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A B S T R A C T

The present paper aims to develop governing equation of motion for in-plane dynamics of Micropolar-Cosserat
composite models with damping. Constitutive model of linear elastic damping system is formulated for
an anisotropic domain fiber-reinforced composite panels (FRCP); undergoing large macro as well as micro
geometric deformations. The air damping and Kelvin–Voigt strain linear rate damping have been considered
into the governing equations of model, while mathematical modelling and simulation of composite panel
is restricted to the free-vibration and in-plane static response. The composite panel has been modeled as a
Micropolar-Cosserat continuum assuming second-order micro-length of the fiber deformation; by embedding
an additional equation of kinematics through the micro-rotation degree of freedom in the classical continuum
model. This account for the in-plane curvature bending effects of composite panels during the loss of ellipticity
of the governing equations. A transformation matrix based on Rodrigues’ rotational formula for transversely
isotropic Micropolar-Cosserat lamina has been introduced; which reduces it to the well-known non-classical
(classical and couple-stress) elastic formulation. The equivalent single layer (ESL) resultant stresses of FRCP
in global coordinates is introduced to calculate in-plane damped and undamped response. The geometric
and material linear elastic model for FRCP is derived using the spectral element method within state–space
approach, and the corresponding plane-stress finite element model is validated with the undamped responses.
Analytical response of damped composite panel is proposed based on available undamped simulation results.
. Introduction

In the field of mechanical and structural engineering, vibrational
nalysis plays important role to characterize the dynamic behavior of
omposites (Capsoni et al., 2013). The influence of damping enhance-
ent and dissipation mechanisms have been so far investigated; and

uccessfully adopted in characterization and control of fiber reinforced
omposite panels (FRCP) vibration (Adhikari, 2000). The effects of
nternal and external dissipation sources have been conducted on vibra-
ional characteristics and control of damping systems (Adhikari, 2005).
ost of the damping models that have been proposed for composite
aterials stem from viscoelastic material models. In these cases, the
ajor damping dissipation comes from the polymeric matrix. One of

he simplest way to represent damping dissipation is the use of linear
iscoelastic Kelvin–Voigt model (Crane and Gillespie Jr, 1989; Chandra
t al., 1999). The main advantage of the Kelvin–Voigt model is the re-
uirement of less number of parameters to characterize the viscoelastic
ehavior of the material. This model is simple however, it fails to fully
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represent the physics underlying the mechanisms of energy dissipation.
In view of that, it is important to accurately determine the vibra-
tional characteristics of the damping model (Torvik, 2010; De Silva,
2007). Various studies have proposed the use of viscoelastic material
(with respect to fiber–matrix) to induce higher damping dissipation.
By increasing the matrix volume fraction, the damping dissipation will
increase at the expense of stiffness and strength (Treviso et al., 2015;
Kaliske and Rothert, 1995). The sandwich structures are emerging as
noise and vibration control solution for lightweight structures (Sodano
et al., 2004; Treviso et al., 2015). The damping can also be tuned
by properly choosing composites constitutive parameters such as fiber
aspect ratio, stacking sequence, and constituents properties (Chandra
et al., 1999; Adams and Maheri, 2003). The present research of FRCP
is limited to the analytical description of the dynamics of a damped
composite structure.
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Table of symbols

The symbols and descriptions for panel used in the paper are
as follows:
𝐿 Length
𝑊 Width
𝑇 Thickness
𝐴 Cross-section area
𝐼 Second moment of area
𝜌𝑓 , 𝜌𝑚 Density of fiber and matrix
𝜈𝑓 , 𝜈𝑚 Poisson ratio of fiber and matrix
𝐸𝑓 , 𝐸𝑚 Young modulus of fiber and matrix
𝐺𝑓 , 𝐺𝑚 Shear modulus of fiber and matrix
𝑉𝑓 , 𝑉𝑚 Volume if fiber and matrix
𝐷𝑙 , 𝐷𝑔 Local and global constitutive matrices
𝑙 Characteristics length
𝑢𝑥 Longitudinal deflection
𝑢𝑦 Transverse deflection
𝜙 Rotation of cross-section
𝜓𝑧 Rigid micro-rotation
𝜓 Independent micro-rotation
𝜖𝑥, 𝜖𝑦 Normal strains
𝜖𝑥𝑦, 𝜖𝑦𝑥 Transverse strains
𝛾𝑠 Symmetric shear strain
𝛾𝑎 Asymmetric shear strain
𝐾𝑥𝑧, 𝐾𝑦𝑧 Plane-stress curvatures
𝜎𝑥, 𝜎𝑦 Normal stresses
𝜏𝑥𝑦, 𝜏𝑦𝑥 Shear stresses
𝑚𝑥𝑧, 𝑚𝑦𝑧 Curvature moments
𝑀𝑥 Moment force
𝑄𝑥𝑦, 𝑄𝑦𝑥 Shear Force
𝑃𝑥𝑧 Curvature force
𝜁 Eigenvector
𝛺 Eigenvalue
𝜔 Forcing frequency
𝜔𝑛 Natural frequency
SDC Damping coefficient of shear stress
BDC Damping coefficient of bending stress

The application of FRCP in the field of engineering (e.g. construc-
ion, aerospace, marine, automobile, etc.) has significantly increased
uring the past decade (Isanaka et al., 2020) because of their tailorable
roperties like high specific strength and stiffness. Moreover, the vis-
oelastic character of composites (fiber and/or matrix) render them
uitable for the high performance. The viscoelastic composite layer
ndergoes a periodic shear deformation which dissipates energy (Be-
ayoune et al., 2008; Faggiani and Falzon, 2010; Gay, 2014; Chandra
t al., 1999; Treviso et al., 2015). In general, composites pertaining
o transversely isotropic fibers are surrounded by an isotropic polymer
ased matrix (Hasanyan and Waas, 2018a; Sharma et al., 2020). The
nteraction of these constituents exhibit complex mechanical behavior
t macro and nano-scale (Hasanyan and Waas, 2018b; Roque et al.,
013; Kundalwal and Ray, 2012). The analysis of these composites
ave often relied on modeling them as equivalent material; by ex-
licitly considering fiber and matrix constituents of the composite
sing the micromechanics of lamina (Kyriakides et al., 1995; Seidel
nd Lagoudas, 2006). The Kelvin–Voigt principle state that the lin-
ar elastostatic analysis can be converted into the dynamic linear
iscoelastic one; by replacing static stresses and strains with anal-
gous dynamic stresses and strains, respectively. This is a suitable
2

ethod for micromechanical models to predict damping in aligned
fiber-reinforced composites (Hashin, 1970; Suarez et al., 1986). The
primary and secondary structural components of composite call for
a deeper understanding of their static and dynamic characteristics.
The use of static stiffness for the prediction of natural frequencies is
acceptable; by assuming negligible damping dissipative factor for fiber–
matrix material (Chandra et al., 1999; Treviso et al., 2015). In the
micromechanics approach, the stiffness of the matrix orientation (bond
matrix) along the direction perpendicular to the fiber orientation (fiber
bonds) is accommodated to the elastic modulus of the lamina in the
same direction (Yerramalli and Waas, 2004; Diana and Casolo, 2019;
Hassanzadeh-Aghdam et al., 2018). The effective stresses of fiber and
matrix are predominantly transmitted through the fibers because of the
high stiffness and strength in comparison to the properties of the matrix
material (Hyer and White, 2009). However, the load-carrying capacity
of fibers is severely affected by the stiffness of the surrounding matrix
phase. Normal stresses are transmitted by the fibres only; however,
the transverse shear stresses are transmitted through matrix and fibers
both (Matzenmiller et al., 1995). The damping dissipation of unidi-
rectional lamina is found to have a maximum value at approximately
35◦ in flexure and at 45◦ in torsion. The peak capacity for flexure and
torsion both appear in the angle-ply between 40◦ and 50◦, and in case of
cross-ply it depends on cross-ply ratio that defines the relative number
of 0◦ and 90◦ plies. Among all the orientations, square diagonal (angle-
ply of 45◦) packing of fibers provided the best damping in cantilever
configuration (Adams and Maheri, 1994, 2003; Chandra et al., 1999;
Treviso et al., 2015).

Most of the research on damping of micro-structure in composite
is limited to 2-D state of stress. The micro-structure of composite
give rise to high stiffness combined with high viscoelastic loss. For
mathematical modeling, the individual lamina is considered to be
orthotropic or transversely isotropic, however assembly of lamina lies
in the anisotropic domain through out the thickness. Further, a large
difference in the elastic properties of constituents fiber and matrix
lead to a high ratio of in-plane Young’s modulus to transverse shear
modulus of lamina (Lakes, 2002; Maity et al., 2020; Treviso et al.,
2015; Chandra et al., 1999; Hasanyan and Waas, 2018b). The clas-
sical laminate theory which neglects the effect of micro-structure, is
inadequate for analysis of multi layer composite. Thus for the reli-
able analysis more accurate theories like first order shear deformation
theories and refined higher order theories have been used especially
in thick laminates (Chandra et al., 1999; Treviso et al., 2015; Adams
and Maheri, 2003). A Micropolar-Cosserat continuum is proposed to
capture the curvature of edges, and study the response of FRCP at micro
and nano-scale (Chang and Ma, 1991; Sadeghpour et al., 2020). This
computation has been geared towards the modeling of composites by
assuming as an ESL continuum concept (Alshibli et al., 2006; Wanji
et al., 2012). So, the two-dimensional Micropolar-Cosserat composite
plate and shell can be reduced into one-dimensional by treating them
as ESL of composite structures (Sargsyan and Sargsyan, 2016; Kart-
tunen et al., 2018). This assumption leads to the development of shear
deformation theory so that the stiffness properties inside the studied
ESL material can be assumed to be constant (Romanoff et al., 2007;
Sargsyan, 2012; Huang et al., 2000). The localization of constant width
of shear stiffness (or shear band) has been achieved by introducing the
independent micro-rotation of small scale particles of solids (Anand and
Gu, 2000; Ramezani et al., 2009). The resulting phenomenon predict
the loss of ellipticity of the governing partial differential equations
of FRCP (Hasanyan and Waas, 2018b). The asymmetric curvature of
edge appears due to unbalanced orientation [45◦∕0◦∕45◦] of lamina of
FRCP (Davis, 2014). The shape of the edge is saddle due to positive
Poisson ratio (Gupta et al., 2020).

The limitation of the classical and non-classical continuum except
Micropolar-Cosserat theory is that the constitutive models are local
due to the absence of the skew-symmetric part of the shear stress at
the energy density and do not possess characteristics length (Ghugal

and Shimpi, 2001; Wanji et al., 2012; Asghari et al., 2011). This
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leads to excessive mesh dependency due to the ill-posedness of the
problem at the onset of localization (Roque et al., 2013). Micropolar-
Cosserat continuum introduces characteristics length into constitutive
equations, which increases the order of the differential in the governing
equations, which in-turn prevents the ill-posedness associated with the
localization (Needleman, 1988). In this theory, the main assumption is
that each point of the continuum can rotate independently (Ramezani
et al., 2009; Rahaman et al., 2015; Bardet, 1994). Using this main
assumption, the kinematic formulation yields the higher-order stresses
and strains, such as curvature strains and couple stresses (Carrera and
Zozulya, 2020a,b; Zozulya, 2018). Their presence results in asymmet-
ric shear stresses and strains (Karttunen et al., 2018). The modeling
of FRCP using Micropolar-Cosserat continuum has ability to quantify
the local fiber rotation, curvature, bending and twisting moments at
the micro-scale (Hasanyan and Waas, 2018b,a). Some of the notable
works in this area include the study of fiber by considering the finite
Micropolar-Cosserat continuum. This helps to avoid the issues pre-
sented with the geometrically and materially exact equations under the
assumption of linear curvature strains (Fleck and Shu, 1995; Hasanyan
and Waas, 2018b). In addition, a continuum model for fiber-reinforced
composites with fiber bending and twisting effects were discussed by
Steigmann (2015). In the present paper, a 1-D Micropolar-Cosserat
FRCP based on the linear law of variation of displacement has been
considered. Spectral element formulation within state-space approach
is implemented for the evaluation of in-plane damped and undamped
transversely isotropic layered composite panels (Ramezani et al., 2009;
Banerjee, 2020; Dion and Commault, 1993).

2. Constitutive modeling of a Micropolar-Cosserat undamped lam-
ina

The global constitutive behavior of the Micropolar-Cosserat com-
posite panel is derived using the Rodrigues’ rotational based formula
of transfer matrix for transversely isotropic lamina (Hasanyan and
Waas, 2018a,b). The constitutive model of the unidirectional-lamina
comprises of following assumptions:

1. Plane-stress condition is considered as the theoretical basis for
modelling the constitutive behavior of each lamina (Sigmund,
1995; Ongaro et al., 2018).

2. The rule of mixture is used to calculate the elastic moduli of the
lamina from the properties of fiber and matrix in proportion to
the volume ratio (Oda et al., 1982).

3. The stress–strain response of laminae vary non-linearly. How-
ever, linear elasticity in stress–strain space is assumed to hold,
if the damage state does not change (Matzenmiller et al., 1995).

4. The transversely isotropic nature of the lamina is considered as
homogenized continuum throughout the modelling process (Fed-
erico and Grillo, 2012; Hasanyan and Waas, 2018b).

5. The orientation of stresses are in tangential and normal to the
fiber direction, and the symmetry of the lamina remains the
same for all states of damage (Matzenmiller and Sackman, 1994;
Sevostianov et al., 2018).

Three different set of equations are needed to characterize the free
vibration of a composite panel (De Borst, 1991), namely

1. The equilibrium equation
[

∇𝑇
] {

𝜎
}

+ 𝜌
{

𝑔
}

= 0, (1)

2. Kinematics equation
{

𝜖
}

=
[

∇
] {

𝑈
}

, (2)

3. Constitutive equation
{

𝜎
}

=
[

𝐷
] {

𝜖
}

, (3)
3

here 𝜎 = stress vector, 𝜌 = density, 𝑔 = gravity vector, 𝑈 =
displacement vector, 𝜖 = strain vector, 𝐷 = constitutive matrix and ∇
= Laplace operator. A 2-D classical continuum plane-stress condition
for stress, strain and displacement are

𝜎 = [𝜎𝑥 𝜎𝑦 𝜏𝑥𝑦]𝑇 , (4)

𝜖 = [𝜖𝑥 𝜖𝑦 𝜖𝑥𝑦]𝑇 , (5)

𝑈 = [𝑢𝑥 𝑢𝑦]𝑇 , (6)

and the ∇ matrix attains the following format

∇𝑇 =

⎡

⎢

⎢

⎢

⎣

𝜕
𝜕𝑥

0 𝜕
𝜕𝑦

0 𝜕
𝜕𝑦

𝜕
𝜕𝑥

⎤

⎥

⎥

⎥

⎦

, (7)

respectively. The constitutive matrix 𝐷 for the lamina into the local
directions is identical with the elastic stiffness of anisotropic mate-
rial (Nettles, 1994; Lekhnitskii and Dill, 1964)

⎧

⎪

⎨

⎪

⎩

𝜎𝑒1
𝜎𝑒2
𝜏𝑒12

⎫

⎪

⎬

⎪

⎭

=
⎡

⎢

⎢

⎣

𝐷1111 𝐷1122 0
𝐷1122 𝐷2222 0
0 0 2𝐷1212

⎤

⎥

⎥

⎦

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
𝐷

⎧

⎪

⎨

⎪

⎩

𝜖𝑒1
𝜖𝑒2
𝜖𝑒12

⎫

⎪

⎬

⎪

⎭

. (8)

The salient characteristic of the Micropolar-Cosserat continuum
is the introduction of an extra independent micro-rotational degrees
of freedom to the translational degrees of freedom of classical con-
tinuum (De Borst and Sluys, 1991; De Borst, 1991). So, for a 2-D
Micropolar-Cosserat continuum the normal and relatives asymmetric
strain (Singh et al., 2021) components are

𝜖𝑥 =
𝜕𝑢𝑥
𝜕𝑥

and 𝜖𝑦 =
𝜕𝑢𝑦
𝜕𝑦

, (9)

𝜖𝑥𝑦 =
(

𝜕𝑢𝑥
𝜕𝑦

− 𝜓
)

= (𝜙 − 𝜓) and 𝜖𝑦𝑥 =
( 𝜕𝑢𝑦
𝜕𝑥

+ 𝜓
)

=
(

𝑢′𝑦 + 𝜓
)

. (10)

The symmetric and skew-symmetric shear strains are

𝛾𝑠 = 𝜖𝑥𝑦 + 𝜖𝑦𝑥, and 𝛾𝑎 = 𝜖𝑦𝑥 − 𝜖𝑥𝑦. (11)

Where, 𝜓 is the independent micro-rotation of structure around the 𝑧-
xis. The micro-curvature strains due to in-plane bending (Ramezani
t al., 2009; Asghari et al., 2011) are introduced which do not appear
n the classical continuum

𝑥𝑧 =
𝜕𝜓
𝜕𝑥

and 𝐾𝑦𝑧 =
𝜕𝜓
𝜕𝑦
. (12)

The formulation of displacement vector (De Borst and Sluys, 1991) is
defined as

𝑈 = [𝑢𝑥 𝑢𝑦 𝜓]𝑇 . (13)

Similarly, the conjugate stress and couple stress vector

𝜎 =
[

𝜎𝑥 𝜎𝑦 𝜏𝑥𝑦 𝜏𝑦𝑥 𝑚𝑥𝑧 𝑚𝑦𝑧
]𝑇 , (14)

and strain vector

𝜖 =
[

𝜖𝑥 𝜖𝑦 𝜖𝑥𝑦 𝜖𝑦𝑥 𝐾𝑥𝑧 𝐾𝑦𝑧
]𝑇 , (15)

can be defined from the other research article (Singh et al., 2021;
De Borst and Sluys, 1991; De Borst, 1991). Then, the equilibrium
conditions (1) and the kinematic relations (2) are still satisfied provided
that the Laplace operator is further redefined as

∇𝑇 =

⎡

⎢

⎢

⎢

⎢

⎢

𝜕
𝜕𝑥

0 0 𝜕
𝜕𝑦

0 0

0 𝜕
𝜕𝑦

𝜕
𝜕𝑥

0 0 0

0 0 −1 1 𝜕 𝜕

⎤

⎥

⎥

⎥

⎥

⎥

. (16)
⎣ 𝜕𝑥 𝜕𝑦 ⎦
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The elastic operator (or constitutive matrix) (Hasanyan and Waas,
2018a,b) for transversely isotropic (anisotropic domain) Micropolar-
Cosserat lamina into the local directions is defined as
⎧

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎩

𝜎𝑒1
𝜎𝑒2
𝜏𝑒12
𝜏𝑒21
𝑚𝑒13
𝑚𝑒23

⎫

⎪

⎪

⎪

⎬

⎪

⎪

⎪

⎭

=

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎣

𝐷1111 𝐷1122 0 0 0 0
𝐷1122 𝐷2222 0 0 0 0
0 0 𝐷1212 𝐷1221 0 0
0 0 𝐷1221 𝐷2121 0 0
0 0 0 0 𝐷1313 0
0 0 0 0 0 𝐷2323

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎦

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
𝐷

⎧

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎩

𝜖𝑒1
𝜖𝑒2
𝜖𝑒12
𝜖𝑒21
𝐾𝑒

13
𝐾𝑒

23

⎫

⎪

⎪

⎪

⎬

⎪

⎪

⎪

⎭

. (17)

The constant value of constitutive matrix, 𝐷 is given in Appendix A.2.
In the above relation, there are eight independent material constants.
In contrast to an isotropic micropolar constitutive relation, the bending
modulus

(

𝐷1313 ≠ 𝐷2323
)

are not equal. The additional feature is the
inequality of the constants, which differentiates the shear response
(

𝐷1212 ≠ 𝐷2121
)

of a fibrous volume element when loaded parallel
versus transverse to the fiber direction (Hasanyan and Waas, 2018b,a).

3. Formulation of damped Micropolar-Cosserat lamina

A Kelvin–Voigt model is assumed to introduce dissipative forces
arising from damping effects during the vibration and motion. The
adopted method is most suitable for modeling the damping of a struc-
ture vibrating in the viscous air (Banks and Inman, 1991). The viscous
model with damping dissipative force is directly proportional to the
transverse velocity �̇�𝑦(𝑥, 𝑡) of the vibrating system, through the external
linear viscous damping coefficient 𝜂𝑣. As the beam vibrates it must
displace air causing the force, 𝜂𝑣�̇�𝑦(𝑥, 𝑡) = 𝜉𝑣𝑢𝑦 to be applied to the
structural system (Banks and Inman, 1991). This theory of internal
damping is analogous of strain rate damping, sometimes also called
velocity damping; where additional shear, bending, and couple stresses
are 𝜏𝑑12, 𝜎

𝑑
1 and 𝑚𝑑13, respectively. The damping stresses are linearly

proportional to the strain velocity through damping coefficients 𝑠𝑑 , 𝑏𝑑
and 𝑐𝑑 , respectively (Banks and Inman, 1991; Capsoni et al., 2013).
The introduction of this concept into the undamped relationship for
two-dimensional lamina gives

𝜎1 = 𝜎𝑒1 + 𝜎
𝑑
1 =

{

𝐷1111𝜖
𝑒
1 +𝐷1122𝜖

𝑒
2 + 𝑏𝑑

(

�̇�𝑒1 + �̇�
𝑒
2
)}

=
(

1 − 𝑖𝜔𝜂𝑏
) {

𝐷1111𝜖
𝑒
1 +𝐷1122𝜖

𝑒
2
}

,
(18)

𝜎2 = 𝜎𝑒2 + 𝜎
𝑑
2 =

{

𝐷1122𝜖
𝑒
1 +𝐷2222𝜖

𝑒
2 + 𝑏𝑑

(

�̇�𝑒1 + �̇�
𝑒
2
)}

=
(

1 − 𝑖𝜔𝜂𝑏
) {

𝐷1122𝜖
𝑒
1 +𝐷2222𝜖

𝑒
2
}

,
(19)

𝜏12 = 𝜏𝑒12 + 𝜏
𝑑
12 =

{

𝐷1212𝜖
𝑒
12 +𝐷1221𝜖

𝑒
21 + 𝑠𝑑

(

�̇�𝑒12 + �̇�
𝑒
21
)}

=
(

1 − 𝑖𝜔𝜂𝑠
) {

𝐷1212𝜖
𝑒
12 +𝐷1221𝜖

𝑒
21
}

,
(20)

𝜏21 = 𝜏𝑒21 + 𝜏
𝑑
21 =

{

𝐷1221𝜖
𝑒
12 +𝐷2121𝜖

𝑒
21 + 𝑠𝑑

(

�̇�𝑒12 + �̇�
𝑒
21
)}

=
(

1 − 𝑖𝜔𝜂𝑠
) {

𝐷1221𝜖
𝑒
12 +𝐷2121𝜖

𝑒
21
}

,
(21)

𝑚13 = 𝑚𝑒13 + 𝑚
𝑑
13 = 𝐷1313𝐾

𝑒
13 + 𝑐𝑑�̇�

𝑒
13

=
(

1 − 𝑖𝜔𝜂𝑐
)

𝐷1313𝐾
𝑒
13,

(22)

𝑚13 = 𝑚𝑒23 + 𝑚
𝑑
23 = 𝐷2323𝐾

𝑒
23 + 𝑐𝑑�̇�

𝑒
23

=
(

1 − 𝑖𝜔𝜂𝑐
)

𝐷2323𝐾
𝑒
23,

(23)

The Eqs. (18) to (23) for 2-D lamina can be written in matrix form as
⎧

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎩

𝜎1
𝜎2
𝜏12
𝜏21
𝑚13
𝑚23

⎫

⎪

⎪

⎪

⎬

⎪

⎪

⎪

⎭

=
[

𝐷
]

6×6

⎧

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎩

𝜖𝑒1
𝜖𝑒2
𝜖𝑒12
𝜖𝑒21
𝐾𝑒

13
𝐾𝑒

23

⎫

⎪

⎪

⎪

⎬

⎪

⎪

⎪

⎭

, (24)

where 𝑏𝑑 = 𝜂𝑏𝑓
(

𝐷1111, 𝐷1122, 𝐷2222
)

, 𝑠𝑑 = 𝜂𝑠𝑓
(

𝐷1212, 𝐷1221, 𝐷2121
)

,
𝑐𝑑 = 𝜂𝑠𝑓

(

𝐷1313, 𝐷2323
)

, 𝜉𝑓 = −𝑖𝜔𝜂𝑣, 𝜉𝜎 =
(

1 − 𝑖𝜔𝜂𝑏
)

, 𝜉𝜏 =
(

1 − 𝑖𝜔𝜂𝑠
)

= 𝜉𝑚, 𝐷=

⎡

⎢

⎢

⎢

⎢

⎢

⎢

𝜉𝜎𝐷1111 𝜉𝜎𝐷1122 0 0 0 0
𝜉𝜎𝐷1122 𝜉𝜎𝐷2222 0 0 0 0

0 0 𝜉𝜏𝐷1212 𝜉𝜏𝐷1221 0 0
0 0 𝜉𝜏𝐷1221 𝜉𝜏𝐷2121 0 0
0 0 0 0 𝜉𝑚𝐷1313 0

⎤

⎥

⎥

⎥

⎥

⎥

⎥

.

4

⎣ 0 0 0 0 0 𝜉𝑚𝐷2323⎦
The asymmetric stress and strain tensors can be decomposed into
their symmetric and skew-symmetric components as

𝜏12 = 𝑆12 − 𝑇12,

𝜖𝑒12 = 𝑒12 − 𝐴12,
(25)

where,

𝑆12 =
1
2
(

𝜏12 + 𝜏21
)

= 𝑆21,

𝑇12 =
1
2
(

𝜏21 − 𝜏12
)

= −𝑇21,
(26)

𝑆12 is the symmetric component and 𝑇12 is the skew-symmetric com-
ponent of 𝜎𝑒12. Similarly, 𝑒12 and 𝐴12 are the symmetric and the skew
symmetric components of 𝜖𝑒12, respectively. where

𝑒12 =
1
2
(

𝜖𝑒12 + 𝜖
𝑒
21
)

= 𝑒21,

𝐴12 =
1
2
(

𝜖𝑒21 − 𝜖
𝑒
12
)

= −𝐴21.
(27)

The constitutive relationship (17) based on above decomposition rela-
tion (25), (26) and (27) of Micropolar-Cosserat lamina is

⎧

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎩

𝑆1
𝑆2
𝑆12
𝑇12
𝑚13
𝑚23

⎫

⎪

⎪

⎪

⎬

⎪

⎪

⎪

⎭

=

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎣

𝜉𝜎𝐶11 𝜉𝜎𝐶12 0 0 0 0
𝜉𝜎𝐶12 𝜉𝜎𝐶22 0 0 0 0
0 0 𝜉𝜏𝐶33 𝜉𝜏𝐶34 0 0
0 0 𝜉𝜏𝐶34 𝜉𝜏𝐶44 0 0
0 0 0 0 𝜉𝑚𝐶55 0
0 0 0 0 0 𝜉𝑚𝐶66

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎦

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
𝐷𝑙

⎧

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎩

𝑒1
𝑒2
2𝑒12
2𝐴12
𝐾13
𝐾23

⎫

⎪

⎪

⎪

⎬

⎪

⎪

⎪

⎭

,

(28)

t can be further written for the 1-D damped transversely isotropic
amina as

𝑆1
𝑆12
𝑇12
𝑚13

⎫

⎪

⎪

⎬

⎪

⎪

⎭

=

⎡

⎢

⎢

⎢

⎢

⎣

𝜉𝜎𝐶11 0 0 0
0 𝜉𝜏𝐶33 𝜉𝜏𝐶34 0
0 𝜉𝜏𝐶34 𝜉𝜏𝐶44 0
0 0 0 𝜉𝑚𝐶55

⎤

⎥

⎥

⎥

⎥

⎦

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
𝐷𝑙

⎧

⎪

⎪

⎨

⎪

⎪

⎩

𝑒1
2𝑒12
2𝐴12
𝐾13

⎫

⎪

⎪

⎬

⎪

⎪

⎭

, (29)

he transformation of lamina stress and strain from local to global axis
an be done using the matrix (Hasanyan and Waas, 2018b), described
s Fig. 1.

𝑇
]

4×4 =

⎡

⎢

⎢

⎢

⎢

⎣

𝑐2 𝑐𝑠 0 0
−2𝑐𝑠

(

𝑐2 − 𝑠2
)

0 0
0 0 1 0
0 0 0 𝑐

⎤

⎥

⎥

⎥

⎥

⎦

, (30)

here 𝑐 and 𝑠 represents cos 𝜃 and sin 𝜃, respectively. Hence, the lamina
tress–strain relationship in the global directions are derived as

⎧

⎪

⎪

⎨

⎪

⎪

⎩

𝜎𝑥
𝑆𝑥𝑦
𝑇𝑥𝑦
𝑚𝑥𝑧

⎫

⎪

⎪

⎬

⎪

⎪

⎭

=
[

𝑇
]−1 [𝐷𝑙

] [

𝑇
]

⏟⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏟
𝐷𝑔

⎧

⎪

⎪

⎨

⎪

⎪

⎩

𝜖𝑥
2𝑒𝑥𝑦
2𝐴𝑥𝑦
𝐾𝑥𝑧

⎫

⎪

⎪

⎬

⎪

⎪

⎭

. (31)

he arrangement of global constitutive matrix is as follows

[

𝐷𝑔
]

4×4 =

⎡

⎢

⎢

⎢

⎢

⎣

𝐴1111𝜉 𝐴1112𝜉 𝐴1121𝜉 0
𝐴1211𝜉 𝐴1212𝜉 𝐴1221𝜉 0
𝐴2111𝜉 𝐴2112𝜉 𝐴2121𝜉 0

0 0 0 𝐷11𝜉

⎤

⎥

⎥

⎥

⎥

⎦

, (32)

rom Eqs. (11), (31) and (32) it can be written

⎧

⎪

⎪

⎨

⎪

⎪

𝜎𝑥
𝑆𝑥𝑦
𝑇𝑥𝑦
𝑚𝑥𝑧

⎫

⎪

⎪

⎬

⎪

⎪

=

⎡

⎢

⎢

⎢

⎢

⎣

𝐴1111𝜉 𝐴1112𝜉 𝐴1121𝜉 0
𝐴1211𝜉 𝐴1212𝜉 𝐴1221𝜉 0
𝐴2111𝜉 𝐴2112𝜉 𝐴2121𝜉 0

0 0 0 𝐷

⎤

⎥

⎥

⎥

⎥

⎦

⎧

⎪

⎪

⎨

⎪

⎪

𝜖𝑥
𝛾𝑠
𝛾𝑎
𝐾𝑥𝑧

⎫

⎪

⎪

⎬

⎪

⎪

. (33)
⎩ ⎭

11𝜉
⎩ ⎭
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Fig. 1. Orientation of the fiber–matrix and stress–strain transformation of the unidirectional lamina.
Fig. 2. Positive direction stress resultants of ne dimensional Micropolar-Cosserat panel
with macro translation and rigid rotation of micro-structure.

The Eq. (33) gives symmetric and skew-symmetric shear-stresses as

𝑆𝑥𝑦 = 𝐴1211𝜉 𝜖𝑥 + 𝐴1212𝜉 𝛾𝑠 + 𝐴1221𝜉 𝛾𝑎,

𝑇𝑥𝑦 = 𝐴2111𝜉 𝜖𝑥 + 𝐴2112𝜉 𝛾𝑠 + 𝐴2121𝜉 𝛾𝑎.
(34)

So, asymmetric shear-stresses are

𝜏𝑥𝑦 = 𝑆𝑥𝑦 − 𝑇𝑥𝑦

=
{(

𝐴1211𝜉 − 𝐴2111𝜉

)

𝜖𝑥 +
(

𝐴1212𝜉 − 𝐴2112𝜉

)

𝛾𝑠 +
(

𝐴1221𝜉 − 𝐴2121𝜉

)

𝛾𝑎
}

,

𝜏𝑦𝑥 = 𝑆𝑥𝑦 + 𝑇𝑥𝑦

=
{(

𝐴1211𝜉 + 𝐴2111𝜉

)

𝜖𝑥 +
(

𝐴1212𝜉 + 𝐴2112𝜉

)

𝛾𝑠 +
(

𝐴1221𝜉 + 𝐴2121𝜉

)

𝛾𝑎
}

.

(35)

The constant value global constitutive matrix of damped system is
described in Appendix A.3.1. These asymmetric shear stresses are re-
sponsible for curvature moment/force of composite panel. On setting
𝜏𝑥𝑦 = 𝜏𝑦𝑥, it will convert into the Timoshenko theory.

4. Balanced and governing equations of motion

Let us consider the stress and displacement field which do not vary
across the width. The elastic constants are functions of x-coordinate.
The stress–strain and couple stress components are independent from
out of plane direction signifying that plane-stress element can be con-
sidered. The load is applied so that, no torsion occurs in the beam (Kart-
tunen et al., 2018; Ramezani et al., 2009). The governing equations
are considered together with boundary conditions on traction free faces
(𝜎𝑦 = 𝜏𝑦𝑥 = 𝐾𝑦𝑧 = 0, at ± y) (see Fig. 2).

4.1. Balanced equations of motion for the FRCP

A harmonic distributed external load, 𝑓 (𝑡) = 𝑞𝑒𝑖𝑤𝑡, deals with
the steady-state dynamic response of the system; however a time-
independent function has been introduced to simplify the solution. The
time-dependent balanced equations for 1-D Micropolar-Cosserat ESL
composite panel are expressed as

𝜕𝑀𝑥 −𝑄 − 𝜌
𝜕2𝑈𝑥 = 0, (36)
5

𝜕𝑥 𝑦𝑥 𝜕𝑡2
𝜕𝑄𝑥𝑦
𝜕𝑥

+ 𝜂𝑣
𝜕𝑢𝑦
𝜕𝑡

− 𝜌𝐴
𝜕2𝑢𝑦
𝜕𝑡2

= 𝑓 (𝑡), (37)

𝜕𝑃𝑥𝑧
𝜕𝑥

+
(

𝑄𝑦𝑥 −𝑄𝑥𝑦
)

− 𝜌𝐴𝐽
𝜕2𝜓𝑧
𝜕𝑡2

= 0, (38)

where 𝑈𝑥 = ∫𝐴 𝑢𝑥𝑦𝑑𝐴, 𝐴 = cross-section area, 𝐼 = moment of inertia,
and 𝐽 = micro-inertia of panel (De Borst and Sluys, 1991). The stress
resultants to reduce the 2-D equilibrium equations into 1-D balanced
equations are as follows

𝑀𝑥 = ∫𝐴
𝑁𝑥𝑦𝑑𝐴, 𝑄𝑥𝑦 = ∫𝐴

𝑇𝑥𝑦𝑑𝐴, 𝑄𝑦𝑥 = ∫𝐴
𝑇𝑦𝑥𝑑𝐴 and

𝑃𝑥𝑧 = ∫𝐴
𝑀𝑥𝑧𝑑𝐴.

(39)

From the anisotropic stress–strain relationship Eqs. (33), (35) and stress
resultants Eq. (39), following can be expressed for composite panel

𝑁𝑥 =
𝑘
∑

𝑖=1
𝜎𝑥

𝑀𝑥 =
𝑘
∑

𝑖=1
𝐴1111𝜉𝑖𝐼𝑖𝜙

′ (40)

𝑇𝑥𝑦 =
𝑘
∑

𝑖=1
𝜏𝑥𝑦,

𝑄𝑥𝑦 =
𝑘
∑

𝑖=1

[(

𝐵11𝜉𝑖 + 𝐵12𝜉𝑖

)

𝐴𝑖𝑢
′
𝑦 +

(

𝐵11𝜉𝑖 − 𝐵12𝜉𝑖

)

𝐴𝑖𝜙 + 2𝐵12𝜉𝑖𝐴𝑖𝜓
]

. (41)

𝑇𝑦𝑥 =
𝑘
∑

𝑖=1
𝜏𝑦𝑥,

𝑄𝑦𝑥 =
𝑘
∑

𝑖=1

[(

𝐵21𝜉𝑖 + 𝐵22𝜉𝑖

)

𝐴𝑖𝑢
′
𝑦 +

(

𝐵21𝜉𝑖 − 𝐵22𝜉𝑖

)

𝐴𝑖𝜙 + 2𝐵22𝜉𝑖𝐴𝑖𝜓
]

. (42)

𝑀𝑥𝑧 =
𝑘
∑

𝑖=1
𝑚𝑥𝑧,

𝑃𝑥𝑧 =
𝑘
∑

𝑖=1
𝐷11𝜉𝑖𝐴𝑖𝜓

′. (43)

𝑃𝑥𝑧 represents the curvature force due to couple stresses on the basis
of constitutive localization (at energy density level) (Ramezani et al.,
2009; Karttunen et al., 2018). The stiffness parameter of damped ESL
of panel is given in Appendix A.4.1.

4.2. Governing equations of motion for the FRCP

4.2.1. Dynamic model of composite
• Damped system: The time-independent governing equations of

motion for 1-D Micropolar-Cosserat panel are derived by substi-
tuting the value of stress and force resultant (40) to (43) into
balance equations of motion (36) to (38) are as follows
𝑘
∑

[

𝐴𝑖

{

(

𝐵11𝜉𝑖 + 𝐵12𝜉𝑖

)

𝑢′′𝑦 +
(

𝐵11𝜉𝑖 − 𝐵12𝜉𝑖

)

𝜙′ +⋯

𝑖=1
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w

r

⋯ + 2𝐵12𝜉𝑖𝜓
′ +

(

𝜌𝑖𝜔
2 + 𝜉𝑓

)

𝑢𝑦

}]

= 𝑞, (44)

𝑘
∑

𝑖=1

[

𝐴1111𝜉𝑖𝐼𝑖𝜙
′′ −

(

𝐵21𝜉𝑖 + 𝐵22𝜉𝑖

)

𝐴𝑖𝑢
′
𝑦 +⋯

⋯ −
{(

𝐵21𝜉𝑖 − 𝐵22𝜉𝑖

)

𝐴𝑖 − 𝜌𝑖𝐼𝑖𝜔2
}

𝜙 − 2𝐵22𝜉𝑖𝐴𝑖𝜓
]

= 0, (45)

𝑘
∑

𝑖=1

[

𝐴𝑖

{

𝐷11𝜉𝑖𝜓
′′ +

(

𝐸21𝜉𝑖 − 𝐸11𝜉𝑖

)

𝑢′𝑦 +⋯

⋯ +
(

𝐸22𝜉𝑖 − 𝐸12𝜉𝑖

)

𝜙 +
(

2𝐵22𝜉𝑖 − 2𝐵12𝜉𝑖 + 𝜌𝑖𝐽𝑖𝜔
2
)

𝜓
}]

= 0. (46)

• Undamped system: If 𝜉𝜎 = 𝜉𝜏 = 𝜉𝑚 = 1 and 𝜉𝑓 = 0, then damped
system will be converted into undamped equation

𝑘
∑

𝑖=1

[

𝐴𝑖

{

(

𝐵11𝑖 + 𝐵12𝑖

)

𝑢′′𝑦 +
(

𝐵11𝑖 − 𝐵12𝑖

)

𝜙′+2𝐵12𝑖𝜓
′+𝜌𝑖𝜔2𝑢𝑦

}]

= 𝑞,

(47)

𝑘
∑

𝑖=1

[

𝐴1111𝑖𝐼𝑖𝜙
′′ −

(

𝐵21𝑖 + 𝐵22𝑖

)

𝐴𝑖𝑢
′
𝑦 +⋯

⋯ −
{(

𝐵21𝑖 − 𝐵22𝑖

)

𝐴𝑖 − 𝜌𝑖𝐼𝑖𝜔2
}

𝜙 − 2𝐵22𝑖𝐴𝑖𝜓
]

= 0, (48)

𝑘
∑

𝑖=1

[

𝐴𝑖

{

𝐷11𝑖𝜓
′′ +

(

𝐸21𝑖 − 𝐸11𝑖

)

𝑢′𝑦 +⋯

⋯ +
(

𝐸22𝑖 − 𝐸12𝑖

)

𝜙 +
(

2𝐵22𝑖 − 2𝐵12𝑖 + 𝜌𝑖𝐽𝑖𝜔
2
)

𝜓
}]

= 0. (49)

4.2.2. Static model of composite
On setting the forcing frequency equal to zero into the damped

system of Eqs. (47) to (49), the derived equations are as follows

𝑘
∑

𝑖=1

[

𝐴𝑖

{

(

𝐵11𝑖 + 𝐵12𝑖

)

𝑢′′𝑦 +
(

𝐵11𝑖 − 𝐵12𝑖

)

𝜙′ + 2𝐵12𝑖𝜓
′
}]

= 0, (50)

𝑘
∑

𝑖=1

[

𝐴1111𝑖𝐼𝑖𝜙
′′−

(

𝐵21𝑖 + 𝐵22𝑖

)

𝐴𝑖𝑢
′
𝑦−

(

𝐵21𝑖 − 𝐵22𝑖

)

𝐴𝑖𝜙−2𝐵22𝑖𝐴𝑖𝜓
]

= 0,

(51)

𝑘
∑

𝑖=1

[

𝐴𝑖

{

𝐷11𝑖𝜓
′′ +

(

𝐸21𝑖 − 𝐸11𝑖

)

𝑢′𝑦 +⋯

⋯ +
(

𝐸22𝑖 − 𝐸12𝑖

)

𝜙 + 2
(

𝐵22𝑖 − 𝐵12𝑖

)

𝜓
}]

= 0. (52)

5. Analysis of Micropolar-Cosserat composite panels

5.1. In-plane static response

The analysis of In-plane static system can be done via the substitu-
tion method (Karttunen et al., 2018). But state–space method (Ramezani
et al., 2009) is preferred for decoupling the system of partial differential
equation with in transfer matrix frame-work. The linear differential
equation (50) to (52) of the system can be written as

{

𝑋′}

6×1 =
𝑘
∑

[

𝑍𝑖
]

6×6

{

𝑋
}

6×1 , (53)
6

𝑖=1
here the value of 𝑋 and 𝑍𝑖 are
{

𝑢𝑦 𝜙 𝜓 𝑢′𝑦 𝜙′ 𝜓 ′
}𝑇

and
⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎣

0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1

0 0 0 0 −
𝐸12𝑖
𝐸11𝑖

−
2𝐵12𝑖
𝐸11𝑖

0
𝐸22𝑖𝐴𝑖
𝐴1111𝑖𝐼𝑖

2𝐵22𝑖𝐴𝑖
𝐴1111𝑖𝐼𝑖

𝐸21𝑖𝐴𝑖
𝐴1111𝑖𝐼𝑖

0 0

0
𝐸12𝑖 − 𝐸22𝑖

𝐷11𝑖
2
𝐵12𝑖 − 𝐵22𝑖

𝐷11𝑖

𝐸11𝑖 − 𝐸21𝑖
𝐷11𝑖

0 0

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎦

,

espectively. Using Eq. (13), Eq. (53) can be represent as
{

𝑈 ′

𝑈 ′′

}

6×1
=

𝑘
∑

𝑖=1

[

𝑍𝑖
]

6×6

{

𝑈
𝑈 ′

}

6×1
. (54)

The solution of the static system of linear differential equations (O’neil,
2011; Ramana, 2006; Chau, 2017) can be summarized as
{

𝑈
𝑈 ′

}

6×1
=

𝑘
∑

𝑖=1

[

𝜁𝑖𝑒𝛺𝑖𝑥
]

⏟⏟⏟
𝑆𝑖(𝑥)

{

𝐶
}

6×1 ,

{

𝑈
𝑈 ′

}

6×1
=

𝑘
∑

𝑖=1

[

𝑆𝑖(𝑥)
]

6×6

{

𝐶
}

6×1 . (55)

Where, 𝜁𝑖 and 𝛺𝑖 are eigenvector and eigenvalue of
[

𝑍𝑖
]

, respectively.
Using displacement and stress resultants, the state vector for FRCP can
be represent

{

𝑉
}

6×1 =
𝑘
∑

𝑖=1

[

𝑅𝑖
]

6×6

{

𝑈
𝑈 ′

}

, (56)

where the value of 𝑉 and 𝑅𝑖 are
{

𝑢𝑦 𝜙 𝜓 𝑀𝑥 𝑄𝑥𝑦 𝑃𝑥𝑧
}𝑇 and

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎣

1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 0 𝐴1111𝑖𝐼𝑖 0
0

(

𝐵21𝑖 − 𝐵22𝑖

)

𝐴𝑖 2𝐵22𝑖𝐴𝑖
(

𝐵21𝑖 + 𝐵22𝑖

)

𝐴𝑖 0 0
0 0 0 0 0 𝐷11𝑖𝐴𝑖

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎦

,

respectively. From the Eqs. (55) and (56), the state vector is represented

as

{

𝑉 (𝑥)
}

6×1 =
𝑘
∑

𝑖=1

[

𝑅𝑖
]

6×6

[

𝑆𝑖(𝑥)
]

6×6

{

𝐶
}

(57)

On substituting 𝑥 = 0, and 𝑥 = 𝐿 in Eqs. (57); the matrix relation
between the state-vector and coefficient of two boundaries can be
expressed as

{

𝐶
}

6×1 =
𝑘
∑

𝑖=1

[

𝑆𝑖(0)
]−1
6×6

[

𝑅𝑖
]−1
6×6

{

𝑉 (0)
}

6×1 , (58)

and

{

𝐶
}

6×1 =
𝑘
∑

𝑖=1

[

𝑆𝑖(𝐿)
]−1
6×6

[

𝑅𝑖
]−1
6×6

{

𝑉 (𝐿)
}

6×1 . (59)

From the coefficient of Eq. (58), the state vector for boundary values
can be written as

{

𝑉 (𝐿)
}

6×1 =
𝑘
∑

𝑖=1

[

𝑅𝑖
]

6×6

[

𝑆𝑖(𝐿)
]

6×6

[

𝑆𝑖(0)
]−1
6×6

[

𝑅𝑖
]−1
6×6

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
𝑇𝑠𝑖

{

𝑉 (0)
}

6×1 . (60)

Let us assume, the transfer matrix of a static system as

[

𝑇𝑠𝑖
]

6×6 =
𝑘
∑

[

𝑇11𝑖 𝑇12𝑖
]

.

𝑖=1 𝑇21𝑖 𝑇22𝑖 6×6
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j
a

w

⎡

⎢

⎢

⎢

⎢

⎣

⎡

⎢

⎢

⎢

⎣

,

r

r
{

⏟

{

T
t
{

W
t
a

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎣

r
b

{

From the Eq. (60), it can written
{

𝐷2
𝐹2

}

6×1
=
[

𝑇11𝑖 𝑇12𝑖
𝑇21𝑖 𝑇22𝑖

]{

𝐷1
𝐹1

}

6×1
, (61)

where
{

𝐷𝑗
} 𝑇 =

{

𝑢𝑦𝑗 𝜙𝑗 𝜓𝑗
}

,
{

𝐹𝑗
}𝑇=

{

𝑀𝑥𝑗 𝑄𝑥𝑦𝑗 𝑃𝑥𝑧𝑗
}

and
=1, 2. From the Eq. (61), the relationship between displacement, force,
nd transfer matrix is expressed as

⎧

⎪

⎨

⎪

⎩

𝑄𝑥𝑦1
𝑀𝑥1
𝑃𝑥𝑧1

⎫

⎪

⎬

⎪

⎭

=
𝑘
∑

𝑖=1

[

𝑇12𝑖
]−1
3×3

⎧

⎪

⎨

⎪

⎩

𝑢𝑦2
𝜙2
𝜓2

⎫

⎪

⎬

⎪

⎭

−
𝑘
∑

𝑖=1

[

𝑇12𝑖
]−1
3×3

[

𝑇11𝑖
]

3×3

⎧

⎪

⎨

⎪

⎩

𝑢𝑦1
𝜙1
𝜓1

⎫

⎪

⎬

⎪

⎭

, (62)

⎧

⎪

⎨

⎪

⎩

𝑄𝑥𝑦2
𝑀𝑥2
𝑃𝑥𝑧2

⎫

⎪

⎬

⎪

⎭

=
𝑘
∑

𝑖=1

[

𝑇21𝑖 − 𝑇22𝑖𝑇
−1
12𝑖
𝑇11𝑖

]

3×3

⎧

⎪

⎨

⎪

⎩

𝑢𝑦1
𝜙1
𝜓1

⎫

⎪

⎬

⎪

⎭

+⋯

⋯ +
𝑘
∑

𝑖=1

[

𝑇22𝑖
]

3×3

[

𝑇12𝑖
]−1
3×3

⎧

⎪

⎨

⎪

⎩

𝑢𝑦2
𝜙2
𝜓2

⎫

⎪

⎬

⎪

⎭

, (63)

By assembling Eqs (62) and (63), the relation between damping force
and displacement can be expressed as

⎧

⎪

⎨

⎪

⎩

𝐹1

𝐹2

⎫

⎪

⎬

⎪

⎭6×1

=
𝑘
∑

𝑖=1

⎡

⎢

⎢

⎢

⎣

−𝑇 −1
12𝑖
𝑇11𝑖 𝑇 −1

12𝑖

𝑇21𝑖 − 𝑇22𝑖𝑇
−1
12𝑖
𝑇11𝑖 𝑇22𝑖𝑇

−1
12𝑖

⎤

⎥

⎥

⎥

⎦6×6

⎧

⎪

⎨

⎪

⎩

𝐷1

𝐷2

⎫

⎪

⎬

⎪

⎭6×1

. (64)

The composite panel is solved as a 1-D cantilever elastic panel. Hence,
for fixed end, {𝐷1} = 0 and for free end, 𝑀𝑥2 = 0 but 𝑄𝑥𝑦2 ≠ 0 and
𝑃𝑥𝑧2 ≠ 0. It can be derived from Eqs. (62) and (63) as

⎧

⎪

⎨

⎪

⎩

𝑢𝑦2
𝜙2
𝜓2

⎫

⎪

⎬

⎪

⎭

=
𝑘
∑

𝑖=1

[

𝑇12𝑖
]

3×3

[

𝑇22𝑖
]−1
3×3

⎧

⎪

⎨

⎪

⎩

0
𝑄𝑥𝑦2
𝑃𝑥𝑧2

⎫

⎪

⎬

⎪

⎭

, (65)

where flexibility and stiffness matrix of cantilever panel are,
[

𝐹
]

3×3 =
∑𝑘
𝑖=1

[

𝑇12𝑖
]

3×3

[

𝑇22𝑖
]−1
3×3 and

[

𝐾𝑠
]

3×3 =
[

𝐹
]−1
3×3, respectively. The value

of
{

𝐷2
}𝑇 = 1

𝐿
[

𝐹
]

3×3, which helps to calculate the curvature moment,
𝑃𝑥𝑧2 = 2𝐺𝐾𝑥𝑧2 𝑙

2. From the Eq. (59) and (65) the value of coefficient is
derived as

{

𝐶
}

6×1 =
𝑘
∑

𝑖=1

[

𝑅𝑖
]−1
6×3

[

𝑆𝑖(𝐿)
]−1
3×3

[

𝑇12
]

3×3

[

𝑇22
]−1
3×3

⎧

⎪

⎨

⎪

⎩

0
𝑄𝑥𝑦2
𝑃𝑥𝑧2

⎫

⎪

⎬

⎪

⎭3×1

, (66)

The value of the Eq. (66) is used with Eq. (57) to find out macro
and micro-displacements, yield stress and force resultants of cantilever
FRCP. The finite element analysis (with the help of ABAQUS software)
of plane-stress element to validate the in-plane static response is shown
in Fig. 3. The volume and surface area of panel are 𝐿𝑊 𝑇 and 2(𝐿𝑊 +
𝐿𝑇 +𝑊 𝑇 ), respectively. The salient features of the finite element model
are given as

1. Geometry: 3-D deformable shell planar.
2. Section: Homogeneous solid.
3. Mesh size: 0.025 m.
4. Mesh controls: Quad-dominated.
5. Element shape: Quad.
6. Element type: S4R.

S4R is 4-node general-purpose shell with reduced integration of hour-
glass control to avoid the shear and membrane strain. This Converges
to shear flexible theory for thick shells and classical theory for thin
shells (Hibbitt et al., 1997).
7

5.2. Dynamic response of composite panel

The dynamic system of coupled Eqs. (44) to (46) have no classical
representation. So, it is necessary to represent the coupled system
as a two-scale matrix via sufficient and necessary decoupling condi-
tions (Dion and Commault, 1993). The separation variable matrix of
coupled equations is expressed as
𝑘
∑

𝑖=1

[

𝑀𝜉𝑖𝑈
′′ +𝐷𝜉𝑖𝑈

′ +𝐾𝜉𝑖𝑈
]

= 0,

𝑘
∑

𝑖=1

[

𝑈 ′′ +𝑀−1
𝜉𝑖 𝐷𝜉𝑖𝑈

′ +𝑀−1
𝜉𝑖 𝐾𝜉𝑖𝑈

]

= 0, (67)

here value of 𝑀𝜉𝑖=
⎡

⎢

⎢

⎢

⎣

(

𝐵11𝜉𝑖 + 𝐵12𝜉𝑖

)

𝐴𝑖 0 0
0 𝐴1111𝜉𝑖𝐼𝑖 0
0 0 𝐷11𝜉𝑖𝐴𝑖

⎤

⎥

⎥

⎥

⎦

, 𝐷𝜉𝑖 =

0
(

𝐵11𝜉𝑖 − 𝐵12𝜉𝑖

)

𝐴𝑖 2𝐵12𝜉𝑖𝐴𝑖
−
(

𝐵21𝜉𝑖 + 𝐵22𝜉𝑖

)

𝐴𝑖 0 0
(

𝐸21𝜉𝑖 − 𝐸11𝜉𝑖

)

𝐴𝑖 0 0

⎤

⎥

⎥

⎥

⎥

⎦

, and the 𝐾𝜉𝑖 =

𝜌𝑖𝐴𝑖𝜔2 0 0
0

{

𝜌𝑖𝐼𝑖𝜔2 −
(

𝐵21𝜉𝑖 − 𝐵22𝜉𝑖

)

𝐴𝑖
}

−2𝐵22𝜉𝑖𝐴𝑖
0

(

𝐸22𝜉𝑖 − 𝐸12𝜉𝑖

)

𝐴𝑖
(

2𝐵22𝜉𝑖 − 2𝐵12𝜉𝑖 + 𝜌𝑖𝐽𝑖𝜔
2
)

𝐴𝑖

⎤

⎥

⎥

⎥

⎦

espectively. The generalized formulation of Eq. (67) via the graphical

epresentation of state–space method are as follows

𝑈 ′′

𝑈 ′

}

6×1
⏞⏞⏞⏟⏞⏞⏞⏟

𝑋′

=
𝑘
∑

𝑖=1

[

−𝑀−1
𝜉𝑖 𝐷𝜉𝑖 −𝑀−1

𝜉𝑖 𝐾𝜉𝑖
𝐼3 0

]

6×6
⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟

𝑍𝜉𝑖

{

𝑈 ′

𝑈

}

6×1
,

⏟⏞⏞⏞⏟⏞⏞⏞⏟
𝑋

𝑋′} =
𝑘
∑

𝑖=1

[

𝑍𝜉𝑖
] {

𝑋
}

. (68)

he solution of the above dynamic system of linear differential equa-
ions (O’neil, 2011; Ramana, 2006; Chau, 2017) is summarized as

𝑈 ′

𝑈

}

6×1
=

𝑘
∑

𝑖=1

[

𝜁𝜉𝑖𝑒
𝛺𝜉𝑖𝑥

]

⏟⏞⏞⏟⏞⏞⏟
𝑆𝜉𝑖(𝑥)

{

𝐶
}

6×1 ,

{

𝑈 ′

𝑈

}

6×1
=

𝑘
∑

𝑖=1

[

𝑆𝜉𝑖(𝑥)
]

6×6

{

𝐶
}

6×1 . (69)

here, 𝜁𝜉𝑖 and 𝛺𝜉𝑖 are eigenvector and eigenvalue of
[

𝑍𝜉𝑖
]

, respec-
ively. The state vector (or V matrix) by using displacement 𝑢𝑦, 𝜓 , 𝜙
nd resultants force Eqs. (40) to (43) can be expressed as

{

𝑉
}

6×1 =
𝑘
∑

𝑖=1

[

𝑅𝜉𝑖
]

6×6

{

𝑈 ′

𝑈

}

6×1
, (70)

0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1
0 𝐴1111𝜉𝑖𝐼𝑖 0 0 0 0

(𝐵21𝜉𝑖 + 𝐵22𝜉𝑖 )𝐴𝑖 0 0 0 (𝐵21𝜉𝑖 − 𝐵22𝜉𝑖 )𝐴𝑖 2𝐵22𝜉𝑖𝐴𝑖
0 0 𝐷11𝜉𝑖𝐴𝑖 0 0 0

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎦

epresents the value of 𝑅𝜉𝑖. From the Eqs. (69) and (70), the relation
etween state vector and coefficient is expressed as

𝑉 (𝑥)
}

6×1 =
𝑘
∑

[

𝑅𝜉𝑖
]

6×6

{

𝑆𝜉𝑖(𝑥)
}

6×6

{

𝐶
}

6×1 , (71)

𝑖=1
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Fig. 3. In-plane static response, 𝑈 =
√

𝑢2𝑥 + 𝑢2𝑦 of undamped FRCP caused by the transverse shear traction; for dimension 1 m × 1 m × 0.15 m.
Using end conditions 𝑥 = 0 and 𝑥 = 𝐿, the relation between state vector
𝑉 (0) and 𝑉 (𝐿) is expressed as

{

𝑉 (𝐿)
}

6×1 =
𝑘
∑

𝑖=1

[

𝑅𝜉𝑖
]

6×6

{

𝑆𝜉𝑖(𝐿)
}

6×6

[

𝑆𝜉𝑖(0)
]−1
6×6

{

𝑅𝜉𝑖
}−1
6×6

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
𝑇𝜉𝑖

{

𝑉 (0)
}

6×1 .

(72)

Let us assume, the transfer matrix of a dynamic system as

[

𝑇𝜉𝑖
]

6×6 =
𝑘
∑

𝑖=1

[

𝑇11𝜉𝑖 𝑇12𝜉𝑖
𝑇21𝜉𝑖 𝑇22𝜉𝑖

]

6×6

,

So, Eq. (72) can be written as
{

𝐷2
𝐹2

}

6×1
=

𝑘
∑

𝑖=1

[

𝑇11𝜉𝑖 𝑇12𝜉𝑖
𝑇21𝜉𝑖 𝑇22𝜉𝑖

]

6×6

{

𝐷1
𝐹1

}

6×1
, (73)

By using spectral element method, the Eq (73) can be described as

{

𝐹1
}

=
𝑘
∑

𝑖=1

[

𝑇12𝜉𝑖
]−1

3×3

{

𝐷2
}

−
𝑘
∑

𝑖=1

[

𝑇12𝜉𝑖
]−1

3×3

[

𝑇11𝜉𝑖
]

3×3

{

𝐷1
}

, (74)

Similarly,

{

𝐹2
}

=
𝑘
∑

𝑖=1

[

𝑇21𝜉𝑖 − 𝑇22𝜉𝑖𝑇
−1
12𝜉𝑖

𝑇11𝜉𝑖
]

3×3

{

𝐷1
}

+⋯

⋯ +
𝑘
∑

𝑖=1

[

𝑇22𝜉𝑖
]

3×3

[

𝑇12𝜉𝑖
]−1

3×3

{

𝐷2
}

, (75)

By assembling Eqs. (74) and (75), we can get relation between force
based damping and displacement

⎧

⎪

⎨

⎪

⎩

𝐹1

𝐹2

⎫

⎪

⎬

⎪

⎭6×1

=
𝑘
∑

𝑖=1

⎡

⎢

⎢

⎢

⎣

−𝑇 −1
12𝜉𝑖

𝑇11𝜉𝑖 𝑇 −1
12𝜉𝑖

𝑇21𝜉𝑖 − 𝑇22𝜉𝑖𝑇
−1
12𝜉𝑖

𝑇11𝜉𝑖 𝑇22𝜉𝑖𝑇
−1
12𝜉𝑖

⎤

⎥

⎥

⎥

⎦6×6

⎧

⎪

⎨

⎪

⎩

𝐷1

𝐷2

⎫

⎪

⎬

⎪

⎭6×1

. (76)

where
{

𝐷𝑗
}𝑇 =

{

𝑢𝑦𝑗 𝜙𝑗 𝜓𝑗
}

,
{

𝐹𝑗
}𝑇=

{

𝑀𝑥𝑗 𝑄𝑥𝑦𝑗 𝑃𝑥𝑧𝑗
}

and
j=1, 2. For a cantilever panel, the relation between displacement and
8

force is

⎧

⎪

⎨

⎪

⎩

𝑢𝑦2
𝜙2
𝜓2

⎫

⎪

⎬

⎪

⎭

=
𝑘
∑

𝑖=1

[

𝑇12𝜉𝑖
]

3×3

[

𝑇22𝜉𝑖
]−1

3×3

⎧

⎪

⎨

⎪

⎩

0
𝑄𝑥𝑦2
𝑃𝑥𝑧2

⎫

⎪

⎬

⎪

⎭

, (77)

The value of coefficient is

{

𝐶
}

6×1 =
𝑘
∑

𝑖=1

[

𝑅𝜉𝑖
]−1
6×3

[

𝑆𝜉𝑖(𝐿)
]−1
3×3

[

𝑇12𝜉𝑖
]

3×3

[

𝑇22𝜉𝑖
]−1

3×3

⎧

⎪

⎨

⎪

⎩

0
𝑄𝑥𝑦2
𝑃𝑥𝑧2

⎫

⎪

⎬

⎪

⎭3×1

. (78)

The analytical relation between stiffness parameter and damped fre-
quency can be evaluated from the Eq. (76) for any type of boundary
conditions.

5.3. Natural frequency of composite panel

The necessary and sufficient conditions to convert a damped system
into an undamped one are; 𝜉𝜎 = 𝜉𝜏 = 𝜉𝑚 = 1 and 𝜉𝑓 = 0. The undamped
relation between state vector 𝑉 (0) and 𝑉 (𝐿) for boundary conditions,
𝑥 = 0 and 𝑥 = 𝐿 is expressed as

{

𝑉 (𝐿)
}

6×1 =
𝑘
∑

𝑖=1

[

𝑅𝑖
]

6×6

{

𝑆𝑖(𝐿)
}

6×6

[

𝑆𝑖(0)
]−1
6×6

{

𝑅𝑖
}−1
6×6

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
𝑇𝑑𝑖

{

𝑉 (0)
}

6×1 . (79)

Let us assume, the transfer matrix of an undamped dynamic system as

[

𝑇𝑑𝑖
]

6×6 =
𝑘
∑

𝑖=1

[

𝑇11𝑖 𝑇12𝑖
𝑇21𝑖 𝑇22𝑖

]

6×6
,

Eq. (79) can be written as

{

𝑉 (𝐿)
}

6×1 =
𝑘
∑

[

𝑇11𝑖 𝑇12𝑖
]

{

𝑉 (0)
}

6×1 , (80)

𝑖=1 𝑇21𝑖 𝑇22𝑖 6×6
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So within spectral element framework, new relation of static stiffness
with force and displacement using state–space approach is

⎧

⎪

⎨

⎪

⎩

𝐹1

𝐹2

⎫

⎪

⎬

⎪

⎭6×1

=
𝑘
∑

𝑖=1

⎡

⎢

⎢

⎢

⎣

−𝑇 −1
12𝑖
𝑇11𝑖 𝑇 −1

12𝑖

𝑇21𝑖 − 𝑇22𝑖𝑇
−1
12𝑖
𝑇11𝑖 𝑇22𝑖𝑇

−1
12𝑖

⎤

⎥

⎥

⎥

⎦6×6

⎧

⎪

⎨

⎪

⎩

𝐷1

𝐷2

⎫

⎪

⎬

⎪

⎭6×1

, (81)

For the forcing frequencies (or 𝜔); when the values of transfer matrix
oefficient,

[

𝑇22𝑖𝑇
−1
12𝑖

]

3×3
will be equal to zero; those values will be

atural frequencies (or 𝜔𝑛). The finite element analysis of Plane-stress
lement to validate the free-vibration response is shown in Fig. 4. The
olume and surface area of panel are 𝐿𝑊 𝑇 and 2(𝐿𝑊 + 𝐿𝑇 + 𝑊 𝑇 ),

respectively. The salient features of finite element model for evaluating
natural frequencies of the cantilever panel are given as

1. Geometry: 3-D deformable shell planar.
2. Section: Homogeneous solid.
3. Mesh size: 0.025 m.
4. Mesh controls: Quad-dominated
5. Element shape: Quad.
6. Element type: S4R.

6. Results discussion of anisotropic domain FRCP

Consider a composite cantilever panel with following geometric
and material properties to compare the in-plane static and natural
frequency response: Modulus of elasticity, 𝐸𝑓 = 72.40 GPa and 𝐸𝑚 =
.45 GPa. Poisson ratio, 𝜈𝑓 = 0.22 and 𝜈𝑚 = 0.35. Mass density, 𝜌𝑓 =
600 kg∕m3 and 𝜌𝑚 = 1200 kg∕m3. Volume fraction, 𝑉𝑓 = 0.70 and 𝑉𝑚 =
.30. Length, 𝐿 = 1 𝑡𝑜 3 m, Width, 𝑊 = 0.15 𝑡𝑜 2.75 m, Thickness of
amina, 𝑡𝑙 = 0.05 m and Thickness of laminate, 𝑇 = 0.15 m. The effective
lastic properties and orientation of composite lamina are described in
he Table 1.

.1. Displacement of composite panel

Micropolar-Cosserat analysis with respect to FE analysis for 1 N∕m2

urface traction at free end with the varying dimensions are summa-
ized in the sections given below:

• The lateral deflection and corresponding stiffness of cantilever
panels are found directly from FE analysis. Typical graphs for
comparative analysis of lateral deflection and stiffness are shown
in Fig. 5.

• The rotation of cross-section is derived with the help of longi-
tudinal and lateral deflections of a panel which are found from
FE analysis. Typical sketch, formulation of macro and micro-
rotation (Singh et al., 2021), and graphical comparison of rotation
of cross-section is shown in Fig. 5. The rotation of cross-section
about the neutral axis is expressed as

𝜙 =

⎡

⎢

⎢

⎢

⎣

−
𝑢𝑥
𝑦

+

√

𝐴𝐵2
𝑥 + 𝐴𝐵2

𝑦

𝑦

⎤

⎥

⎥

⎥

⎦

, (82)

where, 𝐴𝐵𝑥 = −𝑊
2

sin 𝜃, 𝐴𝐵𝑦 =
𝑊
2

(1 − cos 𝜃) , 𝜃 =
𝜕𝑢𝑦
𝜕𝑥

, and 𝑦 =
𝑊
2

.

• The relative rotation of micro-structure (Singh et al., 2021) based
on the displacement field are shown in Fig. 5. The average
rotations of micro-structure is

𝜓 = 1
2

(

𝜙 −
𝜕𝑢𝑦
𝜕𝑥

)

(83)

Using the Eq. (82) and (83), micro-rotation is based on lateral and
longitudinal displacement as described by

𝜓 = 1
2

[

−
𝑢𝑥
𝑦

+

√

𝐴𝐵2
𝑥 + 𝐴𝐵2

𝑦

𝑦
−
𝜕𝑢𝑦
𝜕𝑥

]

(84)
9

t

The finite element solutions for in-plane static responses predicted
by ABAQUS are in excellent agreement with Micropolar-Cosserat ana-
lytical solutions using the spectral element method within state-space
framework. This theory provides curvature moment to capture the
curvature of edges; and as the size of panel increases the corresponding
best response comes out for in-plane undamped layered composite
panel (Ramezani et al., 2009; Karttunen et al., 2018). The macro
and micro-displacement of fiber–matrix composite into Micropolar-
Cosserat framework is based on the second-order scale length pa-
rameters (Hasanyan and Waas, 2018b). The constitutive matrix (or
energy density), and characteristics length (or strain softening) based
curvature moment is the function of localization of mesh sensitivity
of composite panel (Eaton et al., 1995). The localization associated
with strain softening is neither necessary nor sufficient in setting the
constant width of the shear band and energy dissipation during the time
of computation (De Borst and Sluys, 1991; Needleman, 1988).

6.2. Natural frequency

The numerical value of

√

𝜌𝐿2

𝐺12
has been multiplied with natural

frequency and plotted against the reduced scale natural frequency
for FRCP cantilever panel; and compared graph is shown in Fig. 5.
The natural frequency response of Micropolar-Cosserat composite panel
matches closely to numerical analysis of plane-stress element. Another
important feature of the composite materials is the bond behavior;
the matrix damage in laminated composites accounting for the in-
homogeneous distinct properties of the fiber and matrix, i.e. the elastic
constants, are continuous functions of the bond orientation in the
principal axes (Daniel et al., 1994). So, macro-mechanics of compos-
ite laminates and corresponding stiffness of off-axis modulus changes
continuously with respect to the delamination of fiber orientation in
a unidirectional lamina (Diana and Casolo, 2019; Zhou et al., 2017;
Mikata, 2019). The continuous change into the off-axis modulus leads
to wave mode conversion (Munian et al., 2018). The propagation of
waves having high frequencies or short wave lengths (Lan et al., 2014),
in particular, when the wave length is of the same order of magnitude
as the average dimension of the micro-elements, the intrinsic motion
of the micro-elements with respect to the center of mass affects the
outcome appreciably (Singh et al., 2018).

6.3. Damping response of the panel

The response of a FRCP for 1 N∕m2 as a surface traction at free end
ith internal damping only, and with zero external damping are plotted

n Fig. 6. In-plane static response and natural frequency of composite
anel is matching with undamped response of Fig. 6. The macro and
icro-displacement has been normalized with respect to its static value

f damped response; where size of panel considered is 1 m × 1 m ×
.15 m. Macro and micro-displacement, as well as forcing frequency is
radually decreasing due to damping dissipation (Scerrato, 2014). The
mplitude and phase angle of the response of a viscoelastic damped
ystem at resonance is dependent on the damping coefficient of the sys-
em (Capsoni et al., 2013). In a viscoelastic damped system, resonance
ccurs when damped forcing frequency is equal to undamped natural
requency (Foley et al., 2008). So, for ratio of damped forcing frequency
o undamped natural frequency much lesser than 1, resonance is very
lose to undamped natural frequency and hence the phase difference
ngle is, −𝜋∕2. Also, it is noteworthy that the phase before resonance is
ery close to zero and after resonance is, −𝜋 (Luongo and Zulli, 2020).
imilarly, the amplitude is very low expect near the resonant frequency.
hen the phase angle reaches close to zero degree, then the amplitude

eaches close to 1, i.e. very less amplification is observed (Joris and
in, 1992). So, to summarize, as damping increases in the system, both

he phase angle and amplitude at resonance decreases. Also, the rate of
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Fig. 4. FE undamped model based static stiffness for the natural frequency of first mode is 534.22 Hz; for dimension 1000 mm × 1000 mm × 150 mm.
Table 1

𝐸11 𝐸22 = 𝐸33 𝐺12 = 𝐺13 𝐺23 𝜈12 = 𝜈13 𝜈23 𝜌 𝜃
(GPa) (GPa) (GPa) (GPa) (kg∕m3) (𝑑𝑒𝑔)

51.72 10.35 6.91 3.89 0.26 0.33 2180 45/0/45

Note: Relation between poisson ratio and young modulus is 𝜈23 <
{

1 − 2𝜈213

(

𝐸11

𝐸33

)}

.

change near the neighborhood decreases which means that the transi-
tion near the resonance is smoother (Baer et al., 1989). Phase response
at resonance frequency for stiffness element, [𝐾33] and [𝐾66] of FRCP
is changing from one phase to another phase. The phase propagation
through the composite panel has negative and positive slope at the left
and right side of the resonance frequency, respectively. So, the medium
has a band-gap region of zero wave propagation at resonance, which
results in constant phase across the medium (Aydin et al., 2004). In
other words, the propagation of the wave is backward at the resonance
which results in negative phase slope across the medium (Nguyen et al.,
2018).

The individual behavior of diagonal stiffness element and corre-
sponding phase angle are shown in Fig. 7 and Fig. 8, respectively. The
diagonal stiffness elements have been normalized by the corresponding
static values of damped response.

The phase angle is described by

phase angle

= cos−1
[

real value of stiffness
{real value of stiffness}2 + {imaginary value of stiffness}2

]

(85)
The normalized value of forcing frequency is plotted by multiplying

the constant value of

√

𝜌𝐿2

𝐺12
rad/sec. The amplitude and phase an-

gle of the response of a viscoelastic damped system at resonance is
10
dependent on the damping coefficient of the system (Capsoni et al.,
2013). In a viscoelastic damped system, resonance occurs when damped
forcing frequency is equal to undamped natural frequency (Foley et al.,
2008). So, for ratio of damped forcing frequency to undamped natural
frequency much lesser than 1, resonance is very close to undamped
natural frequency and hence the phase difference angle is, −𝜋∕2. Also,
it is noteworthy that the phase before resonance is very close to zero
and after resonance is, −𝜋 (Luongo and Zulli, 2020). Similarly, the
amplitude is very low expect near the resonant frequency. When the
phase angle reaches close to zero degree, then the amplitude reaches
close to 1, i.e. very less amplification is observed (Joris and Yin, 1992).
So, to summarize, as damping increases in the system, both the phase
angle and amplitude at resonance decreases. Also, the rate of change
near the neighborhood decreases which means that the transition near
the resonance is smoother (Baer et al., 1989). Phase response at res-
onance frequency for stiffness element, [𝐾33] and [𝐾66] of FRCP is
changing from one phase to another phase. The phase propagation
through the composite panel has negative and positive slope at the left
and right side of the resonance frequency, respectively. So, the medium
has a band-gap region of zero wave propagation at resonance, which
results in constant phase across the medium (Aydin et al., 2004). In
other words, the propagation of the wave is backward at the resonance
which results in negative phase slope across the medium (Nguyen et al.,
2018).
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Fig. 5. In-plane static and dynamic response of undamped transversely isotropic layered composite panel. Natural frequency is scaled by a proper factor,

√

𝜌𝐿2

𝐺12
.

7. Summary of the results

One-dimensional Micropolar-Cosserat anisotropic elastic beam the-
ory is used to evaluate the in-plane damped and undamped response
of the composite panel. The conclusion from the study of static and
dynamic systems are listed below.

7.1. Damped systems

• The analytical expression is derived for the external as well as
internal damping system. The dynamic response shown in the
plots is limited to the internal damping.

• The analytical response of internal damping is evaluated by spec-
tral element method within state space framework.

• Mathematical response and significance of damped FRCP, dis-
placement, diagonal stiffness and phase angle are presented.
11
• In-plane static response and natural frequency show good agree-
ment for undamped response, as depicted in Fig. 6

7.2. Undamped systems

7.2.1. Static systems
• This system is able to predict the presence of curvature or micro-

rotational displacement field of fiber deformation.
• Spectral element method within state–space framework is used

for the snapshot of macro and micro displacements of composite
panels.

• Finite element model of panel is validated with Micropolar-
Cosserat analysis.

• The comparative study shows that difference in macro and micro-
deflection, and stiffness are less than 3%; when the width of infill
walls is limited up to 0.75𝐿.
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Fig. 6. Variation of coefficient of bending stress, 𝑏𝑑 and shear stress, 𝑠𝑑 for the composite panel; size of panel 1 m × 1 m × 0.15 m.
7.2.2. Dynamic systems
• The Micropolar-Cosserat FRCP is able to predict the presence of

the dispersive phenomenon of flexural waves.
• Spectral element method is used for evaluating the natural fre-

quencies of panels.
• Finite element simulations of panel walls and Micropolar-Cosserat

theory shows good agreement.
• The comparative study shows that difference in natural frequen-

cies are less than 5%; when the width of infill walls is limited up
to 0.75𝐿.

8. Conclusions

The micromechanics of lamina’s approach for homogenized fiber–
matrix structure is very advantageous in predicting the behavior of the
composites, accurately. But, asymmetric curvature pattern is observed
12
in the FRCP due to structurally unbalanced and asymmetrical orienta-
tion of lamina about the mid-plane. The ESL theory into Micropolar-
Cosserat continuum provides a good agreement to macro and micro-
deformation, and natural frequency using the spectral element method;
when compared with plane stress FE model. The contribution of the
paper and novelty of this work includes:

• The micro-mechanical conversion of local to global lamina based
on Rodrigues’ rotational formula for damped composite panel is
the unique features of this study.

• The proposed analytical approach using spectral element method
with in state–space framework can be used to evaluate the damped
response of composite panel for any type of boundary conditions.

• In the present paper, the curvature force has been considered due
to asymmetric shear at free end to find the exact undamped and
damped response of FRCP.
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Fig. 7. Variation of coefficient of bending stress, 𝑠𝑑 for the elements of diagonal stiffness matrix of panel; size of panel 1 m × 1 m × 0.15 m.
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Fig. 8. Variation of coefficient of shear stress, 𝑏𝑑 for the elements of diagonal stiffness matrix of panel; size of panel 1 m × 1 m × 0.15 m.
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• The validation of theoretical independent micro-rotation of panel
with the help of undamped static response of the plane-stress
element has not been presented before elsewhere.

• The analytical results evidenced a good agreement with finite
element analysis due to incorporation of proposed exact boundary
condition at free end.

n the basis of the study of transversely isotropic Micropolar-Cosserat
ayered composite panels conducted here, future works will consider
amping evaluation of composite panels with auxetic core material.
his will help to customize overall damping in composite materials.
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ppendix. Elastic stiffness composite panel

.1. Fiber properties of lamina

𝐸11 = 𝐸𝑓𝑉𝑓 + 𝐸𝑚𝑉𝑚, 𝐸22 =
𝐸𝑓𝐸𝑚

𝐸𝑓𝑉𝑚 + 𝐸𝑚𝑉𝑓
, 𝐺𝑓 =

𝐸𝑓
2(1 + 𝜈𝑓 )

, 𝐺𝑚 =

𝐸𝑚
2(1 + 𝜈𝑚)

, 𝐺12 =
𝐺𝑓𝐺𝑚

𝐺𝑓𝑉𝑚 + 𝐺𝑚𝑉𝑓
, 𝜈12 = 𝜈𝑓𝑉𝑓 + 𝜈𝑚𝑉𝑚, 𝜈21 =

𝜈12𝐸22
𝐸11

and
= 𝜌𝑓𝑉𝑓 + 𝜌𝑚𝑉𝑚.
here 𝜈𝑓 , 𝜈𝑚, 𝐸𝑓 , 𝐸𝑚, 𝐺𝑓 , 𝐺𝑚, 𝜌𝑓 , 𝜌𝑚, and 𝑙(= 0.02 × 𝐿) (Rahaman
t al., 2015) are Poisson ratio, young modulus, shear modulus, density
nd characteristics length, for the unidirectional fiber and matrix of
nisotropic domain lamina, respectively.

.2. Constant of local constitutive matrix

𝐶11 =
𝐸2
11
(

𝜈23 − 1
)

▵
, 𝐶22 =

𝐸22
(

𝐸22𝜈212 − 𝐸11
)

▵
(

1 + 𝜈23
) , 𝐶12 = 𝐶21 =

𝐸11𝐸22𝜈12
▵

, 𝐶33 = 𝐺12, 𝐶34 =
𝐺12
27

, 𝐶44 =
𝐺12
9
, 𝐶55 = 2𝐺12𝑙2, ▵=

2𝐸22𝜈212 + 𝐸11
(

𝜈23 − 1
)

, 𝐷1111 = 𝐶11, 𝐷2222 = 𝐶22, 𝐷1122 = 𝐶12, 𝐷1212 =

𝐶33 + 1
4
𝐶44 + 2𝐶34, 𝐷1221 = 𝐶33 − 1

4
𝐶44, 𝐷2121 = 𝐶33 + 1

4
𝐶44 − 2𝐶34,

𝐷1313 = 𝐶55, and 𝐷2323 = 𝐶66 (Rahaman et al., 2015; Hasanyan and
Waas, 2018b).

A.3. Constant of global constitutive matrix

A.3.1. Damped system

𝐴1111𝜉𝑖 = 𝐶11
𝑀𝑐𝑠𝜉𝜎
𝑃𝑐𝑠

+ 2𝐶33
𝑠2𝜉𝜏
𝑃𝑐𝑠

, 𝐴1112𝜉𝑖 = 𝐶11
𝑠𝑀𝑐𝑠𝜉𝜎
𝑐𝑃𝑐𝑠

− 𝐶33
𝑠𝑀𝑐𝑠𝜉𝜏
𝑐𝑃𝑐𝑠

,

𝐴1121𝜉𝑖 = −𝐶34
𝑠𝜉𝜏
𝑐𝑃𝑐𝑠

, 𝐴1211𝜉𝑖 = 2𝐶11
𝑐𝑠𝜉𝜎
𝑃𝑐𝑠

−2𝐶33
𝑐𝑠𝜉𝜏
𝑃𝑐𝑠

, 𝐴1212𝜉𝑖 = 2𝐶11
𝑠2𝜉𝜎
𝑃𝑐𝑠

+

𝐶33
𝑀𝑐𝑠𝜉𝜏
𝑃𝑐𝑠

, 𝐴1221𝜉𝑖 =
𝐶34𝜉𝜏
𝑃𝑐𝑠

, 𝐴2111𝜉𝑖 = −2𝑐𝑠𝜉𝜏𝐶34, 𝐴2112𝜉𝑖 = 𝐶34𝑀𝑐𝑠𝜉𝜏 ,

2121𝜉𝑖 = 𝜉𝜏𝐶44, 𝐷11𝜉𝑖 = 𝜉𝑚𝐶55, 𝑀𝑐𝑠 = 𝑐2 − 𝑠2, and 𝑃𝑐𝑠 = 𝑐2 + 𝑠2.

.3.2. Undamped system
𝐴1111𝑖 = 𝐶11

𝑀𝑐𝑠
𝑃𝑐𝑠

+ 2𝐶33
𝑠2

𝑃𝑐𝑠
, 𝐴1112𝑖 = 𝐶11

𝑠𝑀𝑐𝑠
𝑐𝑃𝑐𝑠

− 𝐶33
𝑠𝑀𝑐𝑠
𝑐𝑃𝑐𝑠

, 𝐴1121𝑖 =

𝐶34
𝑠

𝑐𝑃𝑐𝑠
, 𝐴1211𝑖 = 2𝐶11

𝑐𝑠
𝑃𝑐𝑠

− 2𝐶33
𝑐𝑠
𝑃𝑐𝑠

, 𝐴1212𝑖 = 2𝐶11
𝑠2

𝑃𝑐𝑠
+ 𝐶33

𝑀𝑐𝑠
𝑃𝑐𝑠

,

1221𝑖 =
𝐶34
𝑃𝑐𝑠

, 𝐴2111𝑖 = −2𝑐𝑠𝐶34, 𝐴2112𝑖 = 𝐶34𝑀𝑐𝑠, 𝐴2121𝑖 = 𝐶44, 𝐷11 =

𝐶 , 𝑀 = 𝑐2 − 𝑠2, and 𝑃 = 𝑐2 + 𝑠2.
15

55 𝑐𝑠 𝑐𝑠
A.4. Stiffness parameter of ESL

A.4.1. Damped system
𝐵11𝜉𝑖 =

(

𝐴1212𝜉𝑖 − 𝐴2112𝜉𝑖

)

, 𝐵12𝜉𝑖 =
(

𝐴1221𝜉𝑖 − 𝐴2121𝜉𝑖

)

, 𝐵21𝜉𝑖 =

𝐴1212𝜉𝑖 + 𝐴2112𝜉𝑖

)

, 𝐵22𝜉𝑖 = 𝜉𝑖
(

𝐴1221𝜉𝑖 + 𝐴2121𝜉𝑖

)

, 𝐸11𝜉𝑖 =
(

𝐵11𝜉𝑖 + 𝐵12𝜉𝑖

)

,

12𝜉𝑖 =
(

𝐵11𝜉𝑖 − 𝐵12𝜉𝑖

)

, 𝐸21𝜉𝑖 =
(

𝐵21𝜉𝑖 + 𝐵22𝜉𝑖

)

, and

22𝜉𝑖 =
(

𝐵21𝜉𝑖 − 𝐵22𝜉𝑖

)

.

.4.2. Undamped system
𝐵11𝑖 =

(

𝐴1212𝑖 − 𝐴2112𝑖

)

, 𝐵12𝑖 =
(

𝐴1221𝑖 − 𝐴2121𝑖

)

,

21𝑖 =
(

𝐴1212𝑖 + 𝐴2112𝑖

)

, 𝐵22𝑖 =
(

𝐴1221𝑖 + 𝐴2121𝑖

)

, 𝐸11𝑖 =
(

𝐵11𝑖 + 𝐵12𝑖

)

,

𝐸12𝑖 =
(

𝐵11𝑖 − 𝐵12𝑖

)

, 𝐸21𝑖 =
(

𝐵21𝑖 + 𝐵22𝑖

)

, and 𝐸22𝑖 =
(

𝐵21𝑖 − 𝐵22𝑖

)

.
here 𝑖 = number of transversely isotropic lamina of having either the

ame or differing properties and 𝑖 = 1, 2, . . .𝑘. The maximum value of
is 3.
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