(9)

The graphical representations of effective mass ratio have been dis-
played in Fig. 3(a). The contour diagram of effective mass ratio as a
function of inerter mass ratio and base mass ratio has been displayed as
a graphical representation of Eq. (6). The effective mass ratio increases
as the base mass ratio and inerter mass ratio increase. Additional
effective mass decreases the natural frequency of the isolator, which
increases the time period of the isolated structure during vibration.
The graphical representations of the effective stiffness ratio have been
displayed in Fig. 3(b). The contour diagram of the effective stiffness
ratio as a function of inerter mass ratio and base mass ratio has been
displayed as the graphical representation of Eq. (9). The effective
stiffness ratio increases as the base mass ratio and inerter mass ratio
increase. The additional effective stiffness provides sufficient load-
bearing capacity to the isolated structures when the base becomes
flexible due to the enhancement of the effective mass. Therefore,
the negative stiffness inerter-based base isolator provides additional
flexibility and simultaneously additional load-bearing capacity to the
isolated structures, respectively.

3. 𝑯𝟐 optimization for NSIBI systems

The optimal design parameters for NSIBI have been derived analyt-
ically employing the 𝐻 optimization method [34,40,74]. For applying
2
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Fig. 2. The variations of isolator effective to each floor of main structure stiffness ratio versus stiffness ratio for different values of (a) inerter mass ratio and (b) base mass ratio.
Fig. 3. The contour diagrams of (a) effective mass and (b) effective stiffness as a function of inerter mass ratio and base mass ratio.
this method, it has been considered that the isolated structures are
subjected to random-white noise base excitations. The standard devi-
ations (SD) of the dynamic responses of the superstructure have been
minimized. Hence, Eq. (A.2) is a 12th order polynomial equation. The
Eqs. (5) and (A.2) utilize to derive exact closed-form formulations for
optimal design parameters of NSIBI using a mathematical formula-
tion. Accordingly, the mathematical formulations to derive the exact
closed-form expression for SD of the superstructures are presented
in Appendix B. Therefore, applying Eqs. (B.1), (B.2), and (B.3) in
Appendix B, the exact closed-form expression for SD of the dynamic
1235
response of the top floor of the superstructure has been derived as

𝜎2𝑥5 =

𝑆0𝜋

⎛
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⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜
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4 + 1342 𝛽2𝜇𝑏𝜇𝑑𝜔𝑏

4 + 671 𝛽2𝜇𝑑2𝜔𝑏
4
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4 − 2684 𝛽 𝜇𝑏𝜇𝑑𝜔𝑏

4 + 110 𝛽 𝜇𝑏𝜇𝑑𝜔𝑏
2𝜔𝑠

2

−1342 𝛽 𝜇𝑑2𝜔𝑏
4 + 110 𝛽 𝜇𝑑2𝜔𝑏

2𝜔𝑠
2 − 225 𝛽 𝜇𝑏𝜔𝑏

2𝜔𝑠
2

−225 𝛽 𝜇𝑑𝜔𝑏
2𝜔𝑠

2 + 671𝜇𝑏2𝜔𝑏
4 + 1342𝜇𝑏𝜇𝑑𝜔𝑏

4

−110𝜇𝑏𝜇𝑑𝜔𝑏
2𝜔𝑠

2 + 671𝜇𝑑2𝜔𝑏
4 − 110𝜇𝑑2𝜔𝑏

2𝜔𝑠
2

+5𝜇𝑑2𝜔𝑠
4 + 225𝜇𝑏𝜔𝑏

2𝜔𝑠
2 + 225𝜇𝑑𝜔𝑏

2𝜔𝑠
2

+220 𝜁𝑏2𝜇𝑑2𝜔𝑏
2𝜔𝑠

2

⎞

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎠

2 𝜁𝑏𝜔𝑏𝜔𝑠
6
(

𝜇𝑏 + 𝜇𝑑
)

(10)
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Eq. (10) has been partially differentiated with respect to the viscous
damping ratio 𝜁𝑏 and natural frequency 𝜔𝑏 of NSIBI. The mathematical
formulations for this partial differentiation [34] have been derived as

𝜕𝜎2𝑥5
𝜕𝜁𝑏

= 0 and
𝜕𝜎2𝑥5
𝜕𝜔𝑏

= 0 (11)

First, Eq. (10) has been inserted into the first equation of Eq. (11). The
closed-form expression for viscous damping ratio 𝜁𝑏 has been derived
as

𝜁𝑏 =

√

√

√

√

√

√

√

√

√

√

√

√

√

√

√

√

671 𝛽2𝜇𝑏2𝜔𝑏
4 + 1342 𝛽2𝜇𝑏𝜇𝑑𝜔𝑏

4 + 671 𝛽2𝜇𝑑2𝜔𝑏
4

+110 𝛽 𝜇𝑏𝜇𝑑𝜔𝑏
2𝜔𝑠

2 − 1342 𝛽 𝜇𝑑2𝜔𝑏
4 + 110 𝛽 𝜇𝑑2𝜔𝑏

2𝜔𝑠
2

−225 𝛽 𝜇𝑏𝜔𝑏
2𝜔𝑠

2 − 225 𝛽 𝜇𝑑𝜔𝑏
2𝜔𝑠

2 + 671𝜇𝑏2𝜔𝑏
4

+1342𝜇𝑏𝜇𝑑𝜔𝑏
4 − 110𝜇𝑏𝜇𝑑𝜔𝑏

2𝜔𝑠
2 + 671𝜇𝑑2𝜔𝑏

4

−110𝜇𝑑2𝜔𝑏
2𝜔𝑠

2 + 5𝜇𝑑2𝜔𝑠
4 + 225𝜇𝑏𝜔𝑏

2𝜔𝑠
2

+225𝜇𝑑𝜔𝑏
2𝜔𝑠

2 − 1342 𝛽 𝜇𝑏2𝜔𝑏
4 − 2684 𝛽 𝜇𝑏𝜇𝑑𝜔𝑏

4

220𝜇𝑏2𝜔𝑏
2𝜔𝑠

2 + 440𝜇𝑏𝜇𝑑𝜔𝑏
2𝜔𝑠

2 + 220𝜇𝑑2𝜔𝑏
2𝜔𝑠

2

(12)

q. (12) has been inserted into Eq. (10). Hence, the modified SD has
een listed in Appendix B, and the equation number is Eq. (B.4). Eq.
B.4) has been inserted into the second equation of Eq. (11). Therefore,
he closed-form expression for the optimal frequency of the NSIBI has
een derived as

𝜔𝑏)opt =

√

110𝜇𝑑𝜔𝑠
2 − 225𝜔𝑠

2

1342 𝛽 𝜇𝑏 + 1342 𝛽 𝜇𝑑 − 1342𝜇𝑏 − 1342𝜇𝑑
(13)

q. (13) has been inserted into Eq. (12). Therefore, the closed-form
xpression for the optimal viscous damping ratio of NSIBI has been
erived as

𝜁𝑏)opt =

√

330
220

√

√

√

√

(

88𝜇𝑑2 + 3300𝜇𝑑 − 3375
)

(1 − 𝛽)
(

22𝜇𝑑 − 45
) (

𝜇𝑏 + 𝜇𝑑
) (14)

The variations of optimal frequency ratio versus base mass ratio have
been displayed in Fig. 4(a) for different values of stiffness ratio 𝛽. The
ptimal frequency ratio decreases as the base mass ratio increases,
hereas the optimal frequency ratio increases as the stiffness ratio

ncreases. The variations of optimal frequency ratio versus inerter
ass ratio have been displayed in Fig. 4(b) for different values of

tiffness ratio 𝛽. The optimal frequency ratio decreases as the inerter
ass ratio increases and increases when the stiffness ratio increases.
herefore, a higher base mass ratio, higher inerter mass ratio, and lower
tiffness ratio are recommended to enhance the isolated structures’ time
eriod. The extended time period provides additional flexibility to the
ase of the isolated structures, which increases the dynamic response
eduction capacity of the NSIBI. The variations of optimal viscous
amping ratio versus base mass ratio have been displayed in Fig. 5(a)
or different values of stiffness ratio 𝛽. The optimal viscous damping
atio decreases as the base mass ratio increases and decreases as the
tiffness ratio increases. The variations of optimal viscous damping
atio versus inerter mass ratio have been displayed in Fig. 5(b) for
ifferent values of stiffness ratio 𝛽. The optimal viscous damping ratio
ecreases as the inerter mass ratio increases and decreases as the
tiffness ratio increases. However, a lower stiffness ratio provides a
ower frequency ratio for the isolated structures, which is essentially
equired. Therefore, a higher base mass ratio, a higher inerter mass
atio, and a lower stiffness ratio are recommended to design optimal
SIBI for achieving the optimal viscous damping ratio for NSIBI in the
ffordable range. As a result, the viscous damping ratio stood between
.1 to 1.0, i.e., 0.1 ≤ 𝜁𝑏 ≤ 0.9, which is practically implementable and

affordable.

3.1. Robustness of optimum NSIBI

The 𝐻2 optimized design parameters are applied to the basic math-
ematical formulations of NSIBI to model the governing system param-
1236

eters, such as the natural frequency and damping ratio of the novel r
isolator, in order to achieve robust dynamic reduction capacity form it
subjected to base excitations. The dynamic response of the superstruc-
ture is the optimization objective function, which has been minimized
using 𝐻2 optimized negative stiffness inerter-based base isolators. The
variations of optimal dynamic responses of the top floor of the five-
storey building isolated by optimum NSIBI for different values of
viscous damping ratio have been shown in Fig. 6. The main structure’s
damping ratio considers 𝜁𝑠 = 0.0. The base mass ratio for negative
stiffness inerter-based base isolator (NSIBI) considers 𝜇𝑏 = 0.80, inerter
mass ratio 𝜇𝑑 = 0.30, stiffness ratio 𝛽 = 0.10. The considered values for
system parameters are substitutes in Eqs. (13) and (14) to obtain the
optimal frequency and damping ratio for NSIBI. Therefore, the optimal
frequency and damping ratio of NSIBI for frequency domain analysis
are determined as 0.38 and 0.58. The total mass ratio for NSIBI derives
as 𝜇𝑏 + 𝜇𝑑 = 0.8 + 0.3 = 1.1. The dynamic responses are unrestrained
to 𝜁𝑏 = 0, and the response peaks are located at the system’s eigen fre-
quencies, i.e., 𝜂 = 0.1385, 0.5506, 1.005, 1.411, 1.729, 1.931. The response
peaks are shifted from their eigen frequency points when the values
of viscous damping ratio are increasing, i.e., 𝜁𝑏 ≤ 1.0. In addition, at
𝜂opt = 0.38, (𝜁𝑏)opt = 0.58, the resonating frequencies are extracted from
these frequency points. Hence, the resonating frequencies are obtained
as 𝜂 = 0.1354, 0.5518, 1.059, 1.402, 1.93. The dynamic response peaks of
the entire isolated structure, having six degrees of freedom system, are
merged into five peaks which are the degrees of freedom of superstruc-
ture, when the values of viscous damping ratio tend to ∞ (i.e., 𝜁𝑏 = ∞)
compare to the optimal values. The frequency points for response peaks
are located as 𝜂 = 0.2827, 0.8326, 1.311, 1.683, 1.919. The anti-resonance
frequency points are located at 𝜂 = 1.0, 1.176, 1.732, 1.902. The dynamic
response is not significantly minimized after (𝜂𝑏)opt = 0.38, (𝜁𝑏)opt = 0.58
for optimum NSIBI. The robustness of the newly derived optimal closed-
form expressions, i.e., Eqs. (13) and (14), have been identified from
Fig. 6. The dynamic responses of the multi-storey building have been
minimized at its optimal design parameters with affordable ranges.

4. Dynamic response evaluation for five-storey buildings

The 𝐻2 optimization method has been performed to derive the
ptimal closed-form solutions for the design parameters of optimum
SIBI. The optimal dynamic response reduction capacity of NSIBI has
een achieved by applying these 𝐻2 optimized optimal closed-form
olutions. The dynamic response reduction capacity of optimum con-
entional base isolators (CBI) has also been determined and compared
ith the dynamic response reduction capacity of optimum NSIBI. The

requency and time domain analysis have been performed to obtain the
xact dynamic response reduction capacity of optimum NSIBI and CBI
athematically.

.1. Frequency domain analysis

The transfer function has been formed to determine analytically the
ynamic responses of the five-storey building isolated by optimum CBI
nd NSIBI subjected to harmonic and random-white noise excitations.
he main structure’s damping ratio considers 𝜁𝑠 = 0.01. The base mass

ratio for negative stiffness inerter-based base isolator (NSIBI) considers
𝜇𝑏 = 0.80, inerter mass ratio 𝜇𝑑 = 0.30, stiffness ratio 𝛽 = 0.10.

he considered values for system parameters are substitutes in Eqs.
13) and (14) to obtain the optimal frequency and damping ratio for
SIBI. Therefore, the optimal frequency and damping ratio of NSIBI

or frequency domain analysis are determined as 0.38 and 0.58. The
otal mass ratio for NSIBI derives as 𝜇𝑏 + 𝜇𝑑 = 0.8 + 0.3 = 1.1. For the
lassical base isolator (CBI), the total mass ratio is considered 𝜇𝑏 = 1.1,
nd the frequency and viscous damping ratio for CBI derive as 0.39 and
.64. Accordingly, all the design parameters for the frequency domain
nalysis have been listed in Table 1 to provide a better description and
vidence for each isolator that the comparison between the solutions is

easonable.
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Fig. 4. The variations of optimal frequency ratio versus (a) base mass ratio, (b) inerter mass ratio for different values of stiffness mass ratio.
Fig. 5. The variations of optimal viscous damping ratio versus (a) base mass ratio, (b) inerter mass ratio for different values of stiffness mass ratio.
c
r
b

4

Applying these optimal design parameters, the variations of optimal
ynamic responses of the uncontrolled and isolated five-storey build-
ngs versus frequency ratio subjected to harmonic base excitation have
een shown in Fig. 7(a). The maximum dynamic response of the top
loor of the uncontrolled building obtains as 2714.1. The maximum
ynamic responses of the top floor of the buildings isolated by CBI
nd NSIBI obtain as 92.63 and 44.53. Therefore, the dynamic response
eduction capacity of NSIBI is significantly 51.93% superior to the
ynamic response reduction capacity of CBI subjected to harmonic
xcitations. In addition, the variations of optimal dynamic responses
f the uncontrolled and isolated five-storey buildings versus frequency
atio subjected to random-white noise excitations have been shown
1237

n Fig. 7(b). The maximum dynamic response of the top floor of f
the uncontrolled building has been determined as 1.33 × 1011 dB/Hz.
The maximum dynamic responses of the top floor of the five-storey
building isolated by CBI and NSIBI have been derived as 1.97 × 108

dB/Hz and 3.7×107 dB/Hz. Therefore, the dynamic response reduction
apacity of NSIBI is significantly 81.24% superior to the dynamic
esponse reduction capacity of CBI subjected to random-white noise
ase excitation.

.2. Time history analysis

The 𝐻2 optimization method applies to derive the exact closed-
orm expressions for optimal design parameters of optimum NSIBI.
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Fig. 6. The variations of optimal dynamic responses of the top floor of the five-storey
building isolated by NSIBI versus frequency ratio for different values of viscous damping
ratio.

Table 1
The system parameters for non-isolated and isolated multi-storey buildings. Eqs. (13)
and (14) have been utilized to determine optimal design parameters for isolators.

Description Symbol Value

CBI NSIBI CBI NSIBI

Damping ratio of structure 𝜁𝑠 𝜁𝑠 0.01 0.01
Isolator damping ratio 𝜁𝑏 𝜁𝑏 0.64 0.58
Frequency ratio of isolator 𝜂𝑏 𝜂𝑏 0.39 0.38
Total mass ratio of isolator 𝜇𝑏 𝜇𝑏 + 𝜇𝑑 1.1 1.1
Base mass ratio ⋯ 𝜇𝑏 0 0.80
Inerter mass ratio ⋯ 𝜇𝑑 0 0.30
Stiffness ratio ⋯ 𝛽 0 0.10

Using these optimal closed-form solutions, the robust dynamic re-
duction capacity from NSIBI has been achieved in frequency domain
analysis. Furthermore, a numerical study has been conducted to verify
the accuracy of the 𝐻2 optimized closed-form solutions for the isola-
tors with the time-domain responses, considering the Newmark-beta
method. The near-field earthquake records are applied as seismic base
excitations to perform the time history analysis and determine time do-
main responses. The displacement and acceleration response reduction
capacities of optimum NSIBI and CBI have been determined through
this time history analysis and compared to determine the superior
performance between them. Therefore, to perform the numerical study,
each floor’s mass considers 𝑚𝑠 = 3000 tons; the structural time period
onsiders 𝑇𝑠 = 0.5 s, and the natural frequency derives through 𝜔𝑠 =
2𝜋∕𝑇𝑠. The schematic diagrams of the isolated multi-storey buildings,
negative stiffness inerter-based base isolators and conventional base
isolators subjected to seismic base excitations are shown in Figs. 8(a),
8(b), and 8(c). The main structure’s damping ratio considers 𝜁𝑠 = 0.01.
The base mass ratio for negative stiffness inerter-based base isolator
(NSIBI) considers 𝜇𝑏 = 0.80, inerter mass ratio 𝜇𝑑 = 0.30, stiffness ratio
𝛽 = 0.10. The considered values for system parameters are substitutes in
Eqs. (13) and (14) to obtain the optimal frequency and damping ratio
for NSIBI. Therefore, the optimal frequency and damping ratio of NSIBI
for frequency domain analysis are determined as 0.38 and 0.58. The
total mass ratio for NSIBI derives as 𝜇𝑏 + 𝜇𝑑 = 0.8 + 0.3 = 1.1. For the
lassical base isolator (CBI), the total mass ratio is considered 𝜇𝑏 = 1.1,
nd the frequency and viscous damping ratio for CBI derive as 0.39
nd 0.64. Accordingly, all the design parameters for the time history
1238

e

Table 2
The system parameters for uncontrolled and isolated multi-storey buildings. Eqs. (13)
and (14) have been utilized to determine optimal design parameters for isolators.

Description Symbol Value

CBI NSIBI CBI NSIBI

Damping ratio of structure 𝜁𝑠 𝜁𝑠 0.01 0.01
Isolator damping ratio 𝜁𝑏 𝜁𝑏 0.64 0.58
Frequency ratio of isolator 𝜂𝑏 𝜂𝑏 0.39 0.38
Total mass ratio of isolator 𝜇𝑏 𝜇𝑏 + 𝜇𝑑 1.1 1.1
Base mass ratio ⋯ 𝜇𝑏 0 0.80
Inerter mass ratio ⋯ 𝜇𝑑 0 0.30
Stiffness ratio ⋯ 𝛽 0 0.10

analysis have been listed in Table 2 to provide a better description and
evidence for each isolator that the comparison between the solutions
is reasonable. In addition, the details of near-field earthquake records
are listed in Table 3. The response spectra of all near-field earthquake
records (pulse), listed in Table 3, are shown in Fig. 9 with consid-
ering 5% damping. Near-field earthquakes (pulse records) are more
threatening for the structures compared to far-field earthquakes [34].
Hence, near-field earthquake records with pulses having a noticeable
vertical component are applied for the numerical study to investigate
the vibration reduction capacity of each isolator. An algorithm for the
procedure of optimal dynamic response calculation from time history
analysis for the structures isolated by optimum isolators has been
displayed in Fig. 10.

Therefore, the variations of top floor displacements of uncontrolled
and isolated five-storey buildings versus time subjected to Northridge-
01 Chi-Chi, Taiwan earthquake excitation have been shown
in Fig. 11(a). The maximum displacement of the top floor of the
uncontrolled buildings and buildings isolated by CBI, NSIBI subjected
to the Northridge-01 earthquake have been obtained as 0.0947 m,
0.0720 m, and 0.0263 m. The variations of top floor displacements of
uncontrolled and isolated five-storey buildings versus time subjected to
Chi-Chi, Taiwan earthquake excitation have been shown in Fig. 11(b).
The maximum displacement of the top floor of the uncontrolled build-
ings and buildings isolated by CBI, NSIBI subjected to Chi-Chi, Taiwan
earthquake excitation have been obtained as 0.1101 m, 0.0657 m, and
0.03 m. The maximum displacement of the top floor of uncontrolled
and isolated buildings and the displacement response reduction ca-
pacity of NSIBI w.r.t CBI (𝐷5 (%)) for five-storey buildings subjected
to near-field earthquake base excitations are listed in Table 4. The
mathematical formulation to determine the displacement response
reduction capacity of NSIBI w.r.t CBI (𝐷5 (%)) for five-storey buildings
derives as

𝐷5 (%) =
(𝑥𝑚𝑎𝑥5 )𝐶𝐵𝐼 − (𝑥𝑚𝑎𝑥5 )𝑁𝑆𝐼𝐵𝐼

(𝑥𝑚𝑎𝑥5 )𝐶𝐵𝐼
(15)

The variations of top-floor accelerations of uncontrolled and isolated
five-storey buildings versus time subjected to Northridge-01 earthquake
excitations have been shown in Fig. 12(a). The maximum accelerations
of the top floor of the uncontrolled buildings and buildings isolated by
CBI, NSIBI subjected to the Northridge-01 earthquake excitation have
been obtained as 2.2652 m∕s2, 1.7506 m∕s2, and 0.8167 m∕s2.

The variations of top-floor accelerations of uncontrolled and iso-
ated five-storey buildings versus time subjected to the Chi-Chi, Taiwan
arthquake excitation have been shown in Fig. 12(b). The maximum ac-
elerations of the top floor of the uncontrolled buildings and buildings
solated by CBI, NSIBI subjected to Chi-Chi, Taiwan earthquake excita-
ion have been obtained as 1.9879 m∕s2, 0.8347 m∕s2, and 0.516 m∕s2.
he maximum acceleration of the top floor of uncontrolled and iso-

ated buildings and the acceleration response reduction capacity of
SIBI w.r.t CBI (𝐴5 (%)) for five-storey buildings subjected to near-field
arthquake ground motions are listed in Table 5. The mathematical
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Fig. 7. The variations of optimal dynamic responses of non-isolated and isolated five-storey buildings versus frequency ratio subjected to (a) harmonic and (b) random-white noise
base excitations.

Fig. 8. The schematic diagrams of the (a) isolated multi-storey buildings, (b) negative stiffness inerter-based base isolators, and (c) conventional base isolators subjected to base
excitations.
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Table 3
The details of near-field earthquake base excitations (pulse records) (https://peer.berkeley.edu/peer-strong-
ground-motion-databases).

Earthquake Year 𝑀𝑤 Recording station 𝑉 𝑠30 (m/s) Component 𝐸𝑠 (km) PGA,g

Irpinia, Italy-01 1980 6.9 Sturno 1000 MUL009 30.4 0.31
Superstition Hills-02 1987 6.5 Parachute Test Site 349 SUPERST 16.0 0.42
Loma Prieta 1989 6.9 LOMAP 371 HEC000 27.2 0.38
Erzican, Turkey 1992 6.7 Erzincan 11 275 ERZIKAN 9.0 0.49
Cape Mendocino 1992 7.0 CAPEMEND 713 NIS090 4.5 0.63
Landers 1992 7.3 Lucerne 685 LANDERS 44.0 0.79
Northridge-01 1994 6.7 Rinaldi Receiving Sta 282 NORTHR 10.9 0.87
Kocaeli, Turkey 1999 7.5 Izmit 811 KOCAELI 5.3 0.22
Chi-Chi, Taiwan 1999 7.6 TCU065 306 CHICHI 26.7 0.82
Chi-Chi, Taiwan 1999 7.6 TCU102 714 CHICHI 45.6 0.29
Duzce, Turkey 1999 7.1 Duzce 276 DUZCE 1.6 0.52
b

Table 4
The maximum displacement of top floor of uncontrolled and isolated buildings and
the displacement response reduction capacity of NSIBI w.r.t CBI (𝐷5 (%)) for five-storey
buildings.

Earthquake 𝑥𝑚𝑎𝑥5 (m) 𝐷5 (%)

Uncontrolled CBI NSIBI NSIBI

Irpinia, Italy-01 0.0456 0.0246 0.0111 54.88
Superstition Hills-02 0.0475 0.0318 0.0122 61.64
Loma Prieta 0.0577 0.0297 0.0139 53.20
Erzican, Turkey 0.0844 0.0594 0.0217 63.47
Cape Mendocino 0.0512 0.0378 0.0173 54.23
Landers 0.0238 0.0154 0.0046 70.13
Northridge-01 0.0947 0.072 0.0263 63.47
Kocaeli, Turkey 0.0323 0.0133 0.006 54.89
Chi-Chi, Taiwan 0.1101 0.0657 0.03 54.34
Chi-Chi, Taiwan 0.0605 0.0428 0.0203 52.57
Duzce, Turkey 0.0525 0.0359 0.0177 50.70

Average 0.060 0.039 0.016 57.591

Fig. 9. The response spectra of near-field earthquake base excitations (pulse records)
5% damping).

ormulation to determine the acceleration response reduction capacity
f NSIBI w.r.t CBI (𝐴5 (%)) for five-storey buildings derives as

5 (%) =
(𝑥̈𝑚𝑎𝑥5 )𝐶𝐵𝐼 − (𝑥̈𝑚𝑎𝑥5 )𝑁𝑆𝐼𝐵𝐼

(𝑥̈𝑚𝑎𝑥5 )𝐶𝐵𝐼
(16)

The bar diagram of the normalized maximum displacement of the main
structure’s top floor subjected to near-field earthquake base excita-
tions has been shown in Fig. 13(a). The bar plot for the optimum
1240
Table 5
The maximum acceleration of top floor of uncontrolled and isolated buildings and
the acceleration response reduction capacity of NSIBI w.r.t CBI (𝐴5 (%)) for five-storey
uildings.
Earthquake 𝑥̈𝑚𝑎𝑥5 (m/s2) 𝐴5 (%)

Uncontrolled CBI NSIBI NSIBI

Irpinia, Italy-01 0.6848 0.3225 0.1232 61.80
Superstition Hills-02 0.8661 0.6269 0.2268 63.82
Loma Prieta 0.8702 0.6544 0.3049 53.41
Erzican, Turkey 1.4185 1.1978 0.5425 54.71
Cape Mendocino 1.5316 1.0531 0.4666 55.69
Landers 0.8793 0.5861 0.2914 50.28
Northridge-01 2.2652 1.7506 0.8167 53.35
Kocaeli, Turkey 0.6358 0.3054 0.1232 59.66
Chi-Chi, Taiwan 1.9879 0.8347 0.516 38.18
Chi-Chi, Taiwan 0.8452 0.5188 0.1534 70.43
Duzce, Turkey 1.1639 0.8211 0.4266 48.05

Average 1.195 0.788 0.363 55.398

NSIBI-isolated structure’s displacement profile is comparatively less
than the bar plot of the displacement profile of structures isolated
by optimum CBI. Therefore, the displacement reduction capacity of
the optimum NSIBI is significantly more than the optimum CBI. The
bar diagram of the normalized maximum acceleration of the main
structure’s top floor subjected to near-field earthquake base excitations
has been shown in Fig. 13(b). The bar plot for the optimum NSIBI-
isolated structure’s acceleration profile is comparatively less than the
bar plot of the acceleration profile of structures isolated by optimum
CBI. Therefore, the acceleration reduction capacity of the optimum
NSIBI is significantly more than the optimum CBI. The variations of
normalized damping force of uncontrolled and isolated structures for
Northridge-01 earthquake excitations have been displayed in Fig. 14(a).
In addition, the variations of normalized damping force of uncontrolled
and isolated structures for Chi-Chi, Taiwan earthquake excitations have
been displayed in Fig. 14(b). The peaks of the damping force of the top
floor of the building isolated by NSIBI are less than the damping forces
of the top floor of the uncontrolled building and building isolated by
CBI. Therefore, the damping force reduction capacity of NSIBI is signif-
icantly superior to the CBI. The maximum displacement of each floor
has been determined. Hence, the variations of maximum displacement
of each floor versus floor number of the five-storey buildings subjected
to Northridge-01 earthquake base excitations have been shown in
Fig. 15(a), and for Chi-Chi, Taiwan earthquake has been shown in
Fig. 15(b). For all cases, the maximum displacement of each floor
is significantly less than that of uncontrolled buildings and building
isolated by CBI. The maximum acceleration of each floor has also
been determined. Therefore, the variations of maximum acceleration
of each floor versus floor number of the five-storey buildings subjected
to Northridge-01 earthquake base excitation have been displayed in
Fig. 16(a), and for Chi-Chi, Taiwan earthquake has been shown in
Fig. 16(b). Each floor acceleration of a building isolated by NSIBI is
significantly less than the building isolated by CBI and uncontrolled

https://peer.berkeley.edu/peer-strong-ground-motion-databases
https://peer.berkeley.edu/peer-strong-ground-motion-databases
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Fig. 10. An algorithm for the procedure of optimal dynamic response calculation from time history analysis.
Fig. 11. The variations of top floor displacements of uncontrolled and isolated five storey buildings versus time subjected to (a) Northridge-01 and (b) Chi-Chi, Taiwan earthquake
base excitations.
building. Therefore, the 𝐻2 optimized NSIBI has more dynamic re-
sponse reduction capacity for both cases than the 𝐻2 optimized CBI.
The variations of kinetic, potential, and dissipated energy of the un-
controlled structure versus time subjected to Northridge-01 earthquake
base excitation have been shown in Fig. 17, structure isolated by CBI,
and structure isolated by NSIBI have been shown in Fig. 17(b) and
Fig. 17(c). The energy profiles of the uncontrolled structure and struc-
ture isolated by CBI is much more than that of the structure isolated by
NSIBI. The energy profile of both isolators has also been determined.
Therefore, the variations of the kinetic, potential, and dissipated energy
profile of the CBI subjected to Northridge-01 earthquake base excitation
have been shown in Fig. 18(a) and the energy profile of the NSIBI has
been shown in Fig. 18(b). The energy dissipation capacity of the NSIBI
is significantly greater than the energy dissipation capacity of CBI.

5. Dynamic response evaluation for ten-storey building

The optimal dynamic response reduction capacities of optimum
NSIBI and CBI have also been achieved analytically and numerically
1241
for ten-storey buildings to find out the exact performance of novel
NSIBI and its superiority over CBI. To obtain the exact superior per-
formance of optimum NSIBI, the dynamic response reduction capacity
of optimum NSIBI has also been compared with the dynamic response
reduction capacity of optimum CBI. The frequency and time domain
analysis have been performed to obtain these results analytically and
numerically. The transfer function has been formed to determine an-
alytically the dynamic responses of the ten-storey building isolated by
optimum CBI and NSIBI subjected to harmonic and random-white noise
excitations.

5.1. Robustness of optimum NSIBI

The variations of optimal dynamic responses of the top floor of the
ten-storey building isolated by optimum NSIBI for different values of
viscous damping ratio have been shown in Fig. 19. The main structure’s
damping ratio considers 𝜁𝑠 = 0.0. The base mass ratio for negative
stiffness inerter-based base isolator (NSIBI) considers 𝜇 = 0.80, inerter
𝑏
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Fig. 12. The variations of top floor accelerations of uncontrolled and isolated five storey buildings versus time subjected to (a) Northridge-01 and (b) Chi-Chi, Taiwan earthquake
base excitations.
Fig. 13. The bar diagrams of normalized (a) maximum displacement and (b) maximum acceleration of the main structure’s top floor subjected to near-field earthquake base
xcitations.
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ass ratio 𝜇𝑑 = 0.30, stiffness ratio 𝛽 = 0.10. The optimal frequency and
damping ratio of NSIBI for frequency domain analysis are considered
as (𝜂𝑏)opt = 0.3802, and (𝜁𝑏)opt = 0.5876. The dynamic responses are un-
estrained to 𝜁𝑏 = 0, and the response peaks are located at the system’s
igen frequencies, i.e., 𝜂 = 0.09307, 0.3216, 0.5799, 0.8376, 1.083, 1.309,
.509, 1.68, 1.818, 1.918, 1.979. The response peaks are shifted from their
igen frequency points when the values of viscous damping ratio are
ncreasing, i.e., 𝜁𝑏 ≤ 1.0. The resonating frequencies are extracted
rom these frequency points. Hence, the resonating frequencies are
btained as 𝜂 = 0.09533, 0.318, 0.8292, 1.299, 1.675, 1.917. The dynamic
esponse peaks of the entire isolated structure, having eleven degrees
f freedom system, are merged into ten peaks which are the de-
rees of freedom of superstructure, when the values of viscous damp-
ng ratio tend to ∞ (i.e., 𝜁𝑏 = ∞) compare to the optimal val-
es. The frequency points for response peaks are located as 𝜂 =
.1495, 0.4453, 0.7307, 1.0, 1.247, 1.466, 1.653, 1.802, 1.911, 1.978. The anti-
esonance frequency points are located at 𝜂 = 0.5635, 0.618, 1.081, 1.176
.512, 1.618, 1.819, 1.902, 1.98.
1242

i

.2. Frequency domain analysis

The main structure’s damping ratio considers 𝜁𝑠 = 0.01. The base
ass ratio for negative stiffness inerter-based base isolator (NSIBI)

onsiders 𝜇𝑏 = 0.80, inerter mass ratio 𝜇𝑑 = 0.30, stiffness ratio 𝛽 =
.10. The optimal frequency and damping ratio of NSIBI for frequency
omain analysis are considered as (𝜂𝑏)opt = 0.3802, and (𝜁𝑏)opt = 0.5876.
he total mass ratio for NSIBI derives as 𝜇𝑏+𝜇𝑑 = 0.8+0.3 = 1.1. For the
lassical base isolator (CBI), the total mass ratio is considered 𝜇𝑏 = 1.1,
nd the frequency and viscous damping ratio for CBI derive as 0.39 and
.64. The variations of optimal dynamic responses of the uncontrolled
nd isolated ten-storey buildings versus frequency ratio subjected to
armonic base excitation have been shown in Fig. 20(a). The maximum
ynamic response of the top floor of the uncontrolled building has been
etermined as 18979. The maximum dynamic responses of the top floor
f buildings isolated by CBI and NSIBI have been determined as 1316
nd 293. Therefore, the dynamic response reduction capacity of NSIBI
s significantly 77.73% superior to the dynamic response reduction
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Fig. 14. The variations of normalized damping force versus top floor displacement of the top floor of isolated buildings subjected to (a) Northridge-01 and (b) Chi-Chi, Taiwan
earthquake base excitations.
Fig. 15. The variations of peak displacement of each floor versus floor number of the five-storey buildings subjected to (a) Northridge-01 and (b) Chi-Chi, Taiwan earthquake
base excitations.
d
s

capacity of CBI subjected to harmonic excitations. The variations of
optimal dynamic responses of the uncontrolled and isolated ten-storey
buildings versus frequency ratio subjected to random-white noise exci-
tations have been shown in Fig. 20(b). The maximum dynamic response
of the top floor of the uncontrolled building has been determined
as 3.1885 × 1010 dB/Hz. The maximum dynamic responses of the top
1243

t

floor of the five-storey buildings isolated by CBI and NSIBI have been
determined as 8.6388×108 dB/Hz and 5.1671×107 dB/Hz. Therefore, the
ynamic response reduction capacity of NSIBI is significantly 94.02%
uperior to the dynamic response reduction capacity of CBI subjected
o random-white noise base excitation.
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Fig. 16. The variations of peak acceleration of each floor versus floor number of the five-storey buildings subjected to (a) Northridge-01 and (b) Chi-Chi, Taiwan earthquake base
xcitations.
Fig. 17. The variations of kinetic, potential, and dissipated energy of the (a) uncontrolled structure, (b) structure isolated by CBI, and (c) structure isolated by NSIBI versus time
subjected to Northridge-01 earthquake base excitation.
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5.3. Time history analysis

The 𝐻2 optimization method applies to derive the exact closed-
form expressions for optimal design parameters of optimum NSIBI.
Using these optimal closed-form solutions, the robust dynamic re-
duction capacity from NSIBI has been achieved in frequency domain
analysis. Furthermore, a numerical study has been conducted to verify
the accuracy of the 𝐻2 optimized closed-form solutions for the isola-
tors with the time-domain responses, considering the Newmark-beta
method. The near-field earthquake records are applied as seismic base
excitations to perform the time history analysis and determine time do-
main responses. The displacement and acceleration response reduction
capacities of optimum NSIBI and CBI have been determined through
this time history analysis and compared to determine the superior
performance between them. Therefore, to perform the numerical study,
each floor’s mass considers 𝑚𝑠 = 3000 tons; the structural time period
onsiders 𝑇 = 0.5 s, and the natural frequency derives through 𝜔 =
1244

𝑠 𝑠 N
𝜋∕𝑇𝑠. The schematic diagrams of the isolated multi-storey buildings,
egative stiffness inerter-based base isolators and conventional base
solators subjected to seismic base excitations are shown in Figs. 8(a),
(b), and 8(c). The main structure’s damping ratio considers 𝜁𝑠 = 0.01.
he base mass ratio for negative stiffness inerter-based base isolator
NSIBI) considers 𝜇𝑏 = 0.80, inerter mass ratio 𝜇𝑑 = 0.30, stiffness
atio 𝛽 = 0.10. The optimal frequency and damping ratio of NSIBI
or frequency domain analysis are considered as (𝜂𝑏)opt = 0.3802, and
𝜁𝑏)opt = 0.5876. The total mass ratio for NSIBI derives as 𝜇𝑏 + 𝜇𝑑 =
.8 + 0.3 = 1.1. For the classical base isolator (CBI), the total mass
atio is considered 𝜇𝑏 = 1.1, and the frequency and viscous damping
atio for CBI derive as 0.39 and 0.64. The variations of top floor
isplacements of uncontrolled and isolated ten storey buildings versus
ime subjected to Northridge-01 earthquake base excitation have been
hown in Fig. 21(a). The maximum displacement of top floor of the
ncontrolled buildings and buildings isolated by CBI, NSIBI subjected to

orthridge-01 earthquake have been obtained as 0.0902 m, 0.0592 m,
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Fig. 18. The variations of kinetic, potential, and dissipated energy profile of the CBI and NSIBI versus time subjected to Northridge-01 earthquake base excitation.
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Fig. 19. The variations of optimal dynamic responses of the top floor of ten storey
uilding versus frequency ratio for different values of viscous damping ratio of NSIBI.

nd 0.0297 m. The maximum displacement of each floor has been de-
ermined. Hence, the variations of maximum displacement of each floor
ersus floor number of the ten-storey buildings subjected to Northridge-
1 earthquake base excitations have been shown in Fig. 21(b). The
aximum displacement of each floor is significantly less than that of
ncontrolled buildings and building isolated by CBI. The maximum
isplacement of top floor of uncontrolled ten-storey and isolated ten-
torey buildings and the displacement response reduction capacity of
SIBI w.r.t CBI (𝐷10 (%)) for ten-storey buildings subjected to near-field
arthquake ground motions are listed in Table 6. The mathematical
ormulation to determine the displacement response reduction capacity
1245

b

Table 6
The maximum displacement of top floor of uncontrolled and isolated buildings and the
displacement response reduction capacity of NSIBI w.r.t CBI (𝐷10 (%)) for ten-storey
uildings.
Earthquake 𝑥𝑚𝑎𝑥10 (m) 𝐷𝑟 (%)

Uncontrolled CBI NSIBI NSIBI

Irpinia, Italy-01 0.0913 0.0807 0.0286 64.56
Superstition Hills-02 0.1721 0.1443 0.0498 65.49
Loma Prieta 0.1195 0.0837 0.034 59.38
Erzican, Turkey 0.0756 0.0716 0.0371 48.18
Cape Mendocino 0.0689 0.0589 0.0308 47.71
Landers 0.2324 0.2137 0.1156 45.91
Northridge-01 0.0902 0.0592 0.0297 49.83
Kocaeli, Turkey 0.0244 0.0222 0.0123 44.59
Chi-Chi, Taiwan 0.2973 0.2586 0.1101 57.42
Chi-Chi, Taiwan 0.3249 0.2468 0.0825 66.57
Duzce, Turkey 0.2746 0.2134 0.062 70.95

Average 0.161 0.132 0.054 56.42

of NSIBI w.r.t CBI (𝐷10 (%)) for ten-storey buildings derives as

10 (%) =
(𝑥𝑚𝑎𝑥10 )𝐶𝐵𝐼 − (𝑥𝑚𝑎𝑥10 )𝑁𝑆𝐼𝐵𝐼

(𝑥𝑚𝑎𝑥10 )𝐶𝐵𝐼
(17)

he variations of top floor accelerations of uncontrolled and isolated
en-storey buildings versus time subjected to Northridge-01 earthquake
ase excitations have been shown in Fig. 22(a). The maximum accel-
rations of the top floor of the uncontrolled buildings and buildings
solated by CBI, NSIBI subjected to the Northridge-01 earthquake have
een obtained as 1.4699 m∕s2, 1.2898 m∕s2, and 0.4985 m∕s2. The
aximum acceleration of each floor has also been determined. There-

ore, the variations of maximum acceleration of each floor versus
loor number of the ten-storey buildings subjected to Northridge-01
arthquake base excitation have been displayed in Fig. 22(b). Each floor
cceleration of a building isolated by NSIBI is significantly less than
he building isolated by CBI and uncontrolled building. Therefore, the
2 optimized NSIBI has more dynamic response reduction capacity for

oth cases than the 𝐻2 optimized CBI. The maximum acceleration of
he top floor of uncontrolled and isolated buildings and the acceleration
esponse reduction capacity of NSIBI w.r.t CBI (𝐴10 (%)) for ten-storey
uildings subjected to near-field earthquake ground motions are listed
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Fig. 20. The variations of optimal dynamic responses of top floor of ten storey building versus frequency ratio for different values of viscous damping ratio of NSIBI.
Table 7
The maximum acceleration of top floor of uncontrolled and isolated buildings and
the acceleration response reduction capacity of NSIBI w.r.t CBI (𝐴10 (%)) for ten-storey
buildings.

Earthquake 𝑥̈𝑚𝑎𝑥10 (𝑚∕𝑠2) 𝐴𝑟 (%)

Uncontrolled CBI NSIBI NSIBI

Irpinia, Italy-01 0.401 0.3385 0.1058 68.74
Superstition Hills-02 0.7489 0.619 0.2658 57.06
Loma Prieta 0.5155 0.4493 0.1978 55.98
Erzican, Turkey 0.9006 0.8158 0.3607 55.79
Cape Mendocino 0.6457 0.4841 0.2505 48.25
Landers 0.9014 0.6268 0.3183 49.22
Northridge-01 1.4699 1.2898 0.4985 61.35
Kocaeli, Turkey 0.2354 0.1784 0.0881 50.62
Chi-Chi, Taiwan 0.7566 0.7162 0.3493 51.23
Chi-Chi, Taiwan 0.6902 0.5243 0.2399 54.24
Duzce, Turkey 0.6387 0.4867 0.188 61.37

Average 0.719 0.594 0.260 55.80

in Table 7. The mathematical formulation to determine the acceleration
response reduction capacity of NSIBI w.r.t CBI (𝐴10 (%)) for ten-storey
buildings derives as

𝐴10 (%) =
(𝑥̈𝑚𝑎𝑥10 )𝐶𝐵𝐼 − (𝑥̈𝑚𝑎𝑥10 )𝑁𝑆𝐼𝐵𝐼

(𝑥̈𝑚𝑎𝑥10 )𝐶𝐵𝐼
(18)

The bar diagram of the normalized maximum displacement of the main
structure’s top floor subjected to near-field earthquake base excitations
has been shown in Fig. 23(a).

The bar plot for the optimum NSIBI-isolated structure’s displace-
ment profile is comparatively less than the bar plot of the displacement
profile of structures isolated by optimum CBI. Therefore, the displace-
ment reduction capacity of the optimum NSIBI is significantly more
than the optimum CBI. The bar diagram of the normalized maximum
acceleration of the main structure’s top floor subjected to near-field
earthquake base excitations has been shown in Fig. 23(b). The bar
plot for the optimum NSIBI-isolated structure’s acceleration profile is
comparatively less than the bar plot of the acceleration profile of struc-
tures isolated by optimum CBI. Therefore, the acceleration reduction
capacity of the optimum NSIBI is significantly more than the optimum
CBI. The variations of top floor damping forces of uncontrolled ten-
1246

storey buildings and buildings isolated by CBI and NSIBI have been
shown in Fig. 24. Fig. 24 indicates that the damping force reduction
capacity of NSIBI is significantly superior to the CBI. The variations of
kinetic, potential, and dissipated energy of the uncontrolled structure
versus time subjected to Northridge-01 earthquake base excitation have
been shown in Fig. 25, structure isolated by CBI, and structure isolated
by NSIBI have been shown in Figs. 25(b) and 25(c). The energy profiles
of the uncontrolled structure and structure isolated by CBI is much
more than that of the structure isolated by NSIBI. The energy profile
of both isolators has also been determined. Therefore, the variations
of the kinetic, potential, and dissipated energy profile of the CBI sub-
jected to Northridge-01 earthquake base excitation have been shown
in Fig. 26(a) and the energy profile of the NSIBI has been shown in
Fig. 26(b). The energy dissipation capacity of the NSIBI is significantly
greater than the energy dissipation capacity of CBI.

6. Summary and conclusions

This paper introduces the optimum negative stiffness inerter-based
vibration isolators to mitigate the dynamic responses of multi-storey
buildings. The exact closed-form expression for optimal design param-
eters, such as frequency and viscous damping ratio of NSIBI installed in
the multi-storey building, are derived employing the 𝐻2 optimization
method. The frequency and time domain responses of the isolated
structures are determined to assess the efficiency of the optimal design
parameters as well as the dynamic response reduction capacity of
optimum NSIBI w.r.t the optimum CBI. The significant results of the
study are listed below.

• A higher base mass ratio, higher inerter mass ratio, and lower
stiffness ratio are recommended to achieve a lower frequency
ratio for optimum NSIBI.

• A higher base mass ratio, a higher inerter mass ratio, and a lower
stiffness ratio are recommended to design the optimum NSIBI
for achieving the optimal viscous damping ratio for NSIBI in the
affordable range. As a result, the viscous damping ratio stood
between 0.1 to 1.0, i.e., 0.1 ≤ 𝜁𝑏 ≤ 0.9, which is practically
implementable and affordable.

• Initially, these novel isolators are applied to the five-storey build-
ings. According to the frequency domain analysis, the dynamic re-

sponse reduction capacities of NSIBI are significantly 51.93% and
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Fig. 21. The variations of optimal dynamic responses of top floor of ten storey building versus frequency ratio for different values of viscous damping ratio of NSIBI.
Fig. 22. The variations of optimal dynamic responses of top floor of ten storey building versus frequency ratio for different values of viscous damping ratio of NSIBI.
81.24% superior to the CBI when all the buildings are subjected
to harmonic and random-white base excitations, respectively.
According to the numerical study, the displacement and accelera-
tion reduction capacities of NSIBI are significantly 57.59% and
55.39% superior to the CBI subjected to near-field earthquake
base excitations (pulse records).

• Later, these novel isolators are applied to the ten-storey buildings.
According to the frequency domain analysis, the dynamic re-
sponse reduction capacities of NSIBI are significantly 77.73% and
94.02% superior to the CBI when all the buildings are subjected
to harmonic and random-white base excitations, respectively.
According to the numerical study, the displacement and accelera-
tion reduction capacities of NSIBI are significantly 56.42% and
55.80% superior to the CBI subjected to near-field earthquake
base excitations (pulse records).
1247
• The vibration reduction capacity of optimum CBI is significantly
decreasing while the storey level of the multi-storey buildings
increases, whereas NSIBI is still efficient in reducing the dynamic
responses effectively.

All the results of this study have been determined mathematically,
i.e., analytically and numerically, in terms of closed-form expressions.
All of the results are mathematically accurate. Therefore, the 𝐻2 opti-
mized closed-form expressions for novel NSIBI, along with the solutions
methods for dynamic response estimation, are applicable for practical
implementation. The introduction of negative stiffness inerter-based
base isolators, along with the exact closed-form expressions for opti-
mal design parameters of NSIBI for multi-storey buildings, is one of
the significant contributions of this paper. These closed-form expres-
sions provide optimal design to NSIBI, increasing the novel isolator’s
vibration isolation capacity. These novel isolators are cost-effective
and provide more vibration reduction capacity than conventional base



Structures 50 (2023) 1232–1251S. Chowdhury et al.
Fig. 23. The normalized (a) maximum displacement and (b) maximum acceleration of the main structure’s top floor subjected near-field earthquake base excitations.
𝛥

𝛥
Fig. 24. The variations of top floor damping forces of uncontrolled ten-storey building
and building isolated by CBI and NSIBI.

isolators without increasing the static mass. The experimentation and
prototyping of the novel isolators for structures are the continuations
of the present study, as suggested by the coauthors.
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Appendix A. Closed-form expression for dynamic response

The dynamic response of the NSIBI has been derived as

𝐻𝑏(𝑞) =
𝑋𝑏
𝐴𝑔

=

−𝑞10𝜇𝑏 − 9 𝑞8𝜇𝑏𝜔𝑠
2 − 28 𝑞6𝜇𝑏𝜔𝑠

4 − 35 𝑞4𝜇𝑏𝜔𝑠
6

−15 𝑞2𝜇𝑏𝜔𝑠
8 − 𝜔𝑠

10𝜇𝑏 − 𝜔𝑠
2𝑞8 − 8𝜔𝑠

4𝑞6

−21𝜔𝑠
6𝑞4 − 20𝜔𝑠

8𝑞2 − 5𝜔𝑠
10

𝛥

(A.1)

has been derived as

=

(

𝜇𝑏 + 𝜇𝑑
)

𝑞12 +
(

2 𝜁𝑏𝜇𝑏𝜔𝑏 + 2 𝜁𝑏𝜇𝑑𝜔𝑏
)

𝑞11

+
(

−𝛽 𝜇𝑏𝜔𝑏
2 − 𝛽 𝜇𝑑𝜔𝑏

2 + 𝜇𝑏𝜔𝑏
2 + 9𝜔𝑠

2𝜇𝑏
+𝜇𝑑𝜔𝑏

2 + 9𝜔𝑠
2𝜇𝑑 + 𝜔𝑠

2

)

𝑞10

+
(

18 𝜁𝑏𝜇𝑏𝜔𝑏𝜔𝑠
2 + 18 𝜁𝑏𝜇𝑑𝜔𝑏𝜔𝑠

2) 𝑞9

+
(

−9 𝛽 𝜇𝑏𝜔𝑏
2𝜔𝑠

2 − 9 𝛽 𝜇𝑑𝜔𝑏
2𝜔𝑠

2 + 9𝜇𝑏𝜔𝑏
2𝜔𝑠

2

+28𝜔𝑠
4𝜇𝑏 + 9𝜇𝑑𝜔𝑏

2𝜔𝑠
2 + 28𝜇𝑑𝜔𝑠

4 + 8𝜔𝑠
4

)

𝑞8

+
(

56 𝜁𝑏𝜇𝑏𝜔𝑏𝜔𝑠
4 + 56 𝜁𝑏𝜇𝑑𝜔𝑏𝜔𝑠

4) 𝑞7

+
(

−28 𝛽 𝜇𝑏𝜔𝑏
2𝜔𝑠

4 − 28 𝛽 𝜇𝑑𝜔𝑏
2𝜔𝑠

4 + 28𝜇𝑏𝜔𝑏
2𝜔𝑠

4

+35𝜔𝑠
6𝜇𝑏 + 28𝜇𝑑𝜔𝑏

2𝜔𝑠
4 + 35𝜇𝑑𝜔𝑠

6 + 21𝜔𝑠
6

)

𝑞6

+
(

70 𝜁𝑏𝜇𝑏𝜔𝑏𝜔𝑠
6 + 70 𝜁𝑏𝜇𝑑𝜔𝑏𝜔𝑠

6) 𝑞5

+
(

−35 𝛽 𝜇𝑏𝜔𝑏
2𝜔𝑠

6 − 35 𝛽 𝜇𝑑𝜔𝑏
2𝜔𝑠

6 + 35𝜇𝑏𝜔𝑏
2𝜔𝑠

6

+15𝜔𝑠
8𝜇𝑏 + 35𝜇𝑑𝜔𝑏

2𝜔𝑠
6 + 15𝜇𝑑𝜔𝑠

8 + 20𝜔𝑠
8

)

𝑞4

+
(

30 𝜁𝑏𝜇𝑏𝜔𝑏𝜔𝑠
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Appendix B. The mathematical formulation to determine the stan-
dard deviation of dynamic responses

∞ 𝜀𝑛(𝜔) d𝜔
∗ = 𝜋 det[𝐍12] (B.1)
∫−∞ 𝛶𝑛(i𝜔)𝛶𝑛 (i𝜔) 𝑟12 det[𝐃12]
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Fig. 25. The variations of kinetic, potential, and dissipated energy of the (a) uncontrolled structure, (b) structure isolated by CBI, and (c) structure isolated by NSIBI versus time
subjected to Northridge-01 earthquake base excitation.
Fig. 26. The variations of kinetic, potential, and dissipated energy of the (a) CBI and (b) NSIBI versus time subjected to Northridge-01 earthquake base excitation.
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Hence, the modified SD has been listed in Appendix B
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