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The optimum inertial amplifier tuned mass dampers (IATMD) for vibration reduction of
linear and nonlinear dynamic systems are introduced in this paper. H2 and H∞ optimiza-
tion methods are applied to derive the exact closed-form expressions for optimal design
parameters such as frequency and viscous damping ratios in simplified form mathemati-
cally for IATMD. From the parametric study, using these optimal closed-form solutions,
a higher damper mass ratio, a higher amplifier mass ratio, and a lower inertial angle are
recommended to design optimum IATMD to achieve robust dynamic response reduction
capacity having moderate viscous damping and lower frequency ratios at an afford-
able range. The optimum IATMD systems are installed on top of linear and nonlinear
single-degree-of-freedom systems to mitigate their dynamic responses of them. The lin-
ear dynamic responses are determined through transfer matrix formations, and nonlinear
dynamic responses are derived using the harmonic balance (HB) method. H2 optimized
IATMD is significantly 44.78% and 48.62% superior to the H2 optimized conventional
tuned mass damper one (CTMD1) and conventional tuned mass damper two (CTMD2).
Furthermore, H∞ optimized IATMD is significantly 39.98% superior to the H∞ opti-
mized conventional tuned mass damper (CTMD). According to the nonlinear dynamic
analysis, H2 optimized IATMD systems are significantly 35.33%, 76.97%, and 35.33%
superior to the H2 optimized CTMD. Furthermore, H∞ optimized IATMD systems are
significantly 25.92%, 73.64%, and 25.92% superior to the H∞ optimized CTMD. The
results of this study are mathematically accurate and feasible for practical applications.

Keywords: Inertial amplifier tuned mass dampers (IATMD); conventional tuned mass
damper (CTMD); H2 optimization; closed-form expressions; dynamic response reduction
capacity; nonlinear dynamic analysis.
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1. Introduction

In order to mitigate the dynamic responses of the structures from natural calamities

like earthquakes and cyclones, passive vibration control devices are implemented.

Tuned mass dampers (TMDs) are one of these devices that assist in preventing

vibrations. In 1909, Frahm was the first to patent the theory of TMD without

addressing damping in TMD [Frahm, 1909]. When the natural frequency of the

TMD is close to the excitation frequency, it is highly effective, but when the excita-

tion frequency deviates from the natural frequency, there is no vibration reduction.

Ormondroyd and Den Hartog later addressed this drawback by integrating

damped TMD and establishing closed-form expressions for the optimal design

parameters [Ormondroyd, 1928]. This optimization method is referred to as the H∞
optimization method, and its name is the fixed-point theory [Chen and Hu, 2019;

Sun et al., 2019]. When the controlled structure is subjected to harmonic excitation,

this method is appropriate. Den Hartog authored a book containing a comprehensive

illustration of this method [Den Hartog, 1985]. Ever since that period, comprehen-

sive research has been conducted on TMD, and it has been implemented in a wide

range of mechanical and civil applications [Zhang and Li, 2001; Lu et al., 2020],

such as car suspension systems, offshore platforms, buildings and bridges [Adhikari

and Bhattacharya, 2012; Batou and Adhikari, 2019; Kasinos et al., 2021]. When the

controlled structure is subjected to white-noise random excitation, another method

known as H2 optimization is also employed to determine the optimal design param-

eters [Palmeri and Lombardo, 2011; Khodaparast et al., 2008; Adhikari et al., 2016].

Previous research has shown that the ability of a TMD to stop vibrations grows as

its mass increases.

Smith has recently introduced a mechanical system called an inerter [Smith,

2020], which contradicts the conventional analogy for mitigating the vibration

responses of structures. This inerter has been induced within or parallel to tra-

ditional passive vibration control devices in order to increase its energy dissipation

capacity by amplifying the large effective mass through rotating mass using motion

transformers within the system [Pietrosanti et al., 2017]. A lot of these inerters have

been used to improve the performance of machinery and parts in the field of mechan-

ical engineering, especially in the suspension systems of cars and trains. Researchers

have used inerter in civil engineering structures after seeing how well it worked in

mechanical engineering [De Domenico et al., 2019]. So far, many researchers have

had satisfactory accuracy. Particularly, inerters have been put into the classical

tuned mass damper and base isolator to control how buildings, wind turbines, and

bridges respond to vibrations. In this paper, TMDs will be the primary topic [Petrini

et al., 2020; Wagg, 2021]. Most inerter-based TMDs, on the other hand, have been

made with a flywheel-gear inerter. Apart from the flywheel-based inerter, there are

also inertial amplifiers that have already achieved significant mass amplification

and a large wide-bandgap at low frequencies. Because of these properties, inertial

amplifiers can be used in construction to reduce vibration [Banerjee et al., 2019,
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2021; Adhikari and Banerjee, 2021]. However, the use of inertial amplifiers in fin-

ished constructions like buildings and bridges is rather limited. The majority of

investigations, according to the present evaluation of the literature, were based

on structural members such as beams and columns [Chowdhury et al., 2021]. The

inertial amplifier mechanism-tuned mass damper, whose structural typologies are

comparable to inertial amplifiers, was recently explored by Cheng et al. However,

they did not research any inertial amplifier-based TMDs and did not apply them

to the nonlinear dynamic systems for vibration mitigation. Thus, a research scope

has been detected.

Therefore, to address these research scopes, the inertial amplifier tuned mass

dampers (IATMDs) for nonlinear dynamic systems to mitigate their dynamic

responses are introduced in this paper. In addition, the exact-closed form expressions

for optimal design parameters of IATMD in simplified form have been introduced

in this paper using H2 and H∞ optimization methods [Chowdhury and Banerjee,

2022; Chowdhury et al., 2022]. Applying these newly derived optimal closed-form

solutions for the design parameters to IATMD, robust vibration reduction capacity

has been achieved. Thus, the optimum IATMD is applied to the linear and nonlin-

ear dynamic systems individually to mathematically determine the exact vibration

reduction capacity of the optimum IATMD. The vibration reduction capacity of

optimum IATMD has been compared to the vibration reduction capacity of con-

ventional tuned mass dampers (CTMDs).

2. Structural Model and Equations of Motion

The schematic diagram of a single-degree-of-freedom system equipped with IATMD

has been shown in Fig. 1(a). The schematic diagram of inertial amplifier and the

corresponding free-body diagrams are shown in Figs. 1(b)–1(d).

md, kd, and cd refer to the static mass of IATMD. ma and θ refer to the static

mass and inertial angle of inertial amplifier. ms, ks, and cs refer to the mass, stiff-

ness, and damping of the primary structure. ẍg refers to the base excitation. us and

ud refer to the absolute dynamic responses of the primary structure and IATMD.

xa and ya refer to the dynamic responses of inertial amplifier in x- and y-directions.

Hence, the dynamic responses of the amplifier’s masses in x- and y-directions are

derived as

xa =
ud + us

2
and ya = ±ud − us

2 tan θ
(1)

The inertial forces generated through amplifier’s mass have been derived as

fx = maẍa and fy = maÿa (2)

The forces generated through rigid links are derived as

f1 =
1

2

(
fy

sin θ
− fx

cos θ

)
and f2 =

1

2

(
fy

sin θ
+

fx
cos θ

)
. (3)
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Fig. 1. The schematic diagram of (a) structure with IATMD, (b) inertial amplifier, and (c) (d)
free-body diagrams.

The resultant force developed at the lateral terminals of the inertial amplifier has

been derived as

F = 2f2 cos θ + kd(ud − us)

=
0.5ma

tan2 θ︸ ︷︷ ︸
c1

(üd − üs) + 0.5ma︸ ︷︷ ︸
c2

(üs + üd) + kad(ud − us), (4)

where c1 = (0.5ma/ tan2 θ) and c2 = 0.5ma are added with the static mass of the

IATMD md. Therefore, the effective mass of IATMD has been derived as

mad = md + 0.5ma

(
1 +

1

tan2 θ

)
(5)

The effective stiffness and damping of IATMD are derived as

kad = madω
2
d and cad = 2ζdmadωd (6)

Newton’s second law applies to derive the equations of motion for a single-degree-

of-freedom system equipped with IATMDs after considering all the effective sys-

tem parameters, such as effective mass stiffness and damping of the IATMD and

expressed as

msẍs + csẋs + ksxs − kadxd − cadẋd = −msẍg,

madẍd +madẍs + kadxd + cadẋd = −madẍg.
(7)

The controlled dynamic system is subjected to harmonic base excitation. Therefore,

the steady-state solutions are considered xs = Xse
iωt, xd = Xde

iωt, and ẍg =

2350009-4
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Age
iωt. Hence, the transfer function has been derived as[
2 qζd ωdµad + q2µad + ωd

2µad q2µad

−2 qζd ωdµad − ωd2µad 2 ζs ωs q + q2 + ωs
2

]{
Xd

Xs

}
= −

[
µad

1

]
Ag. (8)

The dynamic response of IATMD has been derived as

Hd =
Xd

Ag
=
−ωs(2 qζs + ωs)

∆
. (9)

The dynamic response of primary structure has been derived as

Hs =
Xs

Ag
=
−2 qζd ωdµad − 2 ζd ωdq − ωd2µad − q2 − ωd2

∆
(10)

∆ has been derived as

∆ =

q4 + (2 ζd ωdµad + 2 ζd ωd + 2 ζs ωs)q
3

+ (4 ζd ζs ωs ωd + ωd
2µad + ωs

2 + ωd
2)q2

+ (2 ζd ωs
2ωd + 2 ζs ωs ωd

2)q + ωs
2ωd

2.

(11)

The effective mass ratio for IATMD has been derived as

µe =
µad

µd + 2µa
=

µd
µd + 2µa

+ 0.5
µa

µd + 2µa

(
1 +

1

tan2 θ

)
. (12)

µad = mad/ms, µd = md/ms, and µa = ma/ms refer to the effective, damper, and

amplifier mass ratios of IATMD. The contour diagram of effective mass ratio as a

function of amplifier mass ratio and damper mass ratio of IATMD has been shown in

Fig. 2(a). The inertial angle is considered θ = 10◦. The effective mass ratio increases

when the damper mass and amplifier’s mass ratio increases. The contour diagram

of effective stiffness ratio as a function of amplifier mass ratio and damper mass

ratio of IATMD has been shown in Fig. 2(b). The effective stiffness ratio increases

(a) (b)

Fig. 2. The contour diagrams of (a) effective mass ratio and (b) effective stiffness ratio as a
function of amplifier mass ratio and damper mass ratio of IATMD.
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when the damper mass and amplifier’s mass ratio increases. The effective stiffness

ratio for IATMD has been derived as

κe =
kad
kd

=
µadω

2
d

µdω2
d

= 1 + 0.5
µa
µd

(
1 +

1

tan2 θ

)
. (13)

3. H2 Optimization

H2 optimization has been performed to minimize the standard deviation of dynamic

response of the controlled structures subjected to random-white noise excitations.

The mathematical expressions for deriving standard deviations are determined as

σ2
xs,d

=

∫ ∞
−∞

εn(ω) dω

%n(iω)%∗n(iω)
=

π

u4

det[A4]

det[B4]
, (14)

A4 =


v3 b2 v1 v0

−u4 u2 −u0 0

0 −u3 u1 0

0 u4 −u2 u0

 and B4 =


u3 −u1 0 0

−u4 u2 −u0 0

0 −u3 u1 0

0 u4 −u2 u0

. (15)

Hence, the standard deviation of dynamic response of primary structure has been

derived as

σ2
xs

=

S0π


4ωs

2ωd
2µad

3ζd
2 + 12ωs

2ωd
2µad

2ζd
2 + µad

4ωd
4

+ 12ωs
2ωd

2µadζd
2 + ωs

2ωd
2µad

3 + 4µad
3ωd

4

+ 4ωs
2ωd

2ζd
2 + 6µad

2ωd
4 − 3ωs

2ωd
2µad

+ 4µadωd
4 + ωs

4 − 2ωs
2ωd

2 + ωd
4


2 ζd ωdωs6µad

. (16)

The mathematical formulations for derivations of optimal design parameters are

listed as follows.

∂σ2
xs

∂ζd
= 0 and

∂σ2
xs

∂ωd
= 0. (17)

Equation (16) is inserted into the first equation of Eq. (17). Therefore, the viscous

damping ratio of IATMD has been derived as

ζd =
1

2

√
(µad + 1)4ωd4 + ωs2(µad − 2)(µad + 1)2ωd2 + ωs4

ωs2ωd2(µad + 1)3
. (18)

Equation (18) is substituted into Eq. (16) and the modified SD of primary structure

is derived as

σ2
xs

=
2S0π ((µad + 1)4ωd

4 + ωs
2(µad − 2)(µad + 1)2ωd

2 + ωs
4)√

(µad+1)4ωd
4+ωs

2(µad−2)(µad+1)2ωd
2+ωs

4

ωs
2ωd

2(µad+1)3 ωdωs6µad

. (19)
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Equation (19) is inserted in the second equation of Eq. (17). Hence, the optimal

frequency for IATMD has been derived as

(ωd)opt =

√
4− 2µadωs
2(µad + 1)

and (ηd)opt =

√
4− 2µad

2 (µad + 1)
. (20)

Equation (20) is substituted into Eq. 18. Hence, the optimal viscous damping ratio

for IATMD has been derived as

(ζd)opt =

√
2
√

(µad−4)µad

(µad+1)(µad−2)

4
. (21)

The variations of optimal frequency ratio versus damper mass ratio for different val-

ues of inertial angle of IATMD have been shown in Fig. 3(a). The optimal frequency

ratio decreases as the damper mass ratio increases and increases as the inertial angle

increases. The variations of optimal frequency ratio versus damper mass ratio for

different values of amplifier mass ratio of IATMD have been shown in Fig. 3(b). The

optimal frequency ratio decreases as the amplifier mass ratio increases. Therefore, a

higher damper mass ratio, a higher amplifier mass ratio, and a lower inertial angle

achieve optimum IATMD with a lower frequency ratio. The variations of optimal vis-

cous damping ratio versus damper mass ratio for different values of inertial angle of

IATMD have been shown in Fig. 4(a). The optimal viscous damping ratio increases

as the damper mass ratio increases and decreases as the inertial angle increases.

The variations of optimal viscous damping ratio versus damper mass ratio for dif-

ferent values of amplifier mass ratio of IATMD have been shown in Fig. 4(b). The

optimal viscous damping ratio increases as the amplifier mass ratio increases. For

tuned mass dampers and a moderate viscous damping ratio with lower frequencies

are recommended for achieving optimum vibration reduction capacity. Therefore, a

higher damper mass ratio, a higher amplifier mass ratio, and a lower inertial angle

achieve optimum IATMD with a moderate viscous damping ratio.

(a) (b)

Fig. 3. The variations of optimal frequency ratio versus damper mass ratio for different values of
(a) inertial angle and (b) amplifier’s mass ratio of IATMD.

2350009-7

In
t. 

J.
 A

pp
l. 

M
ec

ha
ni

cs
 2

02
3.

15
. D

ow
nl

oa
de

d 
fr

om
 w

w
w

.w
or

ld
sc

ie
nt

if
ic

.c
om

by
 U

N
IV

E
R

SI
T

Y
 O

F 
G

L
A

SG
O

W
 o

n 
12

/0
8/

23
. R

e-
us

e 
an

d 
di

st
ri

bu
tio

n 
is

 s
tr

ic
tly

 n
ot

 p
er

m
itt

ed
, e

xc
ep

t f
or

 O
pe

n 
A

cc
es

s 
ar

tic
le

s.



January 30, 2023 10:30 WSPC-255-IJAM S1758-8251 2350009

S. Chowdhury, A. Banerjee & S. Adhikari

(a) (b)

Fig. 4. The variations of optimal viscous damping ratio versus damper mass ratio for different
values of (a) inertial angle and (b) amplifier’s mass ratio of IATMD.

4. H∞ Optimization

H∞ optimization method has been applied to minimize the maximum dynamic

responses of the controlled structures subjected to harmonic excitations. Hence, to

perform that Eq. (8) has been re-written as[
µad(2 iη ζd ηd − η2 + ηd

2) −η2µad

−ηdµad(2 iη ζd + ηd) −η2 + 1 + 2 iζs η

]{
Xd

Xs

}
= −

[
µad

1

]
Ag
ω2
s

. (22)

The dynamic response of IATMD has been derived as

Hd =
Xd

Ag
ω2
s =

2iζs η + 1

∆
. (23)

The dynamic response of primary structure has been derived as

Hs =
Xs

Ag
ω2
s =

ηd
2µad − η2 + ηd

2 + 2 iη ζd ηd(µad + 1)

∆
(24)

∆ has been derived as

∆ = 4 η2ζd ζs ηd + η2ηd
2µad − η4 + η2ηd

2 + η2 − ηd2

+ i(2 η3ζd ηdµad + 2 η3ζd ηd + 2 η3ζs − 2 η ζs ηd
2 − 2 η ζd ηd) (25)

The resultant of Hs has been written as

|Hs| =

√
x21 + ζ2dx

2
2

x23 + ζ2dx
2
4

=
x2
x4

√√√√√ x2
1

x2
2

+ ζ2d
x2
3

x2
4

+ ζ2d

(26)

From Eq. (26), the first constraint [Den Hartog, 1985] has been derived as∣∣∣∣x1x2
∣∣∣∣ =

∣∣∣∣x3x4
∣∣∣∣ (27)
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An equation has been derived from Eq. (27) and expressed as

(2µad + 2)η4 + 2 ηd
2µad + 2 ηd

2

+ (−2 ηd
2µad

2 − 4 ηd
2µad − 2 ηd

2 − µad − 2)η2 = 0 (28)

η21 + η22 =
(ηd

2µad
2 + 2 ηd

2µad + ηd
2 + (µad/2) + 1)

(µad + 1)
(29)

From Eq. (26), the second constraint [Den Hartog, 1985] has been derived as

(Hs)η1,η2 =

∣∣∣∣x2x4
∣∣∣∣ and (Hs)η1,η2 =

1 + µad
|1− η21,2(1 + µad)|

(30)

η21 + η22 =
2

1 + µad
(31)

Equations (29) and (31) are equated to derive the closed-form expression for optimal

frequency ratio of IATMD and expressed as

(ηd)opt =

√
1− 0.5µad
1 + µad

(32)

The optimum η1,2, Hs, and ζd has also been derived in a similar manner and

expressed as

(η1,2)opt =

√
1±
√

0.5µad
1 + µad

(33)

The optimal dynamic response of IATMD has been derived as

(Hs)opt =
1 + µad√

0.5µad
(34)

The exact closed-form expression for optimal viscous damping ratio of IATMD has

been derived as

(ζd)opt =

√
µad(3−

√
0.5µad)

8(1 + µad)(1− 0.5µad)
(35)

The variations of optimal frequency ratio versus damper mass ratio for different val-

ues of inertial angle of IATMD have been shown in Fig. 5(a). The optimal frequency

ratio decreases as the damper mass ratio increases and increases as the inertial angle

increases. The variations of optimal frequency ratio versus damper mass ratio for

different values of amplifier mass ratio of IATMD have been shown in Fig. 5(b).

The optimal frequency ratio decreases as the amplifier mass ratio increases. There-

fore, a higher damper mass ratio, a higher amplifier mass ratio, and a lower inertial

angle achieve optimum IATMD with a lower frequency ratio. The variations of opti-

mal viscous damping ratio versus damper mass ratio for different values of inertial

angle of IATMD have been shown in Fig. 6(a). The optimal viscous damping ratio

increases as the damper mass ratio increases and decreases as the inertial angle

increases.The variations of optimal viscous damping ratio versus damper mass ratio
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(a) (b)

Fig. 5. The variations of optimal frequency ratio versus damper mass ratio for different values of
(a) inertial angle and (b) amplifier’s mass ratio of IATMD.

(a) (b)

Fig. 6. The variations of optimal viscous damping ratio versus damper mass ratio for different
values of (a) inertial angle and (b) amplifier’s mass ratio of IATMD.

for different values of amplifier mass ratio of IATMD have been shown in Fig. 6(b).

The optimal viscous damping ratio increases as the amplifier mass ratio increases.

For tuned mass dampers, a moderate viscous damping ratios with lower frequencies

are recommended for achieving optimum vibration reduction capacity. Therefore, a

higher damper mass ratio, a higher amplifier mass ratio, and a lower inertial angle

achieve optimum IATMD with a moderate viscous damping ratio.

5. Robustness of H2 and H∞ Optimized IATMD

The variations of optimal dynamic responses of primary structures controlled by

H2 optimized IATMD versus frequency ratio for different values of viscous damping

ratio have been shown in Fig. 7(a). The primary structure’s viscous damping is

considered ζs = 0.00. For ζd = 0, the controlled structures are vibrating at their
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(a) (b)

Fig. 7. The variations of optimal dynamic responses of primary structures controlled by (a) H2

and (b) H∞ optimized IATMD versus frequency ratio for different values of viscous damping ratio.

Eigen frequencies, i.e., η = 0.6943, 1.119. The anti-resonance frequency point is

located at η = 0.8566. For ζd > 0, the controlled structures are vibrating at their

resonating frequencies, i.e., η = 0.6983, 1.081. The minima frequency point located

at η = 0.8763. At ζd =∞, the maximum peaks of controlled structures are merged

into one, i.e., SDOF and frequency peak is located at η = 0.9072. The variations

of optimal dynamic responses of primary structures controlled by H∞ optimized

IATMD versus frequency ratio for different values of viscous damping ratio have

been shown in Fig. 7(b). The primary structure’s viscous damping is considered ζs =

0.00. For ζd = 0, the controlled structures are vibrating at their Eigen frequencies,

i.e., η = 0.6944, 1.119. The anti-resonance frequency point is located at η = 0.8566.

For ζd > 0, the controlled structures are vibrating at their resonating frequencies,

i.e., η = 0.7223, 1.046. The minima frequency point is located at η = 0.8803. At

ζd = ∞, the maximum peaks of controlled structures are merged into one, i.e.,

SDOF and frequency peak is located at η = 0.9069.

The variations of optimal dynamic responses of primary structures controlled

by H2 optimized IATMD and conventional tuned mass dampers (CTMD) versus

frequency ratio have been shown in Fig. 8(a). The details of design parameters for

these graphs are listed in Table 1. The maximum dynamic response of the uncon-

trolled structure has been determined as 50. The maximum dynamic response of the

structure controlled by conventional tuned mass damper 1 (CTMD1) [Warburton,

1982; Zilletti et al., 2012] and conventional tuned mass damper 2 (CTMD2) [Iwata,

1982] has been determined as 7.0968 and 7.6271. The maximum dynamic response

of the structure controlled by IATMD has been determined as 3.9188. Therefore,

the dynamic response capacity of H2 optimized IATMD is significantly 44.78% and

48.62% superior to the H2 optimized CTMD1 and CTMD2. The variations of opti-

mal dynamic responses of primary structures controlled by H∞ optimized IATMD

and CTMD versus frequency ratio have been shown in Fig. 8(b). The details of
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Table 1. The optimal design parameters of uncontrolled and controlled
structures. Equations (20) and (21) are applied for H2 optimized mass
dampers.

Symbols H2 optimization

CTMD1 CTMD2 IATMD CTMD1 CTMD2 IATMD

ζs ζs ζs 0.01 0.01 0.01
ζd ζd ζd 0.1198 0.1225 0.2124
ηd ηd ηd 0.9574 0.9713 0.7855
µd µd µd + 2µa 0.06 0.06 0.06
µd µd µd 0.06 0.06 0.04
· · · · · · µa · · · · · · 0.01
· · · · · · θ · · · · · · 10◦

Note: CTMD1 = Warburton [1982] and Zilletti et al. [2012].
CTMD2 = Iwata [1982].

(a) (b)

Fig. 8. The variations of optimal dynamic responses of primary structures controlled by (a) H2

and (b) H∞ optimized IATMD and CTMD versus frequency ratio.

Table 2. The optimal design parameters of uncon-
trolled and controlled structures. Equations (32) and
(35) are applied for H∞ optimized mass dampers.

Symbols H∞ optimization

CTMD IATMD CTMD IATMD

ζs ζs 0.01 0.01
ζd ζd 0.1682 0.2524
ηd ηd 0.9434 0.7855
µd µd + 2µa 0.06 0.06
µd µd 0.06 0.04
· · · µa · · · 0.01
· · · θ · · · 10◦

Note: CTMD = Krenk [2005], Den Hartog and Ormon-
droyd [1928] and Nishihara and Asami [2002].
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design parameters for these graphs are listed in Table 2. The maximum dynamic

response of the uncontrolled structure has been determined as 50. The maximum

dynamic response of the structure controlled by CTMD [Krenk, 2005; Den Hartog

and Ormondroyd, 1928; Nishihara and Asami, 2002] has been determined as 6.2.

The maximum dynamic response of the structure controlled by IATMD has been

determined as 3.721. Therefore, the dynamic response capacity of H∞ optimized

IATMD is significantly 39.98% superior to the H∞ optimized CTMD.

6. Nonlinear Dynamic Analysis

IATMD has been installed on the nonlinear dynamic system, and the correspond-

ing schematic diagram has been displayed in Fig. 9. Newton’s second law applies

to derive the equations of motion for a nonlinear dynamic system equipped with

IATMDs after considering all the effective system parameters, such as effective mass

stiffness and damping of the IATMD and the equations are expressed as

msüs + csu̇s + ks1us + ks2u
3
s − kadxd − cadẋd = F cosωt

madẍd +madüs + kadxd + cadẋd = 0
(36)

The controlled structure is subjected to harmonic excitation. Therefore, the har-

monic balance (HB) method has been applied to derive the dynamic responses of

the controlled structures analytically. The steady-state solutions are considered

xd = Xd cos(ωt+ β) and us = Us cos(ωt+ α) (37)

Fig. 9. The schematic diagram of IATMD equipped with nonlinear dynamic system.

2350009-13

In
t. 

J.
 A

pp
l. 

M
ec

ha
ni

cs
 2

02
3.

15
. D

ow
nl

oa
de

d 
fr

om
 w

w
w

.w
or

ld
sc

ie
nt

if
ic

.c
om

by
 U

N
IV

E
R

SI
T

Y
 O

F 
G

L
A

SG
O

W
 o

n 
12

/0
8/

23
. R

e-
us

e 
an

d 
di

st
ri

bu
tio

n 
is

 s
tr

ic
tly

 n
ot

 p
er

m
itt

ed
, e

xc
ep

t f
or

 O
pe

n 
A

cc
es

s 
ar

tic
le

s.



January 30, 2023 10:30 WSPC-255-IJAM S1758-8251 2350009

S. Chowdhury, A. Banerjee & S. Adhikari

Equation (37) has been substituted in the second equation of Eq. (36). Therefore,

Eq. (36) has been modified as

−µad

(
Xd(ω

2 − ωd2) cos(ω t+ β)

+2 sin(ω t+ β)Xdωdω ζd + Usω
2 cos(ω t+ α)

)
= 0 (38)

The trigonometric function has been derived as

cos(ωt+ α) = cos((ωt+ β) + (α− β))

= cos(ωt+ β) cos(α− β)− sin(ωt+ β) sin(α− β) (39)

Equation (38) has been re-written as

Xd(ω
2 − ωd2) cos(ω t+ β) + 2 sin(ω t+ β)Xdωdω ζd

+Usω
2 cos(ω t+ β) cos(α− β)− Usω2 sin(ω t+ β) sin(α− β)

= 0 (40)

After applying the HB, the trigonometric functions are derived as

cos(α− β) = −Xd(ω
2 − ωd2)

ω2Us
and sin(α− β) =

2ζdXdωd
ω Us

tan(α− β) =
2ω ζd ωd
ωd2 − ω2

=
2η ζd ηd
ηd2 − η2

(41)

The closed-form expression for Xd has been derived using Eq. (41). Hence, the

derivations are listed as follows.

sin2(α− β) + cos2(α− β) =

(
Xd(ω

2 − ωd2)

ω2Us

)2

+

(
2ζdXdωd
ω Us

)2

(42)

The closed-form expression for dynamic response of IATMD has been derived as

Xd =
Usω

2√
4ω2ζd

2ωd2 + ω4 − 2ω2ωd2 + ωd4
(43)

The variations of phase angle differences versus frequency ratio of controlled struc-

tures for H2 optimized IATMD have been shown in Fig. 10(a). The variations

of phase angle differences versus frequency ratio of controlled structures for H∞
optimized IATMD have been shown in Fig. 10(b). From both figures, it has been

observed that the controlled structures are in phase condition at η = 0.813 and out-

of-phase conditions are located at η > 0.813. Equation (37) has been substituted in

the first equation of Equation (36). Therefore, the equation has been modified as

1/4 γ ωs
2Us

3 cos(3ωt+ 3α)

+1/4

(
3 γ ωs

2Us
3 + (−4ω2 + 4ωs

2)Us

−8Bω ζdXdµadωd − 4AXdµadωd
2 − 4Fw1

)
cos(ωt+ α)

+2 sin(ωt+ α)

(
Aω ζdXdµadωd − 1/2BXdµadωd

2

− ζs ωs Usω − 1/2Fw2

) = 0 (44)
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(a) (b)

Fig. 10. The variations of phase angle differences versus frequency ratio of controlled structures
for (a) H2 and (b) H∞ optimized IATMD.

where A = cos(α− β), B = sin(α− β), w1 = cosα, w2 = sinα. The HB method

has been applied and the trigonometric functions are derived as

cosα =
1

F

(
3/4 γ ωs

2Us
3 − (ω2 − ωs2)Us − µadωd

2Xd
2(4ω2ζd

2−ω2+ωd
2)

ω2Us

)
(45)

sinα = −2ω (ζdXd
2µadωd + ζs ωs Us

2)

UsF
(46)

Equations (45) and (46) have been written as

sin2 α+ cos2 α =

(
2ω (ζdXd

2µadωd + ζs ωs Us
2)

UsF

)2

+

(
1

F

(
3/4 γ ωs

2Us
3

− (ω2 − ωs2)Us −
µadωd

2Xd
2(4ω2ζd

2 − ω2 + ωd
2)

ω2Us

))2

(47)

Equation 43 has been substituted in the first equation of Eq. 50. Therefore, the

nonlinear dynamic response of the primary structure has been derived as

u3Us
6 + u2Us

4 + u1U
2
s + u0 = 0

p1 = U2
s1 =

3
√
−108u0u32 + 36u3u2u1 + 12

√
3V1 u3 − 8u23

6u3

− 2(3u3u1 − u22)

3u3
3
√
−108u0u32 + 36u3u2u1 + 12

√
3V1 u3 − 8u23

− u2
3u3

(48)

p2 = U2
s2 = −

3
√
−108u0u32 + 36u3u2u1 + 12

√
3V1 u3 − 8u23

12u3

+
3u3u1 − u22

3u3
3
√
−108u0u32 + 36u3u2u1 + 12

√
3V1 u3 − 8u23

− u2
3u3
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+
1

2

i
√

3


3
√
−108u0u32 + 36u3u2u1 + 12

√
3V1 u3 − 8u23

6u3

+
2(3u3u1 − u22)

3u3
3
√
−108u0u32 + 36u3u2u1 + 12

√
3V1 u3 − 8u23



(49)

p3 = U2
s3 = −

3
√
−108u0u32 + 36u3u2u1 + 12

√
3V1 u3 − 8u23

12u3

+
3u3u1 − u22

3u3
3
√
−108u0u32 + 36u3u2u1 + 12

√
3V1 u3 − 8u23

− u2
3u3

− 1

2

i
√

3


3
√
−108u0u32 + 36u3u2u1 + 12

√
3V1 u3 − 8u23

6u3

+
2(3u3u1 − u22)

3u3
3
√
−108u0u32 + 36u3u2u1 + 12

√
3V1 u3 − 8u23



(50)

where

V1 =
√

27u32u02 − 18u3u2u1u0 + 4u3u13 + 4u23u0 − u22u12 (51)

The closed-form expressions for u3, u2, u1, and u0 are derived as

u3 = 9ωs
4γ2(ωd

4 + (4 ζd
2 − 2)ω2ωd

2 + ω4)2

u2 =

−24 (ωd
4 + (4 ζd

2 − 2)ω2ωd
2 + ω4)ωs

2γ(
ω6 + (((4µad + 4)ζd

2 − µad − 2)ωd
2 − ω0s

2)ω4

+ ((µad + 1)ωd
4 + (−4 ζd

2 + 2)ωs
2ωd

2)ω2 − ωs2ωd4

) (52)

u1 =

(16ωd
4 + 16 (4 ζd

2 − 2)ω2ωd
2 + 16ω4)

ω8 +

(
4(−1/2 + (µad + 1)ζd

2)(µad + 1)ωd
2

+ 8 ζd ζs ωs µadωd + (4 ζs
2 − 2)ωs

2

)
ω6

+


(µad + 1)2ωd

4 + ωs
4

+ 16ωs
2

(
(ζs

2 − 1/2µad − 1/2)ζd
2

− 1/2 ζs
2 + 1/8µad + 1/4

)
ωd

2

ω4

+ 4((ζs
2 − 1/2µad − 1/2)ωd

2 + ωs
2(ζd

2 − 1/2))ωs
2ωd

2ω2

+ωs
4ωd

4


(53)

u0 = −16F 2(ωd
4 + (4 ζd

2 − 2)ω2ωd
2 + ω4)2 (54)

The variations of optimal nonlinear dynamic responses of primary structures con-

trolled by H2 optimized IATMD and CTMDs versus frequency ratio have been

shown in Fig. 11(a). The details of design parameters for these graphs are listed in
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(a) (b)

Fig. 11. The variations of optimal nonlinear dynamic responses of primary structures controlled
by (a) H2 and (b) H∞ optimized CTMD and IATMD versus frequency ratio.

Table 3. The maximum dynamic response of the uncontrolled structure has been

determined as 50. The maximum dynamic response of the structure controlled by

CTMD [Warburton, 1982; Zilletti et al., 2012] has been determined as 7.0968. Three

analytical closed-form expressions for nonlinear dynamic responses of the primary

structures have been derived. Equation (50) has been utilized to determine the non-

linear dynamic responses for primary structures controlled byH2 optimized IATMD.

The maximum nonlinear dynamic responses of the primary structures controlled by

H2 optimized IATMD have been evaluated as 4.589, 1.6338, 4.589. Therefore, H2

optimized IATMD systems are significantly 35.33%, 76.97%, and 35.33% superior to

the H2 optimized CTMD. The variations of optimal dynamic responses of primary

structures controlled by H∞ optimized IATMD and CTMDs versus frequency ratio

have been shown in Fig. 11(b). The details of design parameters for these graphs are

listed in Table 4. The maximum dynamic response of the uncontrolled structure has

been determined as 50. The maximum dynamic response of the structure controlled

by CTMD [Krenk, 2005; Den Hartog and Ormondroyd, 1928; Nishihara and Asami,

2002] has been determined as 6.2. The maximum nonlinear dynamic responses of

the primary structures controlled by H∞ optimized IATMD have been evaluated as

4.5928, 1.6338, 4.5928. Therefore, H∞ optimized IATMD systems are significantly

25.92%, 73.64%, and 25.92% superior to the H∞ optimized CTMD.

7. Summary and Conclusions

The dynamic response reduction capacity of optimum IATMD has been determined

in this study. H2 and H∞ optimization methods are applied to derive the closed-

form expressions for optimal design parameters for IATMD. The HB method has

been applied to derive the nonlinear dynamic responses of the controlled structures.

The dynamic response reduction capacity of optimum IATMD has been compared
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Table 3. The optimal design parameters of uncon-
trolled and controlled structures. Equations (20)
and (21) are applied forH2 optimized mass dampers.

Symbols H2 optimization

CTMD IATMD CTMD IATMD

ζs ζs 0.01 0.01
ζd ζd 0.1198 0.2124
ηd ηd 0.9574 0.7855
µd µd + 2µa 0.06 0.06
µd µd 0.06 0.04
· · · µa · · · 0.10
· · · θ · · · 10◦

Note: CTMD = Warburton [1982] and Zilletti et al.
[2012].

Table 4. The optimal design parameters of uncon-
trolled and controlled structures. Equations (32)
and (35) are applied for H∞ optimized mass dampers.

Symbols H∞ optimization

CTMD IATMD CTMD IATMD

ζs ζs 0.01 0.01
ζd ζd 0.1682 0.2524
ηd ηd 0.9434 0.7855
µd µd + 2µa 0.06 0.06
µd µd 0.06 0.04
· · · µa · · · 0.10
· · · θ · · · 10◦

Note: CTMD = Krenk [2005], Den Hartog and Ormon-
droyd [1928] and Nishihara and Asami [2002].

with the dynamic response reduction capacity of CTMD. The significant outcomes

of the study are listed as follows.

• A higher damper mass ratio, a higher amplifier mass ratio, and a lower inertial

angle are recommended to achieve H2 optimized IATMD with a moderate viscous

damping and lower frequency ratios.

• For H∞ optimized IATMD, a higher damper mass ratio, a higher amplifier mass

ratio, and a lower inertial angle are also recommended.

• The dynamic response capacity of H2 optimized IATMD is significantly 44.78%

and 48.62% superior to the H2 optimized CTMD1 and CTMD2.

• The dynamic response capacity of H∞ optimized IATMD is significantly 39.98%

superior to the H∞ optimized CTMD.

• According to the nonlinear dynamic analysis, H2 optimized IATMD systems are

significantly 35.33%, 76.97%, and 35.33% superior to the H2 optimized CTMD.

• Furthermore, H∞ optimized IATMD systems are significantly 25.92%, 73.64%,

and 25.92% superior to the H∞ optimized CTMD.
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The Optimum IATMDs for Nonlinear Dynamic Systems

The closed-form expressions for optimal design parameters of IATMD are one of

the significant contributions of the paper. The experimental works considering this

novel tuned mass dampers will be the future perspective of the research.
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