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A B S T R A C T   

Metadamping is the phenomenon of either enhanced or diminished intrinsic dissipation in a 
material stemming from the material’s internal structural dynamics. It has previously been shown 
that a locally resonant elastic metamaterial may be designed to exhibit higher or lower dissipation 
compared to a statically equivalent phononic crystal with the same amount of prescribed 
damping. Here we reveal that even further dissipation, or alternatively further reduction of loss, 
may be reached in an inertially amplified metamaterial that is also statically equivalent and has 
the same amount of prescribed damping. This is demonstrated by a passive configuration whereby 
an attenuation peak is generated by the motion of a mass supported by an inclined lever arm. We 
further show that by coupling this inertially amplified attenuation peak with that of a local- 
resonance attenuation peak, a trade-off between the intensity of spatial attenuation versus tem
poral attenuation is realized for a range of the inclination angle. Design for performance along 
this trade-off is therefore possible by adjustment of the lever angle. A regime of monotonic in
crease in both attenuation types is also possible for a different range of the inclination angle. 
These findings open the way for highly expanding the Ashby space for stiffness-damping capacity 
or stiffness-spatial attenuation capacity through design of the internal structure of materials.   

1. Introduction 

Control of dissipation is one of the key design factors in structural dynamics. Dissipation is a measure of loss of energy as a function 
of time. In a finite structure, the dissipation characteristics have a spatial and frequency dependency. In an infinite medium, such as a 
waveguide or a structured material, dissipation exhibits also a wavenumber (or wavevector) dependency [1–4]. Representation of 
dissipation as an intrinsic wavenumber-dependent quantity provides a fundamental measure that is independent of global dimensions, 
boundary conditions, and nature of forcing. This measure is obtained by considering a representative unit cell of the medium of in
terest, applying Bloch’s theorem on the unit cell, and calculating the wavenumber-dependent damping ratio alongside the 
wavenumber-dependent damped frequency. Upon integration of each damping ratio branch over the Brillouin zone (BZ), and possibly 
summing over all branches, a total cumulative measure of dissipation is obtained–which provides a measure of the overall damping 
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capacity of the medium or material under consideration [5]. 
Phononic materials, such as phononic crystals and elastic metamaterials, provide an opportunity for unit cell design not only to 

generate band gaps for spatial attenuation but also to control the level of dissipation [6–8]. In phononic crystals, the band structure is 
shaped by interferences of transmitted and reflected waves from periodic inclusions, interfaces, and/or boundaries within the medium 
[9–11]. In an elastic metamaterial, which is often also periodic, the band structure is shaped not only by wave interferences but also by 
couplings–or hybridizations–between substructure-resonance modes and elastic-wave modes in the hosting medium [12,13]. Upon 
comparing the dissipation across the BZ for an elastic metamaterial and a statically equivalent phononic crystal with the same level of 
prescribed damping, it was shown that the former may be designed to enable enhanced dissipation, a concept termed metadamping [5, 
14]. In some cases, the elastic-metamaterial unit cell may be designed to exhibit diminished dissipation, which is negative meta
damping [15–18]. Since its inception in 2013 [5], metadamping has been explored in a variety of configurations, including ones 
featuring negative stiffness [19] and non-local resonance [17], and, recently, in materials with electrically activated local resonances 
[20,21]. 

In this work, we investigate metadamping in inertially amplified (IA) metamaterials [22–25]. Inertial amplification (IA) contrasts 
with local resonance in that it involves a mechanical mechanism to provide a magnification of the “effective inertia" of the massive 
portions or components of the system. Unlike local resonance, an IA metamaterial will exhibit a band gap due to inertial coupling. This 
concept may be realized using a lever-arm effect that allows the inertia of a given mass to be magnified to a degree proportional to the 
arm length. We show that an IA metamaterial may be passively tuned to exhibit a significant further boost in the damping capacity 
(positive metadamping) or in the reduction of loss (negative metadamping), compared to the improvements attained by a statically 
equivalent locally resonant elastic metamaterial. We examine this behavior in a 1D chain model that encompasses both an IA mass and 
a local-resonance mass separately attached to the baseline mass [26]. This configuration yields a two degrees-of-freedom system with a 
bounded band gap that features two coupled resonances. In addition to the extreme metadamping behavior, this configuration reveals 
a novel regime whereby a trade-off between the intensities of temporal attenuation (dissipation) and spatial attenuation (band-gap 
behavior) takes effect. These findings have potentially far-reaching implications on the design of future phononic materials with 
tailored space-time attenuation characteristics. 

2. Inertially amplified chain: configuration and mathematical model 

We consider a one-dimensional infinite chain where the unit cell consists of a base mass M connected to the adjacent mass by a 
spring with stiffness KIA and a viscous damping dashpot with damping constant C, where the spring and damper act in parallel. Each 
baseline mass is also connected to its neighbor by an inertial-amplifier attachment which comprises an auxiliary mass ma, referred to as 
the mass of the inertial amplifier, and a rigid link; thus, the inertial amplifier itself is connected to a pair of baseline masses by rigid 
links. This inertial-amplifier mass plays the key role of inducing inertial amplification, as its acceleration is amplified owing to the 
lever-based connecting mechanism. Furthermore, in our most general configuration, a single-degree-of-freedom linear mass resonator, 
comprising a spring and viscous damping dashpot placed in parallel, is attached to the baseline mass in the unit cell. The mass, spring, 
and damping constants of the resonator are m, k, and c, respectively. The resonator’s modal degree of freedom couples with the modal 
degree of freedom associated with the inertially amplified mass and creates a band gap with a double-attenuation peak in the 
imaginary part of the complex dispersion diagram; this aspect is discussed and analyzed in the next sections. The equation of motion of 
the resonating mass is 

mẅn + c(ẇn − u̇n) + kIA(wn − un) = 0, (1)  

where un and wn denote the displacement of the baseline mass and the resonator mass, respectively, and the number of overhead dots 
indicates the order of derivative with respect to time. 

2.1. Force on the baseline mass from the inertial-amplifier mass 

For the nth unit cell, the kinematic relationship between the acceleration of the auxiliary mass v̈n and the acceleration of the main 
mass ün and its preceding mass ün− 1 is expressed as 

v̈n =

(

ün − ün− 1

)

2
cotα, (2)  

where α is the angle between the central axis of the IA chain and the rigid links of the inertial-amplifier attachment. If Fn is the force in 
the rigid links due to the net movement of the baseline masses in the nth and (n-1)th unit cells, then the net force on the rigid links is 
calculated by balancing the forces on the inertial-amplifier mass in the following manner: 

2Fnsinα = mav̈n =

(

ma

(

ün − ün− 1

))
cotα

2
, (3)  

or 
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Fn =

ma
(
ün − ün− 1

)

4(sinα)(tanα) . (4) 

The component of the force, acting from the inertial-amplifier mass onto the baseline mass stemming from the net movement of the 
baseline masses in the nth and (n-1)th unit cells, along the direction of the wave propagation is 

F̃n = Fncosα = χ
(
ma

(
ün − ün− 1

))
, (5)  

where χ = 1/(4tan2α). Similarly, we write 

F̃n+1 = Fn+1cosα = χ
(
ma

(
ün+1 − ün

))
. (6)  

From Bloch’s theorem, 

un+1 = uneiμ and un− 1 = une− iμ, (7)  

where i =
̅̅̅̅̅̅̅
− 1

√
is the imaginary number and μ is the wave-propagation constant, which can be written as μ = κa where κ and a are the 

wavenumber and length of the lattice unit, respectively. 

2.2. Equation of motion of the overall chain 

The governing equation of motion for the nth baseline mass of the overall inertial-amplifier chain is 

Mün + c(u̇n − ẇn) + kIA(un − wn) + C(2u̇n − u̇n− 1 − u̇n+1) + KIA(2un − un− 1 − un+1) + F̃n − F̃n+1 = 0. (8)  

Substituting Eqs. (5) and (6) into Eq. (8) produces 

Mün + c(u̇n − ẇn) + kIA(un − wn) + C(2u̇n − u̇n− 1 − u̇n+1) + KIA(2un − un− 1 − un+1) + χ
(
ma

(
ün − ün− 1

))
− χ

(
ma

(
ün+1 − ün

))
= 0. (9)  

Substituting Eq. (7) in Eq. (9) yields 

[M + 2χma(1 − cosμ)]ün + [c+ 2C(1 − cosμ)]u̇n + [kIA + 2KIA(1 − cosμ)]un − cẇx − kIAwx = 0 (10)  

After substituting the definition of χ into Eq. (10), it can be written in matrix form as 
⎡

⎣
M +

1
2

ma(1 − cosμ)cot2α 0

0 m

⎤

⎦+

{
ün
ẅx

}

+

[
c + 2C(1 − cosμ) − c

− c c

]{
u̇n
ẇx

}

+

[
kIA + 2KIA(1 − cosμ) − kIA

− kIA kIA

]{
un
wx

}

=

{
0
0

}

.

(11)  

The reader may refer to Ref. [26] for an effective-dynamical properties analysis of a similar coupled IA-local resonance chain 
configuration. 

To characterize the metadamping performance of the IA chain, we will also consider a statically equivalent phononic crystal (PnC) 
and a statically equivalent locally resonant acoustic metamaterial (AM). The governing equations for the PnC are 

m1ün + (C+ c)u̇n − cẇn − Cẇn− 1 + (KPnC + kPnC)un − kPnCwn − KPnCwn− 1 = 0, (12)  

m2ẅn + (C+ c)ẇn − cu̇n − Cu̇n+1 + (KPnC + kPnC)wn − kPnCun − KPnCun+1 = 0, (13)  

which, after implementing Bloch’s theorem, can be written in matrix form as 
[

m1 0
0 m2

]{
ün
ẅn

}

+

[
C + c − c − Ce− iκa

− c − Ceiκa C + c

]{
u̇n
ẇn

}

+

[
KPnC + kPnC − kPnC − KPnCe− iκa

− kPnC − KPnCeiκa KPnC + kPnC

]{
un
wn

}

=

{
0
0

}

. (14) 

The governing equations for the AM are 

m1ün + C(2u̇n − u̇n− 1 − u̇n+1) + c(u̇n − ẇn) + KAM(2un − un− 1 − un+1) + kAM(un − wn) = 0, (15)  

m2ẅn + c(ẇn − u̇n) + kAM(wn − un) = 0, (16)  

which, after implementing Bloch’s theorem, can be written in matrix form as 
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[
m1 0
0 m2

]{
ün
ẅn

}

+

[
c + 2C(1 − cosμ) − c

− c c

]{
u̇n
ẇn

}

+

[
kAM + 2KAM(1 − cosμ) − kAM

− kAM kAM

]{
un
wn

}

=

{
0
0

}

. (17)  

We will first consider the IA chain with the local-resonator mass set as zero, i.e., m = 0. In this case, for the PnC and AM, we will assume 
m1 = M and m2 = ma. We will then consider a nonzero local-resonator mass and assume m1 = M + ma and m2 = m. 

The dispersion relations of all models are computed from each corresponding Bloch-transformed system of equations for values of 
the propagation constant ranging from μ = 0 → π. The solution for the eigenvalue problem for a given μ is written as 

λs(μ) = − ζs(μ)ωrs (μ) ± iωds (μ), (18)  

where ωrs and ωds are the resonant and damped wave frequencies, respectively, and ζs is the wavenumber-dependent damping ratio. 
The index s = 1,2 refers to the acoustic and optical dispersion branches, respectively. 

Fig. 1. Analysis of inertially amplified chain without a resonating mass. (a) Unit-cell schematics of statically equivalent chains, including a PnC, 
AM, and three variations of the IA chain exhibiting α = 13̊, 24̊, and 43̊, respectively. All IA masses are restricted to motion in only the vertical 
direction. (b) Frequency band structure for the undamped and damped unit cells; results for the damped unit cells shown only for real wave 
numbers. (c) Damping-ratio diagrams for the damped unit cells. (d) Damping-emergence metric Z; for the AM, the summation of the two damping- 
ratio branches of the PnC has been used for the reference quantity (ζsum), and for the IAs, the average of the two damping-ratio branches of the PnC 
(ζsum /2) has been used for the reference quantity as distinguished by the asterisk applied to the subscript 1. (e) Damping-emergence metric Z for the 
IA where damping ratio corresponding to the acoustic branch of the PnC is used for the reference quantity. In sub-figures (b) and (c), the subscripts 
‘1’, ‘2’, and ‘sum’ indicate the acoustic branch, optical branch, and sum of the two branches, respectively. 
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3. Extreme levels of positive and negative metadamping 

We first investigate an inertially amplified chain without a resonating mass, similar to an analysis done in Ref. [20]. The unit cell for 
this model is depicted in the third, fourth, and fifth panels in Fig. 1a for three different IA angles, α = 13̊, 24̊, and 43̊, respectively. These 
angles are arbitrarily chosen to represent qualitatively different behaviors. For comparison, a standard diatomic phononic crystal 
model and a mass-in-mass acoustic metamaterial model, each with the same long-wave speed of sound, Cstat = 0.99, as the IA chain are 
considered. This provides us with five distinct chains that are all statically equivalent. The parameters used for all models are given in 

Table 1 
Parameters used for the unit-cell models examined in Figs. 1, 2, and 4.  

Parameter Fig. 1 Fig. 2 Units 

M 1 1 Kg 
m - 0.1 Kg 
ma 0.1 0.1 Kg 
KPnC 120 120 Nm− 1 

kPnC 1320 1200 Nm− 1 

KAM 110 109 Nm− 1 

kAM 179 179 Nm− 1 

KIA 100 100 Nm− 1 

kIA - 40 Nm− 1 

kIA* - 500 Nm− 1 

C 2 2 Nsm− 1 

c 0 2 Nsm− 1  

Fig. 2. Analysis of inertially amplified chain with a resonating mass. (a) Unit-cell schematics of statically equivalent chains, including a PnC, AM, 
and three variations of the IA chain exhibiting α = 13̊, 24̊, and 43̊, respectively. All IA masses are restricted to motion in only the vertical direction. 
(b) Frequency band structure for the undamped and damped unit cells; results for the damped unit cells only shown for real wave numbers. (c) 
Damping-ratio diagrams for the damped unit cells. (d) Damping-emergence metric Z. In sub-figures (a) and (b), the subscripts ‘1’, ‘2’, and ‘sum’ 
indicate the acoustic branch, optical branch, and sum of the two branches, respectively. The orange curves in the third column are the results for IA- 
13̊* which is statically equivalent to the PnC and obtained by only increasing the local-resonator stiffness of IA-13̊ from kIA = 40 Nm− 1 to kIA* =

500 Nm− 1 for the purpose of illustrating negative metadamping at α = 13̊. 
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Table 1. The damped-frequency dispersion diagrams and corresponding damping-ratio diagrams for each of the five systems are given 
in Figs. 1b and 1c, respectively. In all frequency band-structure figures, we plot the dimensionless quantity Ω = ω /ωb, where ωb =
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
KPnC/M

√
is defined as the base frequency. The complex dispersion curves for the undamped version of all models are also provided to 

show the frequency-dependent profile of spatial attenuation for each chain [26]. In Figs. 1d and 1e, the wavenumber-dependent 
damping-emergence metric Z, which is a measure of metadamping, is plotted; this metric is defined as [5] 

Zl(μ)|* = ζl(μ)|* − ζl(μ)|PnC (l= 1, 2, or sum) (19)  

where the subscript “*” indicates AM or the IAs. It represents the difference between the damping ratio of the AM or each of the IA 
chains and that of the reference PnC case. The index l indicates the acoustic branch (l = 1), optical branch (l = 2), and the summation 
(l = sum) of the two branches. Any rise in Z(μ) above zero is indicative of positive metadamping, and, in contrast, a drop in Z(μ) below 
zero is indicative of negative metadamping. We also employ the cumulative and the total value of Z(μ) defined as 

Zcum
l (μ) =

∫ μ

0
Zl dμ (μ ∈ [0, π]; l= 1, 2, or sum) (20)  

and 

Ztot
l = Zcum

l (π) (l= 1, 2, or sum) (21)  

respectively, to further quantify the difference in the damping ratio. The quantity Zcum
l represents the integrated value of Zl over the BZ, 

and upon complete integration over the BZ, the total value of Zl, which is Ztot
l , is calculated to give an overall quantification of the 

positive or negative damping capacity with respect to the reference PnC. Since the IA chain here has only one branch, the Z quantity 
indicated as Z1* in Fig. 1d is obtained by comparing the damping ratio of that branch with the average of the two damping-ratio 
branches, ζsum/2, of the PnC. Alternatively, in Fig. 1e, the comparison is made with the damping ratio of the first branch of the PnC. It is 
observed from the results that for the parameters selected, as listed in Table 1, the IA chain exhibits positive metadamping with 
increasing levels as α increases and easily overcomes the levels attained by the AM. 

We now attach a local resonator to the base of the IA chain as shown in the third, fourth, and fifth panel schematics of Fig. 2a. This 

Fig. 3. Illustration of metadamping: total damping ratio based on the first branch ζtot
1 or the sum of the two branches ζtot

sum versus long-wave speed of 
sound Cg in the periodic chains. (a) Positive or negative metadamping (depending on value of α) exhibited in the case of IA chain without a 
resonating mass; blue- and green-shaded areas represent regions of positive and negative metadamping, respectively. Maximum positive and 
negative metadamping are reached at IA-90̊ and IA-10̊, respectively. (b) Positive metadamping exhibited in the case of inertially amplified chain 
with a resonating mass; blue-shaded area represents region of positive metadamping. Maximum positive metadamping is reached at IA-90̊. The 
intensity of positive metadamping increases as the color of the blue shaded areas gets darker. The orange curves are the results for IA-10̊*, IA-13̊*, 
and IA-90̊* which are also statically equivalent to the PnC and obtained by only increasing the local-resonator stiffness of the IA chain from kIA =

40 Nm− 1 to kIA* = 500 Nm− 1 for the purpose of illustrating negative metadamping, which reaches its maximum at α = 10̊. 
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allows us to consider models with the same number of dispersion branches, and, importantly, generates an IA chain configuration that 
may exhibit a bounded band gap, as would an experimentally realizable material that is modeled as a continuum. An undamped 
version of this model has been recently investigated for spatial attenuation characteristics [26]. Here we observe a monotonic increase 
in positive metadamping, as expressed by the quantity Ztot

sum, as we progress from an AM chain to an IA chain with increasing values of 
the lever-arm angle α. This demonstrates an extreme level of positive metadamping significantly exceeding what is realized by an AM. 
We consider a special case where we modify IA-13̊ to IA-13̊* by only increasing the local-resonator stiffness from kIA = 40 Nm− 1 to 
kIA* = 500 Nm− 1; by doing so, the IA chain, which remains statically equivalent to the PnC, shows a significant reduction in the total 
dissipation at α= 13̊ to the point where it starts to exhibit negative metadamping as evidenced by the orange curves in Fig. 2. By 
considering this special case, we have shown that the level of metadamping for a given lever-arm angle in an IA chain can be 
controlled, and altered significantly, by varying the value of the local-resonator stiffness while keeping the long-wave speed of sound 
unaltered. Fig. 3 extends the analysis of both models, the inertially amplified chain without (Fig. 3a) or with (Fig. 3b) a local resonator, 
to a broad range of quasi-static speeds extending well beyond the values considered in Figs. 1 and 2; this provides an Ashby-like map 
for the damping capacity versus the long-wave speed, which is representative of the effective quasi-static stiffness of the chain. The 
damping capacity is obtained by integrating the damping ratio over the BZ in the following manner: 

ζcum
l (μ) =

∫ μ

0
ζl dμ (μ ∈ [0, π]; l= 1 or sum) (22)  

and calculating its total value which is ζtot
l = ζcum

l (π); l = 1 or sum. Since the IA chains in Fig. 1 have only one damping-ratio branch, 
for a fair comparison, we only consider the first damping-ratio branch of the PnC and AM in Fig. 3a. We observe in Fig. 3a that the AM 
exhibits positive metadamping throughout the parameter range shown. We also observe that the inertially amplified chain (without a 

Fig. 4. Performance characteristics for the IA chain with a resonating mass. (a) Temporal-attenuation intensity: total damping ratio ζtot
sum versus 

inertial-amplifier angle α. (b) Spatial-attenuation intensity: minimum attenuation μmin versus α; inset shows a schematic that defines the μmin 
quantity. (c) Minimum attenuation μmin versus total damping ratio ζtot

sum; inset in sub-figure (c) shows an enlarged version of the trade-off region. The 
points A-E, corresponding to five different values for α, have been specifically chosen and used to illustrate the evolution of the response with the 
angle α where a region is identified that features a trade-off between the temporal and spatial attenuation properties. (d) Frequency band structure 
corresponding to the five chosen values of α; insets show the corresponding plots with the y-axis reproduced in a log scale. Results for the damped IA 
chains are shown only for real wave numbers. (e) Damping-ratio diagrams corresponding to the five chosen values of α. 
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resonator) exhibits even more positive metadamping for α = 43̊; however, the level of metadamping decreases as α decreases. 
Eventually, for α = 13̊, the metadamping is shown to be strongly negative, i.e., the IA chain exhibits less loss overall compared to the 
statically equivalent PnC. A maximum value of negative metadamping is reached at α = 10̊; at lower angles the static equivalence is no 
longer maintained. In Fig. 3b, where a separate local resonator is attached to the IA chain, we observe positive metadamping with 
increasing intensity as the lever-arm angle α increases. In both Fig. 3a and Fig. 3b, we also show the performance for the IA chain at α =
90̊; such an angle is practically unrealizable, but it gives the maximum theoretical limit for the metadamping level shown by each IA 
chain. The special case IA-13̊* considered in Fig. 2 is also extended and shown in Fig. 3b, along with two corresponding special cases, 
for IA-10̊ and IA-90̊ (similarly represented by IA-10̊* and IA-90̊*). Consistent with the results of Fig. 2, we observe a significant 
decrease in metadamping with IA-13̊* exhibiting negative metadamping, and IA-10̊* exhibiting maximum negative metadamping. 

4. Regime displaying trade-off between temporal attenuation and spatial attenuation 

In Fig. 4, we expand our examination of the IA chain with a local resonator (using the same parameters listed in Table 1) and further 
examine the effects of the lever-arm angle α on the total damping ratio; i.e., on the intensity of the temporal attenuation, which is a 
measure of total dissipation. However, we also examine its effect on the imaginary-wavenumber part of the spectrum, which represents 
the spatial attenuation. As shown in [26], for a certain range of α, the attenuation peak associated with the IA mechanism couples with 
the attenuation peak associated with the local resonator. This yields a coupled double-attenuation peak, within a bounded band gap, in 
the imaginary-wavenumber part of the dispersion diagram. We can quantify the strength of this attenuation by evaluating the min
imum value of imaginary wave propagation constant bounded by the two peaks; we denote this quantity by μmin (see inset of Fig. 4b 
[26]). 

Using ζtot
sum and μmin, Figs. 4a and 4b, respectively, show the variation of the temporal- and spatial- attenuation intensities with the 

IA lever-arm angle α. Fig. 4c combines these two relations in one plot, showing the temporal attenuation versus the spatial attenuation. 
It is observed that the two measures increase monotonically up to a specific angle, α = 17.532̊. However, as the angle increases further, 
a trade-off is observed between the intensity of temporal attenuation and the intensity of spatial attenuation. To the best of the authors’ 
knowledge, this represents an unprecedented space-time attenuation trade-off phenomenon for an elastodynamic medium. This trade- 
off is observed until α = 18.348̊ beyond which the coupled double-peak feature in the spatial-attenuation spectrum no longer exists; 
hence, the μmin measure is no longer valid. Figs. 4d and 4e show, respectively, the frequency and damping-ratio diagrams for a selection 
of points in the parameter space, as marked in Fig. 4c. 

5. Conclusions 

We have demonstrated that inertial amplification provides a route to yielding a structured material with simultaneously high 
stiffness and high damping capacity (positive metadamping) or low stiffness and low loss (negative metadamping). The levels of 
positive or negative metadamping attained are elevated and well exceed the performance of conventional elastic metamaterials. These 
attributes extend the boundaries of viscoelastic dynamical properties of state-of-the-art structured-material systems. Furthermore, 
when combining the inertial amplification with local resonance, we observe the unique phenomenon of a trade-off between the 
temporal- and spatial-attenuation intensities in the material properties for a given range of IA angle α. This is realized passively and by 
only changing the lever-arm angle in the IA chain. By appropriate adjustment of this angle, another regime is also realized that exhibits 
monotonic increase in both attenuation types. These traits open the way for the design of future phononic materials with tailored 
space-time attenuation characteristics and could have significant implications on topological phononics and other contemporary areas 
in phonon engineering. 
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Appendix 

The dispersion and attenuation characteristics of the IA metamaterial chain is intricately dependent on the unit cell’s various design 
parameters. Using Fig. A1, we introduce certain non-dimensional parameters associated with an IA unit cell. The parameter θ = ma /M 
is the ratio of the IA mass to the baseline mass and β = θ/4tan2α = ma/4Mtan2α represents this same ratio with consideration of the 
influence of the IA angle α. Thus, the parameter β directly represents the level of the effective inertial amplification by the IA mass due 
to a variation of the IA angle α. It can be seen that the value of β drastically increases as α decreases and nearly linearly increases with θ. 
Note that in the unamplified static state, the effective value of this mass is equal to its given value of ma. The factor 4tan2α in the 
definition of β indicates the level of inertial amplification; the higher this level is, the higher the effective value of ma and the stronger 
the impact on the dispersion and attenuation characteristics. 
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