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A B S T R A C T   

A generic analytical framework is proposed to obtain the dynamic elastic moduli of lattice materials under 
steady-state vibration conditions. The dynamic deformation behaviour of the individual beam elements of a 
lattice is distinct from the behaviour under a static condition. This leads to a completely different global 
deformation pattern of the lattice material and subsequently opens up a tremendous opportunity to modulate 
amplitude and phase of the elastic properties of lattices as a function of the ambient vibration. The dynamic 
stiffness approach proposed in this article precisely captures the sub-wavelength scale dynamics of the periodic 
network of beams in a lattice material using a single beam-like member. Here the dynamic stiffness matrix of a 
damped beam element based on the Timoshenko beam theory along with axial stretching is coupled with the unit 
cell-based approach to derive the most general closed-form analytical formulae for the elastic moduli of lattice 
materials across the whole frequency range. It is systematically shown how the general expressions of dynamic 
elastic moduli can be reduced to different special cases by neglecting axial and shear deformations under dy-
namic as well as classical static conditions. The significance of developing the dynamic stiffness approach 
compared to conventional dynamic finite element approach is highlighted by presenting detailed analytical 
derivations and representative numerical results. Further, it is shown how the analytical framework can be 
readily extended to lattices with non-prismatic beam elements with any spatial variation in geometry and 
intrinsic material properties. In general, research activities in the field of lattice metamaterials dealing with 
elastic properties revolve around intuitively designing the microstructural geometry of the lattice structure. Here 
we propose to couple the physics of deformation as a function of vibrating frequency along with the conventional 
approach of designing microstructural geometry to expand the effective design space significantly. The 
stretching-enriched physics of deformation in the lattice materials in addition to the bending and shear de-
formations under dynamic conditions lead to complex-valued elastic moduli due to the presence of damping in 
the constituent material. The amplitude, as well as the phase of effective elastic properties of lattice materials, 
can be quantified using the proposed approach. The dependence of Poisson’s ratio on the intrinsic material 
physics in case of a geometrically regular lattice is found to be in contrary to the common notion that Poisson’s 
ratios of perfectly periodic lattices are only the function of microstructural geometry. The generic analytical 
approach for analysing the elastic moduli is applicable to any form of two- or three-dimensional lattices, and any 
profile of the constituent beam-like elements (different cross-sections as well as spatially varying geometry and 
intrinsic material properties) through a wide range of frequency band. The closed-form expressions of elastic 
moduli derived in this article can be viewed as the broadband dynamic generalisation of the well-established 
classical expressions of elastic moduli under static loading, essentially adding a new exploitable dimension in 
the metamaterials research in terms of dynamics of the intrinsic material.   

* Corresponding author. 
E-mail address: tanmoy@iitk.ac.in (T. Mukhopadhyay).  

Contents lists available at ScienceDirect 

Mechanics of Materials 

journal homepage: www.elsevier.com/locate/mechmat 

https://doi.org/10.1016/j.mechmat.2021.103796 
Received 18 May 2020; Received in revised form 17 November 2020; Accepted 5 February 2021   

mailto:tanmoy@iitk.ac.in
www.sciencedirect.com/science/journal/01676636
https://www.elsevier.com/locate/mechmat
https://doi.org/10.1016/j.mechmat.2021.103796
https://doi.org/10.1016/j.mechmat.2021.103796
https://doi.org/10.1016/j.mechmat.2021.103796
http://crossmark.crossref.org/dialog/?doi=10.1016/j.mechmat.2021.103796&domain=pdf


Mechanics of Materials 157 (2021) 103796

2

1. Introduction 

Lattice-based materials are a class of mechanical metamaterials 
which are typically characterised by the periodicity of a unit cell. An 
interesting aspect of such metamaterials is that the overall property is 
largely dependent on the geometric features of the periodic unit cells 
besides the intrinsic property of the constituent material. Intense 
research in recent years show exciting and unprecedented developments 
such as ultralight metamaterials (Zheng et al., 2014) approaching 
theoretical strength limit (Berger et al., 2017), pentamode materials 
(Kadic et al., 2012) with cloaking mode (Buckmann et al., 2014), 
negative refraction elastic waves (Zhu et al., 2014), far-field actuation 
dependent local shape and stiffness modulation (Mukhopadhyay et al., 
2020a; Wang et al., 2020), elastic cloaking (Milton et al., 2006; Stenger 
et al., 2012), hyperbolic elastic metamaterials (García-Chocano et al., 
2014), negative Poisson’s ratio (auxetic) materials (Lakes, 1987; 
Mukhopadhyay and Adhikari, 2017a), materials with negative effective 
elastic modulus (Fang et al., 2006), negative mass density (Yang et al., 
2008), multi-physical and multi-material property modulation 
(Mukhopadhyay et al., 2019a, 2020b; Singh et al., 2021) and nano-scale 
multi-functional properties (Chandra et al., 2020; Mukhopadhyay et al., 
2017a, 2018, 2020c; Roy et al., 2021). Such advanced materials are 
often used in vibrating systems such as aerospace structures, wind tur-
bine and a plenty of electro-mechanical devices. In a vibrating condi-
tion, deformation behaviour of the individual beam elements of a lattice 
material becomes significantly different from the behaviour under a 
static condition. This leads to a completely different global deformation 
behaviour of the lattice material and subsequently the effective elastic 
properties such as Young’s moduli, shear modulus and Poisson’s ratios 
become dependent on the vibration parameters. Focus of this article is to 
investigate the effective elastic properties of lattice materials as a 
function of vibrating frequencies covering a broad brand. 

A unit cell (or representative volume element) based approach to 
obtain effective properties (also know as homogenisation methods) of 
periodic elastic materials can be traced back to the classical work by 
Hashin and Shtrikman (1963). Exploiting periodic boundary conditions 
and mechanics of a unit cell, equivalent mechanical properties for 
cellular materials have been investigated in (El-Sayed et al., 1979; 
Gibson and Ashby, 1999; Malek and Gibson, 2015; Meza et al., 2017; 
Mukhopadhyay et al., 2017b; Wehmeyer et al., 2019; Zok et al., 2016; 
Zschernack et al., 2016)), (), (. Homogenisation of metamaterials with 
sub-wavelength dynamics needs to differ from the classical homogeni-
sation approaches due to the fact that there are local resonators 
embedded in metamaterials. This has led to the development of dynamic 
homogenisation approaches (Nemat-Nasser et al., 2011; Norris et al., 
2012; Willis, 2009; Craster et al., 1098). The dynamic homogenisation 
can be viewed as a higher-order method (Srivastava, 2015) compared to 
the classical static homogenisation approaches. The unit cell based ho-
mogenisation approaches are strictly not applicable when the lattices 
are not perfectly periodic, as will be the case when random in-
homogeneities are present in the metamaterial. To address this issue, the 
idea of ‘representative unit cell element (RUCE) was introduced 
(Mukhopadhyay and Adhikari, 2017b; Mukhopadhyay and Adhikari, 
2016a) in the context of static homogenisation of cellular metamaterials. 
This approach is a step-change in the field as it provides the analytical 
basis for considering inhomogeneities in cellular metamaterials and 
develops closed-form physics-based expressions for equivalent (static) 
elastic properties. The effective out-of-plane elastic properties of 
randomly disordered lattices are shown in (Mukhopadhyay and Adhi-
kari, 2016b). Homogenisation of continuum systems with random cir-
cular inclusions have been discussed recently (Pivovarov and 
Steinmann, 2016a,b) for static problems. 

Vibration and wave propagation in periodic structures (Brillouin, 
1953) plays a crucial role in the analysis and design of metamaterials. 
Extensive works have been undertaken since the mid 60’s on dynamics 
of periodic structures (Mead, 1996). The main motivation was to 

efficiently analyse large aerospace structures made of periodic units 
such as periodically stiffened shell in an aircraft fuselage. One of the 
most popular computational methods for analysing wave propagation in 
metamaterials rely on the Floquet-Bloch theorem (Hussein et al., 2014), 
which is essentially based on periodic boundary condition for a unit cell. 
Overall wave propagation behaviour depends on the dynamic charac-
teristics of a unit cell and can be understood in terms of the band-gaps 
(Deymier, 2013), (Brillouin, 1953). Consequently, efficient analytical 
methods (Bigoni et al., 2013) and numerical methods for the computa-
tion of bandgaps of metamaterials have taken centre stage in most 
current research (Hussein, 2009a; Palermo and Marzani, 2016; Sugino 
et al., 2016). Classical wave propagation approaches were developed for 
undamped metamaterials. Few authors have considered damped meta-
materials (Hussein, 2009b) where internal damping within a unit cell is 
considered explicitly (Hussein and Frazier, 2013; Yu et al., 2017). 

Dynamic elastic moduli of metamaterials differ from the effective 
elastic moduli under a static condition (Mukhopadhyay et al., 2019b). 
Such dynamic elastic moduli are a function of the forcing frequency of 
vibration. The difference is due to the fact that deformation behaviour of 
the constituting members (such as the beam indicated in Fig. 1) is 
different in static and dynamic environments. This essentially leads to a 
significant deviation (/enhancement) in elastic moduli of lattice mate-
rials, which is actually a network of such constituent members. The 
enhanced elastic moduli has been proposed to be exploited in the opti-
mum design of various structural systems (such as aircraft wings and 
turbine blades), which are subjected to vibration during the operational 
condition (Mukhopadhyay et al., 2019b). It can be shown that the elastic 
moduli could become negative at certain frequencies depending on the 
microstructural configuration. In a recent paper, the sub-wavelength 
scale dynamics in the deformation of a constituent beam element has 
been captured based on dynamic stiffness approach considering only 
bending deformation. This has led to the derivation of closed-form 
analytical limits of negative elastic moduli (Adhikari et al., 2020; 
Mukhopadhyay et al., 2019c). In this context, it is important to note that 
three contributing mechanisms in the effective deformation of lattice 
materials are bending, shear and axial, among which bending defor-
mation is normally predominant in the static elastic moduli for thin 
cell-walled hexagonal lattices. Such lattices can effectively be analysed 
using the Euler-Bernoulli beam theorem. However, even in case of thin 
cell-walled lattices, the shear and axial deformation can assume signif-
icant role in case of higher frequencies. Thus the previous analytical 
framework (Mukhopadhyay et al., 2019b) is essentially restricted to the 
low frequency range and thin cell walls. 

In this paper we aim to develop a generic analytical framework 
applicable to a broad band of frequency based on Timoshenko beam 
formulation (Bhat and Ganguli, 2019; Dawe, 1984) coupled with the 
dynamic stiffness approach, wherein all the three deformation mecha-
nisms (bending, axial and shear) can be accounted. Thus the proposed 
formulation will be applicable to static as well as higher frequencies of 
vibration without any restriction of cell wall thickness. First, the dy-
namic stiffness of a single beam element is developed based on Timo-
shenko beam theory and thereafter, the dynamic stiffness matrix of a 
single beam element will be utilized to obtain the effective elastic 
properties of the entire periodic lattice on the basis of unit cell approach 
(refer to Fig. 1(a–c)). Most of the research activities in the field of lattice 
metamaterials dealing with elastic properties revolve around intuitively 
designing the microstructural geometry of the lattice structure. Here we 
essentially propose to couple the physics of deformation as a function of 
vibrating broad band frequency along with the conventional approach 
of designing microstructural geometry to expand the effective design 
space significantly. In the following sections, first a detailed derivation 
of the effective frequency-dependent elastic properties of lattice mate-
rials (including the derivation of static and dynamic stiffness matrices 
for a single beam element and the effective elastic properties of the 
entire lattice there after) is presented along with insightful numerical 
results, followed by discussions on several special cases and generality of 
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the proposed framework, and concluding remarks. 

2. Overview of the unit cell approach for equivalent elastic 
moduli 

2.1. Equivalent in-plane elastic moduli 

The effective elastic properties of a lattice material is important for 
global stress-strain analysis. When in-plane elasticity of orthotropic 2D 
materials are considered, the constitutive relationship can be expressed 
as (Rivello, 1969) 
⎧
⎨

⎩

ε11
ε22
2ε12

⎫
⎬

⎭
=

⎡

⎣
1/E1 − ν21/E2 0
− ν12/E1 1/E2 0
0 0 1/G12

⎤

⎦

⎧
⎨

⎩

σ11
σ22
σ12

⎫
⎬

⎭
(1)  

Here ε(⋅) and σ(⋅) represent strain and stress within the 2D material. In the 
above equation E1 is the longitudinal Young’s modulus, E2 is the 
transverse Young’s modulus, G12 is the shear modulus, ν12 and ν21 are 
the Poisson’s ratios. These five quantities explicitly define stress-strain 
relationship. This can be illustrated by inverting the coefficient matrix 
in Eq. (1) as 
⎧
⎨

⎩

σ11
σ22
σ12

⎫
⎬

⎭
=

⎡

⎣
E1/(1 − ν12ν21) ν21E1/(1 − ν12ν21) 0
ν12E2/(1 − ν12ν21) E2/(1 − ν12ν21) 0
0 0 G12

⎤

⎦

⎧
⎨

⎩

ε11
ε22
2ε12

⎫
⎬

⎭
(2) 

We consider the case when external stress or strain applied to the 
material is dynamic in nature. Without any loss of generality, the steady- 

state condition is assumed along with the fact that the applied excitation 
is harmonic in nature. Considering the linear material behaviour, we can 
deduce that both stress and strain will be functions of a same frequency 
value. From Eq. (2) we can therefore obtain 

σ11(ω) =
E1(ω)

(1 − ν12(ω)ν21(ω))
(ε11(ω) + ν21(ω)ε22(ω))

σ22(ω) =
E2(ω)

(1 − ν12(ω)ν21(ω))
(ν12(ω)ε11(ω) + ε22(ω))

σ12(ω) = G12(ω)[2ε12(ω)]

(3)  

In this expression, all the five elasticity constants (three elastic moduli 
and two Poisson’s ratios) are frequency dependent. The aim of this paper 
is to derive analytical expressions of these quantities. The frequency 
depended elasticity constants have some advantages over the classical 
‘static’ elastic constants for 2D lattices:  

• Physical insights: The frequency depended elasticity constants give a 
more comprehensive characterization of these crucial material con-
stants as the excitation frequency changes. The ‘static’ elastic con-
stants appear as a special case when the frequency is ‘zero’. The 
adaptive nature of the materials constants in the frequency domain 
gives rise to exciting new physical phenomenon such as negative 
elastic moduli at certain frequency ranges (Adhikari et al., 2020; 
Mukhopadhyay et al., 2019c), negative mass density (Chen et al., 
2017) and anisotropic mass density (Zhu et al., 2016).  

• Quantification of damping: Due to the presence of damping in the 
microstructure, the material constants become complex-valued 

Fig. 1. Generic lattice metamaterials under vibrating condition. (a) Typical representation of a generic lattice metamaterial under dynamic loading (such as the 
honeycomb core as a part of sandwich structures used in aircraft components). Here we show a multi-scale framework starting from the macro-structure level of an 
aircraft to the microstructure level of the honeycomb. (b) Hexagonal unit cell under vibration, where the deformation mechanism of each constituent beam elements 
are different from their static counterpart (c) A Timoshenko beam element with two nodes and six degrees of freedom consisting of the axial deformation, transverse 
deformation and rotation at the two nodes. Here the displacement field in between the two nodes is expressed using complex frequency-dependent shape functions. 
(d) Typical representation of different beam shapes which could potentially be used as constituent beams in proposed analytical framework (e–i) Different types of 
lattices where the proposed analytical approach could be readily applicable (the respective unit cells are highlighted). 
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functions in the frequency domain. This gives a direct route to 
quantify damping of the overall material. This is in general not 
possible if classical elastic constants are used.  

• Computational advantage: Dynamic analysis of complex systems with 
embedded cellular materials is governed by boundary value prob-
lems. In general, some numerical methods such as the finite element 
method are necessary to solve such problems. The use of frequency 
dependent elasticity constants will allow coarser discretization 
leading to an efficient computational approach. This is possible 
because frequency dependent elasticity constants take account of 
inertia properties and localised vibration modes accurately. 

Frequency-dependent elasticity constants, therefore, quantify 
equivalent homogeneous properties of 2D lattices when subjected to 
external harmonic excitation. Although the equivalent homogeneous 
properties are considered here, another area where the proposed 
formation will be relevant is the in-plane wave propagation (Karlicic 
et al., 2021; Liu et al., 2011). Here frequency dependent elasticity 
constants can be incorporated for enhanced computational efficiency 
and accuracy. 

2.2. The unit cell model 

The effective elastic property of a lattice structure can be obtained by 
exploiting the periodicity of a suitably selected unit cell. The choice of 
the unit cell is not unique. If a two-dimensional lattice is perfectly pe-
riodic in both the directions and there are a sufficient number of unit 
cells, the equivalent elastic properties are independent of the choice of 
the unit cell as long as it physically represents the entire lattice structure. 
Therefore, it is customary to choose a unit cell which simplifies the 
analysis. In Fig. 2 we show a representative example of a hexagonal 
lattice and its corresponding unit cell. Each of the cell walls bend and 
stretch when subjected to in-plane stress. When the applied stress is 
uniform along with the out of plane, each elements of the unit cell in 
Fig. 2(b) can be modelled as a beam. Here we briefly discuss the statics 
and dynamics of beams using different standard approaches. Two 
different types of beam theories, namely, Euler-Bernoulli beam theory 
and Timoshenko beam theory will be covered. For each of the beam 
theories, three different ways of modelling the deformation will be 
investigated - (a) static deformation, (b) dynamics using the conven-
tional finite element approach, and (c) the dynamic stiffness approach. 
These three approaches are ordered in the degree of higher fidelity. The 
static analysis can be considered as a special case of a dynamic analysis 
when the frequency is zero. For the dynamic analysis in general we 
consider that the system is damped. This, in turn, will result in complex 
system matrices. 

2.3. The beam elements for static analysis 

In this subsection we have briefly presented the beam stiffness 
matrices under static condition for the sake of completeness. It may 
noted that this particular subsection is not novel; however, it is kept in 
this paper concisely to maintain the flow of understanding and chro-
nological development of the research topic. 

2.3.1. Euler-Bernoulli beam element 
The equation governing the transverse deflection of a beam modelled 

using the Euler-Bernoulli beam theory (Dawe, 1984) is given by 

EI
∂4w
∂x4 = fb (4)  

Here w ≡ w(x) and fb ≡ fb(x) are the transverse displacement and 
applied transverse forcing on the beam. The quantity EI is the bending 
stiffness of the beam, I is the inertia moment of the beam cross section 
and E is the Young’s modulus of the beam material (i.e. intrinsic material 
property). If the axial deformation is considered, the equation governing 
is expressed as 

EA
∂2u
∂x2 = fa (5)  

where u ≡ u(x) and fa ≡ fa(x) are the axial displacement and applied 
axial forcing on the beam. Here EA is the axial stiffness of the beam and 
A is the area of the beam cross-section. It is well known that the force- 
displacement relationship of a beam element governed by the above 
two differential equation can be exactly represented using the finite 
element formulation with cubic shape function for the bending and 
linear shape function for the axial deformation. A beam element of 
length L is shown in Fig. 3 with two nodes and three degrees of freedom 
per node. The degrees of freedom in each node corresponds to the axial, 
transverse and rotational deformation. The stiffness matrix (Dawe, 
1984; Petyt, 1990) of the beam element in Fig. 3 can be expressed by 

Fig. 2. (a) Typical representation of a hexagonal lattice (b) The unit cell considered in this paper. Dimensions of the three-beam element are shown in the figure (c) 
The out of plane cross-section of each beam element. 

Fig. 3. A beam element with six degrees of freedom and two nodes. The de-
grees of freedom in each node corresponds to the axial, transverse and rota-
tional deformation. 
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Ks =

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

EA
L

0 0 −
EA
L

0 0

0
12EI

L3
6EI
L2 0 −

12EI
L3

6EI
L2

0
6EI
L2

4EI
L

0 −
6EI
L2

2EI
L

−
EA
L

0 0
EA
L

0 0

0 −
12EI

L3 −
6EI
L2 0

12EI
L3 −

6EI
L2

0
6EI
L2

2EI
L

0 −
6EI
L2

4EI
L

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

(6)  

The subscript s in the above equation denotes the fact that the stiffness 
matrix is obtained using the shape functions satisfying the governing 
equations of static deformation. The displacements corresponding to 
degrees of freedom 1 and 4 correspond to the axial deformation gov-
erned by Eq. (5), while the displacements corresponding to degrees of 
freedom 2, 3, 5 and 6 correspond to the bending deformation governed 
by Eq. (4). 

2.3.2. Timoshenko beam element 
The equations governing the transverse deflection (Dawe, 1984) of a 

beam modelled using the Timoshenko beam theory are given by 

kAG
∂
∂x

(
∂w
∂x

− θ
)

= 0 and EI
∂2θ
∂x2 + kAG

(
∂w
∂x

− θ
)

= fb (7)  

Here θ ≡ θ(x) is the rotation of the beam, kAG is the shear stiffness with 
G as the shear modulus and k is the shear area coefficient. For solid 
rectangular sections k = 5/6 and for solid circular sections k = 9/ 10. 
Following the conventional finite element method, it can be shown that 
the stiffness matrix (Dawe, 1984; Petyt, 1990) of the Timoshenko beam 
element can be expressed as 

Ks=

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

EA
L

0 0 −
EA
L

0 0

0 12
EI

(1+Φ)L3 6
EI

(1+Φ)L2 0 − 12
EI

(1+Φ)L3 6
EI

(1+Φ)L2

6
EI

(1+Φ)L2
(4+Φ)EI
(1+Φ)L

0 − 6
EI

(1+Φ)L2
(2− Φ)EI
(1+Φ)L

−
EA
L

0 0
EA
L

0 0

0 12
EI

(1+Φ)L3 − 6
EI

(1+Φ)L2 0 12
EI

(1+Φ)L3 − 6
EI

(1+Φ)L2

0 6
EI

(1+Φ)L2
(2− Φ)EI
(1+Φ)L

0 − 6
EI

(1+Φ)L2
(4+Φ)EI
(1+Φ)L

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

(8)  

The term Φ gives the relative importance of the shear deformations to 
the bending deformations. For a rectangular cross-section 

Φ=
12EI

kAGL2 =
2(1 + ν)

k

( t
L

)2
(9)  

Here is ν is the Poisson’s ratio of the beam material and we have used the 
relationships 

G=E / 2(1+ ν) (10)  

I =
1
12

bt3 (11)  

A= bt (12)  

Shear deformation effects are significant for beams which have a length- 
to-depth ratio less than 5. To neglect the shear deformation, we set Φ =

0. In this case, the stiffness matrix given here reduces to the classical 
stiffness matrix of the Euler-Bernoulli beam given in the preceding 
subsection. Therefore, Timoshenko beam model can be viewed as a 
generalisation of the Euler-Bernoulli beam theory in the static regime. In 
the following subsections, we will show as to how the static formulation 
of beams can be further generalized for dynamic conditions. 

2.4. The beam elements for dynamic analysis 

For dynamic analysis using the finite element method, the mass 
matrix of the beam is necessary. The mass matrix Ms can be obtained 
using the same shape functions used to derive the element stiffness 
matrices given in the previous section using the standard finite element 
procedure. Using the mass, damping and stiffness matrices, the element 
dynamic matrix can be obtained as 

Ds(ω)= − ω2Ms + iωCs + Ks (13)  

where ω is the frequency of excitation, Cs is the damping matrix and i =
̅̅̅̅̅̅̅
− 1

√
is the unit imaginary number. The dynamic equilibrium equation 

corresponding to the above element dynamic matrix can be expressed as 

Ds(ω)Ue(ω)= fe(ω) (14)  

Here Ue(ω) and fe(ω) are respectively the nodal displacement and 
applied forcing vector on the element. In general both vectors are 
complex valued. 

The stiffness matrix appearing in Eq. (13) is given in the previous section 
for two types of beam elements. The mass matrix (Dawe, 1984; Petyt, 1990) 
for the Euler-Bernoulli beam element is given by 

Ms =
ρAL
420

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎣

140 0 0 70 0 0
0 156 22L 0 54 − 13L
0 22L 4L2 0 13L − 3L2

70 0 0 140 0 0
0 54 13L 0 156 − 22L
0 − 13L − 3L2 0 − 22L 4L2

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎦

(15)  

For the Timoshenko beam element, the mass matrix (Dawe, 1984), 
(Petyt, 1990) can be expressed as  

Ms =
ρAL
840

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎣

280 0 0 140 0 0
312 + 588Φ + 280Φ2 (44 + 77Φ + 35Φ2)L 0 108 + 252Φ + 175Φ2 − (26 + 63Φ + 35Φ2)L

(8 + 14Φ + 7Φ2)L2 0 (26 + 63Φ + 35Φ2)L − (6 + 14Φ + 7Φ2)L2

280 0 0
Sym 312 + 588Φ + 280Φ2 − (44 + 77Φ + 35Φ2)L

(8 + 14Φ + 7Φ2)L2

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎦

(16)   
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To neglect the shear deformation, we set Φ = 0.in which case the mass 
matrix given in Eq. (16) reduces to the mass stiffness matrix of the 
Euler-Bernoulli beam given in Eq. (15). The damping matrix can be 
obtained using the finite element method similar to the mass and stiff-
ness matrices. However, often damping matrix is expressed in terms of 
he mass and stiffness matrices. If Rayleigh damping model is used (see 
for example (Adhikari, 2013))), then the damping matrix can be 
expressed as 

Cs = ckKs + cmMs (17)  

Here cm and ck are mass and stiffness proportional damping coefficients. 
Using this damping matrix, the element dynamic matrix from (13) can 
be rewritten as 

Ds(ω)= (1+ iωck)Ks +
(
− ω2 + iωcm

)
Ms (18)  

All the elements of this 6 × 6 matrix can be obtained for both Euler- 
Bernoulli and Timoshenko beam elements using the respective expres-
sions of the mass and stiffness matrices. This matrix will be referred as 
dynamic finite element matrix differentiating with the static stiffness 
matrix discussed in the previous section. Indeed, for the special case of 
static defamation, setting the frequency ω = 0, this dynamic finite 
element matrix reduces to the conventional static stiffness matrix, as 
expected. 

The dynamic element matrix given in Eq. (18) is derived using the 
shape function for static deformation of the beam. Therefore, it cannot 
be used for higher frequency unless the beam is discretised into a fine 
mesh. Although the procedure is rather straightforward, it will not give 
closed-form expressions we are seeking in this paper. Moreover, a fine 
discretization makes the analysis computationally quite intensive. In the 
next section, dynamic stiffness matrix method is discussed which uses 
the exact shape function satisfying the governing differential equations. 

2.5. Dynamic stiffness analysis of beams 

The dynamic stiffness method was first proposed by Koloušek in 
1940’s (Koloušek, 1941) with many synonyms such as spectral element 
method (Lee, 2009), spectral finite element method (Gopalakrishnan 
et al., 2008) etc. One of the most important properties of the dynamic 
stiffness method (Leung, 1993) is that its shape functions are essentially 
the exact general solutions derived from the differential equation gov-
erning structural vibration in the frequency domain. There is no 
approximation involved based on the governing differential equation 
and therefore, only a single dynamic stiffness element can be used to 
describe the deformation of an element within the whole frequency 
range without resorting to discretization. Another important property is 
that the dynamic stiffness matrix is of analytical essence whose elements 
are transcendental functions of frequency instead of separated stiffness 
and mass matrices as in the finite element method. The mass distribution 
of the elements in the dynamic stiffness method is treated in an exact 
manner for deriving the element dynamic stiffness matrix. The dynamic 
stiffness matrix of one-dimensional structural elements, taking into ac-
count the effects of flexure, torsion, axial and shear deformation, and 
damping, is exactly determinable, which, in turn, enables the exact vi-
bration analysis by an inversion of the global dynamic stiffness matrix. 
The method does not employ eigenfunction expansions and, conse-
quently, a major step of the traditional finite element analysis, namely, 
the determination of natural frequencies and mode shapes, is eliminated 
which avoids the errors due to series truncation. The method is essen-
tially a frequency-domain approach suitable for steady-state harmonic 
or stationary random excitation problems. 

In what follows, the analytical expressions of the dynamic stiffness 
formulations are provided for both the axial vibration and bending vi-
bration (both Euler-Bernoulli and Timoshenko theories) of a beam 
element as shown in Fig. 3. 

2.5.1. Axial vibration 
The equation governing axial motion (Leung, 1993; Paz, 1980; Petyt, 

1990) of a beam is 

EA
(

1+ ζk
∂
∂t

)
∂2u
∂x2 − ρA

∂2u
∂t2 − ca

∂u
∂t

= 0 (19)  

and the axial force boundary condition is 

N(x)=EA(1+ ζk∂ / ∂t)∂u / ∂x (20)  

in which, EA is the stiffness for axial deformation, ρA is mass per unit 
length, ζk is the stiffness proportional damping factor, ca is the velocity- 
dependent viscous damping coefficient. By introducing the non- 
dimensional length ξ = x/L and harmonic vibration assumption u(x, t)
= U(x)eiωt , one has the characteristic equation 

d2U
dξ2 + k2

aU = 0 (21)  

where 

k2
a =

(ρAω2 − iωca)L2

EA(1 + iωζk)
=

ρω2L2(1 − iζma/ω)
E(1 + iωζk)

(22)  

and ζma = ca/(ρA) is the mass proportional damping factor for axial 
vibration. The exact shape function can be derived 

U(ξ)= c1cos(kaξ) + c2sin(kaξ) (23)  

Therefore, the displacement boundary conditions for a beam element 
can be written in the matrix form as 
[

U1
U2

]

=

[
U(ξ = 0)
U(ξ = 1)

]

=

[
1 0
cos(ka) sin(ka)

][
c1
c2

]

(24)  

whereas the force boundary conditions can be given as 
[

N1
N2

]

=

[
− N(ξ = 0)
N(ξ = 1)

]

=
EA(1 + iωζk)ka

L

[
0 − 1
− sin(ka) cos(ka)

][
c1
c2

]

(25)  

Eliminating the unknowns c1, c2 leads to the dynamic stiffness formu-
lation for the axial vibration of a beam element 
[

N1
N2

]

=

[
a1 a2
a2 a1

][
U1
U2

]

(26)  

where 

a1 =EA(1+ iωζk)kacot(ka) / L, a2 = − EA(1+ iωζk)kacsc(ka) / L . (27)  

2.5.2. Bending vibration based on Euler-Bernoulli theory 
The governing differential equation (Leung, 1993; Paz, 1980; Petyt, 

1990) for bending vibration based on Euler-Bernoulli beam theory is 
given as follows 

EI
(

1+ ζk
∂
∂t

)
∂4w
∂x4 + ρA

∂2w
∂t2 + cb

∂w
∂t

= 0 (28)  

and the natural boundary conditions are given as 

M(x) = EI
(

1 + ζk
∂
∂t

)
∂2w
∂x2

V(x) = − EI
(

1 + ζk
∂
∂t

)
∂3w
∂x3

(29)  

where cb is the velocity-dependent viscous damping coefficient for 
bending deformation, EI is the bending stiffness of the beam, I is the 
inertia moment of the beam cross section. By introducing the harmonic 
vibration assumption w(x, t) = W(x)eiωt, we have the following char-
acteristic equation 
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(
D4 − k4

b

)
W = 0 (30)  

where D = d/dξ = Ld/dx and 

k4
b =

(ρAω2 − iωcb)L4

EI(1 + iωζk)
=

ρAω2L4(1 − iζmb/ω)
EI(1 + iωζk)

=
12ρω2L4(1 − iζmb/ω)

Et2(1 + iωζk)
(31)  

Therefore, the general solutions of W(ξ) is 

W(ξ) = c1sin(kbξ) + c2cos(kbξ) + c3sinh(kbξ) + c4cosh(kbξ)
Θ(ξ) = c1kbcos(kbξ) − c2kbsin(kbξ) + c3kbcosh(kbξ) + c4kbsinh(kbξ) (32)  

The displacement and force boundary conditions can be applied as fol-
lows 

W(0) = W1,Θ(0) = Θ1,W(1) = W2,Θ(1) = Θ2
V(0) = − V1,M(0) = − M1,V(1) = V2,M(1) = M2

(33)  

By eliminating the unknowns c1, c2, c3 and c4, we have the dynamic 
stiffness matrix for a Euler-Bernoulli beam element 
⎡

⎢
⎢
⎣

V1
M1
V2
M2

⎤

⎥
⎥
⎦=

⎡

⎢
⎢
⎣

d1 d2 d4 d5
d3 − d5 d6

d1 − d2
sym d3

⎤

⎥
⎥
⎦

⎡

⎢
⎢
⎣

W1
Θ1
W2
Θ2

⎤

⎥
⎥
⎦ (34)  

where 

d1 = R3(cS + sC)/δ
d2 = R2sS/δ
d3 = R1(sC − cS)/δ
d4 = − R3(s + S)/δ
d5 = R2(C − c)/δ
d6 = R1(S − s)/δ

(35)  

and where 

Rj = EI(kb/L)j j = 1, 2, 3
s = sin kb, c = cos kb, S = sinh kb, C = cosh kb

δ = 1 − cC
(36)  

2.5.3. Bending vibration based on Timoshenko theory 
The governing differential equation (Leung, 1993) for bending vi-

bration based on Timoshenko beam theory is given as follows 

kAG
(

1 + ζk
∂
∂t

)
∂
∂x

(
∂w
∂x

− θ
)

− ρA
∂2w
∂t2 − cs

∂w
∂t

= 0

EI
(

1 + ζk
∂
∂t

)
∂2θ
∂x2 + kAG

(

1 + ζk
∂
∂t

)(
∂w
∂x

− θ
)

− ρI
∂2θ
∂t2 − cb

∂θ
∂t

= 0

(37)  

where cs and cb are the velocity-dependent viscous damping coefficients 
for both shear and bending deformations, kAG and EI are the shear and 
bending stiffnesses of the beam, I is the inertia moment of the beam cross 
section. The natural boundary conditions are given as 

M(x) = − EI
(

1 + ζk
∂
∂t

)
∂θ
∂x

V(x) = − kAG
(

1 + ζk
∂
∂t

)(
∂w
∂x

− θ
) (38)  

By introducing the non-dimensional length ξ = x/L and harmonic vi-
bration assumptions w(x, t) = W(x)eiωt and θ(x, t) = Θ(x)eiωt, we have 
the following characteristic equation 
[
D4 + b2( r2 + s2)D2 − b2

(
1 − b2r2s2

)]
H = 0 (39)  

where D = d/dξ = Ld/dx;H = W or Θ and 

b2
=

(ρAω2 − iωcs
)
L4

EI(1 + iωζk)
=

12ρω2L4(1 − iζms/ω)
Et2(1 + iωζk)

r2 =
ρIω2 − iωcb

(ρAω2 − iωcs
)
L2 =

1
12

( t
L

)21 − iζmb/ω
1 − iζms/ω

s2 =
EI(1 + iωζk)

kAG(1 + iωζk)L2 =
(1 + v)

6k

( t
L

)2

(40)  

Therefore, the general solutions of W(ξ) and Θ(ξ) are 

W(ξ) = A1cosλ1ξ + A2sinλ1ξ + A3coshλ2ξ + A4sinhλ2ξ
Θ(ξ) = B1cosλ1ξ + B2sinλ1ξ + B3coshλ2ξ + B4sinhλ2ξ (41)  

where 

λ1
λ2

}

= b
{
± Δ

/
2 +

[
Δ2
/

4 +
(

1 − b2r2s2
)/

b2
]1/2}1/2

(42)  

with Δ = r2 + s2 and 

B1 = k1A2/L B2 = − k1A1/L B3 = k2A4/L B4 = k2A3/L (43)  

with 

k1 =
(

λ2
1 − b2s2

)/
λ1, k2 =

(
λ2

2 + b2s2
)/

λ2 (44)  

The displacement and force boundary conditions can be applied as fol-
lows 

W(0) = W1,Θ(0) = Θ1,W(1) = W2,Θ(1) = Θ2
V(0) = − V1,M(0) = − M1,V(1) = V2,M(1) = M2

(45)  

By eliminating the unknowns A1,A2,A3 and A4, we have the dynamic 
stiffness matrix for a Timoshenko beam element 
⎡

⎢
⎢
⎣

V1
M1
V2
M2

⎤

⎥
⎥
⎦=

⎡

⎢
⎢
⎣

d1 d2 d4 d5
d3 − d5 d6

d1 − d2
sym d3

⎤

⎥
⎥
⎦

⎡

⎢
⎢
⎣

W1
Θ1
W2
Θ2

⎤

⎥
⎥
⎦ (46)  

where 

d1 = R3b2
(λ2 + ηλ1)(cS + ηsC)

/
(λ1λ2δ)

d2 = R2k1[(λ1 + ηλ2)sS − (λ2 − ηλ1)(1 − cC)]/δ
d3 = R1(λ2 + ηλ1)(sC − ηcS)/δ
d4 = − R3b2

(λ2 + ηλ1)(S + ηs)
/
(λ1λ2δ)

d5 = R2k1(λ2 + ηλ1)(C − c)/δ
d6 = R1(λ2 + ηλ1)(ηS − s)/δ

(47)  

and where 

Rj = EI(1 + iωζk)
/

Lj, j = 1, 2, 3
s = sin λ1, c = cos λ1, S = sinh λ2, C = cosh λ2

η = k1
/

k2, δ = 2η(1 − cC) +
(
1 − η2)sS

(48)  

According to Sections 2.3 and 2.4, the elemental matrix of a beam 
element can be written as 

Kd(ω)=

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎣

a1 0 0 a2 0 0
0 d1 d2 0 d4 d5
0 d2 d3 0 − d5 d6
a2 0 0 a1 0 0
0 d4 − d5 0 d1 − d2
0 d5 d6 0 − d2 d3

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎦

(49)  

The subscript d in the above equation denotes the fact that the stiffness 
matrix is obtained using the shape functions satisfying the equation of 
dynamic motion. 
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3. General derivation of stretching enriched in-plane elastic 
moduli 

Dynamic behaviour of the overall lattice structure depends on the 
frequency-dependent deformation characteristics of the constituent in-
dividual beams. A representative depiction of the constituent beam el-
ements is shown in Fig. 1(b–c). Vibration mode of these constituent 
members is shown symbolically, wherein the vibrating beams would 
undergo deformation under applied external loads. The rule of defor-
mation in such cases would be different from the static condition. This 
leads to a different value of effective elastic moduli of the lattice ma-
terial from conventional static values. In the previous section, the stiff-
ness matrix of a beam element is given considering the static and 
dynamic equilibrium incorporating the bending, shear and axial de-
formations. The objective of this section is to express equivalent in-plane 
elastic moduli of the lattice in terms of the stiffness matrix elements of 
the beams using the unit cell approach. For the case of equivalent static 
properties of the lattice, we refer to well-known references by Gibson 
and Ashby (1999) and Masters and Evans (1996). For the sake of gen-
erality, we consider the dynamic equilibrium of the unit cell under a 
different stress condition. A general notation of the 
frequency-dependent stiffness matrix K(ω) is employed here. 

3.1. The longitudinal Young’s modulus E1 and the Poisson’s ratio ν12 

A uniform harmonic stress σ1 = σ1(ω)eiωt is applied to the unit cell in 
direction-1 (refer to Fig. 4) for deriving the expression of longitudinal 
Young’s modulus. This results in an harmonic force P = P(ω)eiωt being 
applied at point A (and B) on the unit cell. We consider the steady-state 
condition for the dynamic equilibrium and express free-body diagram 
for a given frequency. 

The deformation of the unit cell is symmetric about the OC line. The 
amplitude of the force P acting on point A for a given frequency ω is 
given by 

P(ω)= σ1(ω)b(h+ l sin θ) (50)  

Considering ηA(ω) and γA(ω) as deformations transverse and along the 
inclined member AO, we have 

ηA(ω)=
P(ω)sinθ
K55(ω)

and γA(ω) =
P(ω)cosθ

K44(ω)
(51)  

Here K55(ω) and K44(ω) are elements of the stiffness matrix of the in-
clined member AO of length l. Due to the presence of damping, K55(ω)

and K44(ω) are in general complex valued functions of the frequency 
parameter ω. As a result, the deformations ηA(ω) and γA(ω) are complex 
valued functions of ω. The total dynamic deflection in the 1-direction is 
therefore 

δ1(ω)= ηA(ω)sinθ+ γA(ω)cosθ=P(ω)
(

sin2θ
K55(ω)

+
cos2θ

K44(ω)

)

=
Psin2θ
K55(ω)

(

1+ cot2θ
K55(ω)
K44(ω)

) (52) 

The strain the 1-direction is obtained as 

ε1(ω)=
δ1(ω)
lcosθ

=
σ1(ω)b(h/l + sinθ)sin2θ

K55(ω)cosθ

(

1+ cot2θ
K55(ω)

K44(ω)

)

(53)  

Using this, the Young’s modulus in 1-direction is obtained in terms of the 
elements of the stiffness matrix as 

E1(ω)=
σ1(ω)
ε1(ω)

=
K55(ω)cosθ

b(h/l + sinθ)sin2θ
(

1 + cot2θ K55(ω)
K44(ω)

) (54)  

To obtain the Poisson’s ratio ν12, we need to obtain the strain in the 
direction 2 for applied stress in the 1-direction. Using the expressions of 
the deformations in Eq. (51), we obtain total deflection in the 2-direc-
tion as 

− δ2(ω)= ηA(ω)cosθ − γA(ω)sinθ=P(ω)
(

sinθcosθ
K55(ω)

−
sinθcosθ
K44(ω)

)

=
P(ω)sinθcosθ

K55(ω)

(

1 −
K55(ω)

K44(ω)

) (55)  

The total strain in the 2-direction is 

− ε2(ω)=
δ2(ω)

h + lsinθ
=

σ1(ω)bsinθcosθ
K55(ω)

(

1 −
K55(ω)
K44(ω)

)

(56)  

Using the expressions of the strains in directions 1 and 2 given by Eqs. 
(53) and (56), we obtain the Poisson’s ratio ν12 

ν12(ω)= −
ε2(ω)
ε1(ω)

=

cos2θ
(

1 −
K55(ω)

K44(ω)

)

(h/l + sinθ)sinθ
(

1 + cot2θ K55(ω)

K44(ω)

) (57)  

From equations (54) and (57), it can be observed that only two co-
efficients of the 6 × 6 element stiffness matrix of the inclined member, 
namely, K55(ω) and K44(ω), contribute towards the value of E1 and ν12, 
which in general are complex valued functions of the frequency ω due to 
the presence of damping. 

Fig. 4. Dynamic equilibrium and deformation patterns of the unit cell under 
the application of a harmonic stress field σ1 = σ1(ω)eiωt applied in the 1-direc-
tion. This configuration is used for the derivation of the longitudinal Young’s 
modulus E1(ω) and the Poisson’s ratio ν12(ω). 

Fig. 5. Dynamic equilibrium and deformation patterns of the unit cell under 
application of a harmonic stress field σ2 = σ2(ω)eiωt applied in the 2-direction. 
This configuration is used for the derivation of the transverse Young’s modulus 
E2(ω) and the Poisson’s ratio ν21(ω). 
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3.2. The transverse Young’s modulus E2 and the Poisson’s ratio ν21 

For deriving the expression of transverse Young’s modulus and 
Poisson’s ratio ν21, a uniform harmonic stress σ2 = σ2(ω)eiωt is applied to 
the unit cell in direction-2 as shown in Fig. 5. 

From the free-body diagram depicting the dynamic equilibrium at 
the steady state condition, we deduce that the deformation of the unit 
cell is symmetric about the OC line. It addition, the point O has no 
deflection in the 1-direction. Therefore, it is sufficient to consider the 
deflection of point A or B with respect to point C under the applied 
stress. Considering point A, the harmonic stress results in a harmonic 
vertical force W = W(ω)eiωt for a given frequency ω. The amplitude of 
this vertical force is given by 

W(ω)= σ2(ω)blcosθ (58)  

Considering ηA and γA as deformations transverse and along the inclined 
member AO, we have 

ηA(ω)=
W(ω)cosθ

K55(ω)
and γA(ω) =

W(ω)sinθ
K44(ω)

(59)  

Here K55 and K44 are elements of the stiffness matrix of the member AO. 
The deflection in the 2-direction is therefore 

δ2AO (ω)= ηA(ω)cosθ+ γA(ω)sinθ=W(ω)
(

cos2θ
K55(ω)

+
sin2θ

K44(ω)

)

=
W(ω)cos2θ

K55(ω)

(

1+ tan2θ
K55(ω)
K44(ω)

) (60)  

The total force acting in the 2-direction at point O is 2W. Therefore, the 
displacement of point O in the 2-direction arising from the axial defor-
mation of the vertical member OC is 

δ2O (ω)=
2W(ω)

K(h)
44 (ω)

(61)  

Here (•)(h) corresponds to the properties arising from the vertical 
member OC of length h. The total deflection in the 2-direction is 
therefore 

δ2(ω)= δ2AO (ω)+ δ2O (ω)=
W(ω)cos2θ

K55(ω)

(

1+ tan2θ
K55(ω)
K44(ω)

+ 2sec2θ
K55(ω)

K(h)
44 (ω)

)

(62)  

The strain the 2-direction is obtained as 

ε2(ω)=
δ2(ω)

h + lsinθ
=

σ2(ω)bcos3θ
K55(ω)(h/l + sinθ)

(

1+ tan2θ
K55(ω)

K44(ω)
+ 2sec2θ

K55(ω)

K(h)
44 (ω)

)

(63)  

Using this, the Young’s modulus in 1-direction is obtained in terms of the 
elements of the stiffness matrix as 

E2(ω)=
σ2(ω)

ε2(ω)
=

K55(ω)(h/l + sinθ)

bcos3θ
(

1 + tan2θ K55(ω)
K44(ω)

+ 2sec2θ K55(ω)

K(h)
44 (ω)

) (64) 

To obtain the Poisson’s ratio ν21, we need to obtain the strain in the 
direction 1 due to the applied stress in the 2-direction. Using the ex-
pressions of the deformations in Eq. (59), we obtain total deflection in 
the 1-direction as 

δ1(ω)= γA(ω)cos θ − ηA(ω)sin θ= − W(ω)

(
sin θ cos θ

K55(ω)
−

sin θ cos θ
K44(ω)

)

= −
W(ω)sin θ cos θ

K55(ω)

(

1 −
K55(ω)

K44(ω)

)

(65)  

The total strain in the 1-direction is 

ε1(ω)=
δ1(ω)
l cos θ

= −
σ2(ω)b sin θ

lK55(ω)

(

1 −
K55(ω)
K44(ω)

)

(66)  

Using the expressions of the strains in directions 1 and 2 given by Eqs. 
(53) and (56), we obtain the Poisson’s ratio ν21 

ν21(ω)= −
ε1(ω)
ε2(ω)

=

(h/l + sinθ)sinθ
(

1 −
K55(ω)

K44(ω)

)

cos2θ
(

1 + tan2θ K55(ω)

K44(ω)
+ 2sec2θ K55(ω)

K(h)
44 (ω)

) (67)  

From equations (64) and (57), it can be observed that only two co-
efficients of the 6 × 6 element stiffness matrix of the inclined member 
and one coefficients of the 6 × 6 element stiffness matrix of vertical 
member, namely, K55(ω), K44(ω) and K(h)

44 (ω), contribute towards the 
value of E2 and ν21. Like the previous case, in general the Young’s 
moduli as well as the Poisson’s ratio are complex valued functions of the 
frequency ω due to the presence of damping. 

The proposed expressions of the general frequency dependent elastic 
moduli also conform the reciprocal theorem 

E1(ω)ν21(ω) = E2(ω)ν12(ω) =

K55(ω)

bsinθ
(

1 + cot2θ
K55(ω)
K44(ω)

)

(

1 −
K55(ω)
K44(ω)

)

cosθ
(

1 + tan2θ
K55(ω)
K44(ω)

+ 2sec2θ
K55(ω)
K(h)

44 (ω)

)
(68)  

3.3. Shear modulus G12 

The derivation of the shear modulus G12(ω) requires the superposi-
tions strain contributions arising from bending and axial deformations. 
In Fig. 6, the consideration of both the cases are depicted. For deriving 
the bending contributions, considering the deformation of the adjacent 
cells, it can be deduced that the mid point of the vertical member will 
only have a deformation in the 1-direction due to shear. Therefore, in 
Fig. 6(a) we consider the unit cell with the vertical member with length 
h/2 and a slant member with the usual length l. The points A and O will 
not have any relative movement due to symmetrical structure. The shear 
deflection γD due to bending consists of two components, namely, 
bending deflection of the member OD and its deflection due to rotation 
of joint O arising from the bending of the slant members. 

It can be noted here that the elements of the dynamic stiffness matrix 
(refer to equation (49)) will be different for the vertical member and the 
slant member due to their different lengths. Using the stiffness compo-
nents of the dynamic stiffness matrix with length h/2, the bending 
deformation of point D with respect to point O in direction the 1 can be 
obtained as 

ηD(ω)=
F1(ω)(

K(h/2)
55 (ω) −

K(h/2)
56 (ω)K(h/2)

65 (ω)

K(h/2)
66 (ω)

)=
F1(ω)K(h/2)

66 (ω)
(

K(h/2)
55 (ω)K(h/2)

66 (ω) −
(

K(h/2)
56 (ω)

)2)

(69)  

Here 

F1(ω)= 2τ(ω)lbcosθ (70)  

and we make use of the symmetry of the elements of the dynamic 
stiffness matrix. Here (⋅)(h/2) corresponds to the properties arising from 
the vertical member OD of length h/2 as shown in Fig. 6(a). 

From the diagram in Fig. 6(a), the moment acting on point O is ob-
tained as 

M(ω)=
F1(ω)

2
×

h
2
=

F1(ω)h
4

(71) 
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On the basis of the degrees of freedom as denoted in Fig. 3, deflection of 
the end O with respect to the end A due to application of moment M at 
the end O is given as 

δr(ω)=
M(ω)

− K65(ω)
(72)  

Here K65 is the stiffness element corresponding to the slant member and 
the negative arise due to the direction of the rotation as given in Fig. 3. 
Thus the rotation of joint O can be expressed as 

φ(ω)= δr(ω)

l
= −

F1(ω)h
4lK65(ω)

(73)  

Shear deformation in the 1-direction due to bending at point D under the 
application of shear stress τ can be expressed as 

δ1D (ω) = 2
(

φ(ω)
h
2
+ ηD(ω)

)

= −
F1(ω)h2

4lK65(ω)
+

2F1(ω)K(h/2)
66 (ω)

(

K(h/2)
55 (ω)K(h/2)

66 (ω) −
(

K(h/2)
56 (ω)

)2
)

(74)  

The factor 2 in the above expression arises due to the consideration of 
two units shown in Fig. 6(a) to capture the total shear deformation by 
representing a complete unit cell that can create the entire lattice 
structure on tessellation. 

To obtain the shear deformation due to axial stretching deformation, 
we consider the forcing F2(ω) in the 2-direction as 

F2(ω)= τ(ω)b(h+ lsinθ) (75)  

Due to the symmetry of the unit cell as depicted in Fig. 6(b), the 
deformation in the 1-direction of member AO and BO will be the same. 
On the other hand, the amplitude of the deformation in the 2-direction 
of member AO and BO will be the same, but in the opposite direction. 
There is no axial deformation in the vertical member OC. It is therefore 
sufficient to consider only one inclined element in our calculation. The 
lengths of the unit cell in Fig. 6(b) in the 1 and 2 directions are given by 

L1 = 2lcosθ (76)  

and L2 =(h+ lsinθ) (77)  

Total force acting in the axial direction of AO is given by 

FAO(ω)=F1
/

2cosθ+F2sinθ= τ(ω)lb
(
cos2θ+(h / l+ sinθ)sinθ

)
(78)  

The axial deformation of point A is therefore 

γA(ω)=
FAO(ω)

K44(ω)
(79)  

Using this, the deformation in the 1 and 2 directions are obtained as 

δ1A (ω)= γA(ω)cosθ=
τ(ω)lb
K44(ω)

(
cos2θ+(h / l+ sinθ)sinθ

)
cosθ (80)  

δ2A (ω)= γA(ω)sinθ=
τ(ω)lb
K44(ω)

(
cos2θ+(h / l+ sinθ)sinθ

)
sinθ (81)  

The total shear strain arising due to bending and axial deformation is 
given by 

γ(ω)= δ1A (ω) + δ1D (ω)
L2

+
2δ2A (ω)

L1
=

δ1A (ω) + δ1D (ω)

h + lsinθ
+

2δ2A (ω)

2lcosθ
(82)  

=
δ1D (ω)

h + l sin θ
⏟̅̅̅̅̅̅̅⏞⏞̅̅̅̅̅̅̅⏟

γb(ω)

+
δ1A (ω)

h + l sin θ
+

δ2A (ω)
l cos θ

⏟̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅ ⏞⏞̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅⏟
γs(ω)

(83)  

Here γb(ω) and γs(ω) are respectively the bending and stretching com-
ponents of the total shear strain. Using Eq. (74) we obtain the bending 
component of the shear strain as 

γb(ω) =
δ1D (ω)

(h+ l sin θ)

=
F1(ω)

(h+ l sin θ)

(

−
h2

4lK65(ω)
+

2K(h/2)
66 (ω)

(
K(h/2)

55 (ω)K(h/2)
66 (ω) −

(
K(h/2)

56 (ω)
)2)

)

=
2τ(ω)lb cos θ
(h+ l sin θ)

(

−
h2

4lK65(ω)
+

2K(h/2)
66 (ω)

(
K(h/2)

55 (ω)K(h/2)
66 (ω) −

(
K(h/2)

56 (ω)
)2)

)

=
τ(ω)b cos θ
(h/l+ sin θ)

(

−
h2

2lK65(ω)
+

4K(h/2)
66 (ω)

(
K(h/2)

55 (ω)K(h/2)
66 (ω) −

(
K(h/2)

56 (ω)
)2)

)

(84)  

The stretching component of the shear strain can be simplified as 

γs(ω)=
δ1A (ω)

h + lsinθ
+

δ2A (ω)

lcosθ
(85) 

Fig. 6. Dynamic equilibrium and patterns patters of the unit cell under the application of the harmonic shear stress field τ = τ(ω)eiωt . These configurations are used 
for the derivation of the shear modulus G12(ω). 
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=
τ(ω)lb
K44(ω)

(
cos2θ+(h / l+ sinθ)sinθ

)
(

cosθ
h + lsinθ

+
sinθ
lcosθ

)

(86)  

=
τ(ω)b
K44(ω)

(cos2θ + (h/l + sinθ)sinθ)2

cosθ(h/l + sinθ)
(87)  

Substituting the expressions of both the shear strains, the modulus can 
be obtained as  

From equation (88) it can be observed that in total five elements of two 
different stiffness matrices contribute to the shear modulus. They 
include two coefficients of the 6 × 6 element stiffness matrix of the in-
clined member, namely, K65(ω), K44(ω). Additionally three elements of 
the stiffness matrix of the vertical member with half the length, namely, 
K(h/2)

55 (ω), K(h/2)
56 (ω) and K(h/2)

66 (ω) contribute to the shear modulus. Like 

the Youngs moduli, in general the shear modulus is a complex valued 
function of the frequency ω due to the presence of damping. 

4. Analysis of the special cases 

In the previous section, the expressions of five quantities character-
ising the effective in-plane elastic properties of 2D cellular materials 
have been derived in terms of the stiffness element of a beam. In total six 

cases arise depending on what form of the stiffness matrix is employed in 
the general expressions of the elastic moduli. They include static finite 
element, dynamic finite element and dynamic stiffness considering 
Euler-Bernoulli and Timoshenko beam theory. In this section we 
consider these cases separately and derive explicit closed-form expres-
sions of the E1, E2, ν12 , ν21 and G12. A pictorial representation of the 
special cases and the mapping of their derivation from the more general 
cases (in terms of the applicability in higher frequency range and thicker 

Fig. 7. Generality-map of the proposed analytical framework in terms of the applicability in higher frequency band (note that the static case essentially corresponds 
to zero frequency) and the constraint of cell-wall thickness by considering bending, shear and axial deformation in the formulation. Here DS, DFE, TBT and EBT 
represent dynamic stiffness, dynamic finite element, Timoshenko beam theory and Euler-Bernoulli beam theory, respectively. The two blocks at the top represent 
dynamic analyses, while the block at the bottom covers static analysis. It may be noted that, in general, the dynamic analysis using dynamic stiffness approach (the 
bock at the left-top) is capable of capturing the system behaviour better than the dynamic finite element approach (the bock at the right-top) at higher frequencies. 

G12(ω) =
τ(ω)

γ(ω)
=

τ(ω)

γb(ω)+γs(ω)

=
1

bcosθ
(h/l+sinθ)

⎛

⎜
⎜
⎝−

h2

2lK65(ω)
+

4K(h/2)
66 (ω)

(

K(h/2)
55 (ω)K(h/2)

66 (ω)−
(

K(h/2)
56 (ω)

)2
)

⎞

⎟
⎟
⎠+

b
K44(ω)

(
cos2θ+(h/l+sinθ)sinθ

)2

cosθ(h/l+sinθ)

=
(h/l+sinθ)

bcosθ
1

⎛

⎜
⎜
⎝−

h2

2lK65(ω)
+

4K(h/2)
66 (ω)

(

K(h/2)
55 (ω)K(h/2)

66 (ω)−
(

K(h/2)
56 (ω)

)2
)+

(cosθ+(h/l+sinθ)tanθ)2

K44(ω)

⎞

⎟
⎟
⎠

(88)   
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cell walls) is provided in Fig. 7. It can be noted that the comparison of 
analytical expressions corresponding to different special cases with 
available literature provides an exact way of validating the proposed 
formulation in this article. Considering only the static deformation with 
Euler-Bernoulli beam theory and ignoring the stretching deformation, 
the equivalent elastic moduli of hexagonal cellular materials can be 
obtained as (Gibson and Ashby, 1999) 

E1GA =Eα3 cosθ
(β + sinθ)sin2θ

(89)  

E2GA =Eα3(β + sinθ)
cos3θ

(90)  

ν12GA =
cos2θ

(β + sinθ)sinθ
(91)  

ν21GA =
(β + sinθ)sinθ

cos2θ
(92)  

G12GA =Eα3 (β + sinθ)
β2(1 + 2β)cosθ

(93)  

Here the α and β are geometric non-dimensional ratios given by 

α=
t
l

(94)  

and 

β =
h
l

(95)  

We want to explore the relationships with the expressions proposed here 
with the above classical expressions. To this end from Eqs. ((54), (57), 
(64), (67) and (88) and Eq. (93) we obtain the ratios 

E1(ω)
E1GA

=
K55(ω)

Ebα3

1
(

1 + cot2θ K55(ω)

K44(ω)

) (96)  

E2(ω)
E2GA

=
K55(ω)

Ebα3
1

(

1 + tan2θ K55(ω)

K44(ω)
+ 2sec2θ K55(ω)

K(h)
44 (ω)

) (97)  

ν12(ω)
ν12GA

=

(

1 −
K55(ω)

K44(ω)

)

(

1 + cot2θ K55(ω)
K44(ω)

) (98)  

ν21(ω)
ν21GA

=

(

1 −
K55(ω)

K44(ω)

)

(

1 + tan2θ K55(ω)
K44(ω) + 2sec2θ K55(ω)

K(h)
44 (ω)

) (99)  

G12(ω)

G12GA

=
1

Ebα3

β2(1 + 2β)
(

− h2

2lK65(ω)
+

4K(h/2)
66 (ω)

(
K(h/2)

55 (ω)K(h/2)
66 (ω)− (K(h/2)

56 (ω))
2)+

(cosθ+(β+sinθ)tanθ)2

K44(ω)

)

(100)  

Next six special cases are discussed in details in the order of increasing 
degree of generality and fidelity. 

4.1. Static elastic moduli with Euler-Bernoulli beam theory 

Using the static Euler-Bernoulli beam theory, the element stiffness 
matrix is obtained in Eq. (6) ignoring the shear deformation. From the 
derivations in Subsection 3.1 and Subsection 3.2, it can be observed that 
two coefficients of the 6 × 6 element stiffness matrix of the inclined 

member and one coefficients of the 6 × 6 element stiffness matrix of 
vertical member, namely, K55(ω), K44(ω) and K(h)

44 (ω), are necessary to 
obtain E1, E2 ν12 and ν21. Using the expressions of moment of inertia and 
the cross-sectional area in Eqs. (10) and (11), the stiffness coefficients 
are given by 

K55 =
12EI

l3 = Ebα3,K44 =
EA
l

= Ebα and K(h)
44 =

EA
h

=
Ebt
h

=
Ebα

β
(101)  

Using these, we obtain the ratios 

K55

K44
=α2 and

K55

K(h)
44

= α2β (102)  

When the static Euler-Bernoulli beam stiffness elements are used, the 
equivalent elastic properties are not functions of the frequency. There-
fore, omitting the frequency dependence, from Eqs. ((54), (57), (64) and 
(67) we have 

E1 =
K55cosθ

b(β + sinθ)sin2θ
(

1 + cot2θ K55
K44

)=
Eα3cosθ

(β + sinθ)
(
sin2θ + α2cos2θ

) (103)  

E2 =
K55(β + sinθ)

bcos3θ
(

1 + tan2θ K55
K44

+ 2sec2θ K55

K(h)
44

)=
Eα3(β + sinθ)

(1 − α2)cos3θ + α2(2β + 1)cosθ

(104)  

ν12 =

cos2θ
(

1 − K55
K44

)

(β + sinθ)sinθ
(

1 + cot2θ K55
K44

)=
cos2θ(1 − α2)

(β + sinθ)sinθ(1 + α2cot2θ)
(105)  

ν21 =

(β + sinθ)sinθ
(

1 −
K55(ω)

K44

)

cos2θ
(

1 + tan2θ K55
K44

+ 2sec2θ K55

K(h)
44

)=
(β + sinθ)sinθ(1 − α2)

(1 − α2)cos2θ + α2(2β + 1)

(106) 

For the shear modulus, five elements from two different stiffness 
matrices are necessary. They are two coefficients of the 6 × 6 element 
stiffness matrix of the inclined member, namely, K65, K44 as in Eq. (101) 
with K65 = − 6 EI

l2 = − 1/2 Ebt3
l2 . We also need three elements of the 

stiffness matrix of the vertical member with half the length given by 

K(h/2)
55 =

12EI
(h/2)3=

8Ebt3

h3 ,K(h/2)
56 =−

6EI
(h/2)2=−

2Ebt3

h2 and K(h/2)
66 =

4EI
(h/2)

=
2Ebt3

3h
(107)  

Using these expressions we obtain 

G12 =
(β+sinθ)

bcosθ
1⎛

⎜
⎜
⎝− h2

2lK65
+

4K(h/2)
66(

K(h/2)
55

K(h/2)
66 − (K(h/2)

56 )
2
)+(cosθ+(β+sinθ)tanθ )2

K44

⎞

⎟
⎟
⎠

=
Eα3(β + sinθ)

(
β2(1 + 2β) + α2(cosθ + (β + sinθ)tanθ )2 )cosθ

(108)  

Substituting α2 = 0 the equations derived here exactly reduce to the 
corresponding classical expressions in Eqs. (89)–(93) (Gibson and 
Ashby, 1999) (i.e., the case of considering only the bending 
deformation). 

For a regular lattice θ = π
6 and β = h

l = 1. Substituting these in Eqs. 
(103)–(106) and (108) we have 
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E1 =
4Eα3
̅̅̅
3

√
(3α2 + 1)

,E2 =
4Eα3
̅̅̅
3

√
(3α2 + 1)

, ν12 =
1 − α2

3α2 + 1
, ν21 =

1 − α2

3α2 + 1
(109)  

and G12 =
Eα3
̅̅̅
3

√
(α2 + 1)

(110)  

It is useful to understand the contribution of the axial stretching on the 
values of the effective elastic moduli. In Fig. 8 we have shown the ratio 
of the expressions derived in this section to the corresponding classical 
expressions in Eqs. (89)–(93). This way it is possible to explicitly 
quantify the effect of axial stretching on the five quantities of interest. It 
is observed that values of E1, E2, ν12 and ν21 reduce upto 50% for certain 
values of θ compared with the classical expression when the thickness to 
length ratio α goes up to 0.25. It can also be observed that the cell angle θ 
also has a significant role on the reduced values when the axial 
stretching is taken into account. The shear modulus is relatively less 
impacted by the consideration of axial stretching. This is understandable 
due to the fact that the shear deformation is primarily bending domi-
nated for the unit cell considered. A representative value of β = h/ l = 2 
is used in this figure. 

4.2. Static elastic moduli with Timoshenko beam theory 

The element stiffness matrix is obtained in Eq. (8) using the Timo-
shenko beam theory considers the shear deformation. When considering 
the static Timoshenko beam stiffness elements, the equivalent elastic 
properties are not functions of the frequency. Therefore, we omit the 
frequency dependence notation below. The necessary stiffness co-
efficients to obtain the expressions of E1, E2 ν12 and ν21 are 

K55 =
12

1 + Φ
EI
l3 =

Ebα3

1 + Φ
,K44 =

EA
l
=Ebα and K(h)

44 =
EA
h

=
Ebα

β
(111)  

Using these, we obtain the ratios 

K55

K44
=

α2

1 + Φ
and

K55

K(h)
44

=
α2β

1 + Φ
(112)  

where from Eq. (9) we have 

Φ=
2(1 + ν)

k
α2 (113)  

Using the expressions of equivalent elastic moduli and Poisson’s ratio 
from Eqs. ((54), (57), (64) and (67) we derive 

E1 =
Eα3cosθ

(β + sinθ)
(
(1 + Φ)sin2θ + α2cos2θ

) (114)  

E2 =
Eα3(β + sinθ)

(1 + Φ − α2)cos3θ + α2(2β + 1)cosθ
(115)  

ν12 =
cos2θ(1 + Φ − α2)

(β + sinθ)sinθ(1 + Φ + α2cot2θ)
(116)  

ν21 =
(β + sinθ)sinθ(1 + Φ − α2)

(1 + Φ − α2)cos2θ + α2(2β + 1)
(117) 

For the shear modulus, as before five elements from two different 
stiffness matrices are necessary. They are two coefficients of the 6 × 6 
element stiffness matrix of the inclined member, namely, K65, K44 as in 
(111) with K65 = − 1/2 Ebt3

l2(1+Φ)
. For the element of the vertical member 

with half the length the shear correction factor can be obtained from Eq. 
(9) as 

Φ(h/2) =
2(1 + ν)

k

(
t

h/2

)2

= 4
Φ
β2 (118) 

Fig. 8. The ratio between effective elastic moduli and Poisson’s ratio obtained using static Euler-Bernoulli beam theory and the corresponding classical expressions 
in Eqs. (89)–(93). The results are plotted as functions of α = t/l for a value of β = h/l = 2. 
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We also need three elements of the stiffness matrix of the vertical 
member with half the length given by 

K(h/2)
55 = 8

Ebt3

h3

(
1 + 4

Φ
β2

)− 1

K(h/2)
56 = − 2

Ebt3

h2

(
1 + 4

Φ
β2

)− 1

and

K(h/2)
66 = 2

/
3

Ebt3

h

(
1 + 4

Φ
β2

)− 1

(119)  

Using these expressions, after some algebraic simplification, we obtain 

G12 =
Eα3(β + sinθ)

(
β2(1 + Φ + 2β) + 8βΦ + α2(cosθ + (β + sinθ)tanθ)2)cosθ

(120)  

Substituting Φ = 0, the equations derived here reduce to the corre-
sponding Euler-Bernoulli case discussed in the previous section. 

For a regular lattice θ = π
6 and β = h

l = 1. Substituting these in Eqs. 
(114)–(117) and (120) we have 

E1 =
4Eα3

̅̅̅
3

√
(3α2 + 1 + Φ)

,E2 =
4Eα3

̅̅̅
3

√
(3α2 + 1 + Φ)

, ν12 =
1 + Φ − α2

3α2 + 1 + Φ

ν21 =
1 + Φ − α2

3α2 + 1 + Φ
, and G12 =

Eα3
̅̅̅
3

√
(α2 + 1 + 3Φ)

(121)  

If both the axial stretching and shear deformation are neglected, then 
substituting α2 = 0 and Φ = 0 in the above expressions we have E1 =

E2 = (4 /
̅̅̅
3

√
)Eα3 ≈ 2.3Eα3, ν12 = ν21 = 1 and G12 = (1 /

̅̅̅
3

√
)Eα3 ≈

0.57Eα3. These match exactly with the values given in literature (Gibson 

and Ashby, 1999). In Fig. 9 we have shown the ratio of the expression 
derived in this section to the corresponding classical expressions in Eqs. 
(89)–(93). It is observed that values of E1, E2, ν12 and ν21 reduce up to 
50% for certain values of θ compared to the classical expression when 
the thickness to length ratio α goes up to 0.25. To calculate the value of 
Φ in Eq. (113), we used the shape constant k = 9/10 and the Poisson’s 
ratio of the underlying material as ν = 0.3. It can be observed that the 
cell angle θ also has a significant role in the reduced values when the 
axial stretching is taken into account using the Timoshenko beam the-
ory. The shear modulus is impacted more due to axial stretching 
compared to the case of the Euler-Bernoulli theory discussed in the 
previous section. 

4.3. Elastic moduli with Euler-Bernoulli beam theory using dynamic finite 
element 

Using the static Euler-Bernoulli beam theory, the element stiffness 
matrix is obtained in Eq. (6) and the element mass matrix is obtained in 
Eq. (15). The overall complex damped stiffness matrix is obtained from 
Eq. (18) by combining these matrices with the two damping factors. The 
frequency dependent complex stiffness coefficients are given by 

K55(ω) =
12EI

l3 (1 + iωck) +
(
− ω2 + iωcm

)
ρAl

156
420

= Ebα3Γ1(ω)

K44(ω) =
EA
l
(1 + iωck) +

(
− ω2 + iωcm

)
ρAl

140
420

= EbαΓ2(ω)

and

K(h)
44 (ω) =

EA
h

(1 + iωck) +
(
− ω2 + iωcm

)
ρAh

140
420

=
Ebα

β
Γ3(ω)

(122)  

In the above equations, the non-dimensional complex valued functions 
Γj(ω), j = 1,2, 3 can be simplified as 

Fig. 9. The ratio between effective elastic moduli and Poisson’s ratio obtained using static Timoshenko beam theory and the corresponding classical expressions in 
Eqs. (89)–(93). The results are plotted as functions of α = t/l for a value of β = h/l = 2 and ν = 0.3. 
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Γ1(ω) = (1 + iωck) −
ω2

ω2
0

(
1 − i

cm

ω

) 13
420

Γ2(ω) = (1 + iωck) −
ω2

ω2
0

(
1 − i

cm

ω

) α2

36

Γ3(ω) = (1 + iωck) −
ω2

ω2
0

(
1 − i

cm

ω

) α2β2

36

(123)  

where the frequency parameter corresponding to the bending vibration 
ω0 is given by 

ω0 =
1
l2

̅̅̅̅̅̅
EI
ρA

√

=
α
2l

̅̅̅̅̅
E
3ρ

√

(124)  

From the expressions in Eq. (122), we obtain the ratios 

K55(ω)

K44(ω)
= α2Γ1(ω)

Γ2(ω)
and

K55(ω)

K(h)
44 (ω)

= α2β
Γ1(ω)
Γ3(ω)

(125)  

Substituting the above expressions in Eqs. ((54), (57), (64) and (67) we 
have 

E1(ω)=
Γ1(ω)Γ2(ω)Eα3cosθ

(β + sinθ)
(
Γ2(ω)sin2θ + Γ1(ω)α2cos2θ

) (126)  

E2(ω)=
Γ1(ω)Γ2(ω)Γ3(ω)Eα3(β + sinθ)

Γ3(ω)(Γ2(ω) − Γ1(ω)α2)cos3θ + Γ1(ω)α2(2βΓ2(ω) + Γ3(ω))cosθ
(127)  

ν12(ω)=
cos2θ(Γ2(ω) − Γ1(ω)α2)

(β + sinθ)sinθ(Γ2(ω) + Γ1(ω)α2cot2θ)
(128)  

ν21(ω)=
Γ3(ω)(β + sinθ)sinθ(Γ2(ω) − Γ1(ω)α2)

Γ3(ω)(Γ2(ω) − Γ1(ω)α2)cos2θ + Γ1(ω)α2(2βΓ2(ω) + Γ3(ω))
(129) 

For the shear modulus, five elements from two different stiffness 
matrices are necessary. They are two coefficients of the 6 × 6 element 
stiffness matrix of the inclined member, namely K44 as in (122) and 

K65(ω)= −
6EI
l2 (1+ iωck) −

(
− ω2 + iωcm

)
ρAl2 11

210
= −

Ebt3

2l2 Γ4(ω) (130)  

where 

Γ4(ω)= (1+ iωck) −
ω2

ω2
0

(
1 − i

cm

ω

) 11
1260

(131)  

We additionally need three elements of the dynamic matrix of the ver-
tical member with half the length 

Fig. 10. The ratio between effective complex elastic moduli and Poisson’s ratio obtained using Euler-Bernoulli beam theory and the corresponding classical ex-
pressions in Eqs. (89)–(93). The dynamic finite element approach is used and the absolute value of the results are plotted as functions of the normalised frequency ω/

ω0 for different values of the cell angle θ. The following values are used: α = t/l = 0.1, β = h/l = 2 and the damping values cm = 10− 2 and ck = 10− 5. 
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K(h/2)
66 (ω)= 4EI

(h/2)
(1+ iωck)+

(
− ω2+ iωcm

)ρA(h/2)3

105
=

2Ebt3

3h
Γ5(ω)

K(h/2)
56 (ω)=−

6EI
(h/2)2 (1+ iωck)−

(
− ω2+ iωcm

)11ρA(h/2)2

210
=−

2Ebt3

h2 Γ6(ω)

K(h/2)
55 (ω)=

12EI
(h/2)3 (1+ iωck)+

(
− ω2+ iωcm

)13ρA(h/2)
35

=
8Ebt3

h3 Γ7(ω)

(132)  

The non-dimensional functions Γj(ω), j = 5,6, 7 are obtained as 

Γ5(ω) = (1 + iωck) −
ω2

ω2
0

(
1 − i

cm

ω

) β4

6720

Γ6(ω) = (1 + iωck) −
ω2

ω2
0

(
1 − i

cm

ω

) 11β4

20160

Γ7(ω) = (1 + iωck) −
ω2

ω2
0

(
1 − i

cm

ω

) 13β4

6720

(133)  

Substituting these expressions in the general equation for G12 in Eq. (88) 
we obtain  

where we define 

Γ2
8(ω)= 4Γ5(ω)Γ7(ω) − 3Γ2

6(ω) (135) 

It can be easily deduced that in the zero frequency limit (that is, the 
static case) 

lim
ω→0

Γj(ω)= 1, j = 1, 2,⋯8 (136)  

Using this limiting case, it can be verified that the frequency dependent 
expressions of the dynamic equivalent elastic moduli and Poisson’s ra-
tios derived here exactly reduce to the expressions derived in Subsection 
4.1 for the respective static case. Substituting α2 = 0 along with the 
static limit, we can also verify that expressions in this section reduce to 
the corresponding classical expressions (89)–(93) as given in (Gibson 
and Ashby, 1999). 

In Fig. 10 we have shown the ratio between the expression derived in 
this section and the corresponding classical expressions in Eqs. (89)– 

(93). This way it is possible to explicitly quantify the effect of axial 
stretching as a function of frequency. The damping values used here are 
cm = 10− 2 and ck = 10− 5 along with α = 0.1 and β = 2. As the quantities 
in Eqs. (126)–(129) are complex-valued, their modulus are plotted in 
Fig. 10 for different cell angles. We only consider E1, E2, ν12 and ν21 and 
ignore G12 as it is not significantly affected by axial stretching. It can be 
observed that E1 and E2 values can change by orders of magnitude 
depending on the frequency. We also observed that (results not shown 
here) the damping coefficients have a significant impact on the equiv-
alent elastic properties of the lattice. Lower damping values results in 
sharper and higher peaks around the resonance-like frequency points. 
Results obtained using this approach are likely to be not very accurate at 
the higher frequency ranges due to the fact only one beam element is 
used in the unit cell model. The accuracy of these results will be verified 
by comparing to the exact dynamic stiffness method. 

4.4. Elastic moduli with Timoshenko beam theory using dynamic finite 
element 

The stiffness and the mass matrix of a beam element using the 
Timoshenko beam theory are given by Eqs. (8) and (16). Combining the 
approaches presented in the previous two sections, it is possible to 
obtain the frequency dependent expressions of the dynamic equivalent 

elastic moduli and Poisson’s ratios in closed-form. Using the expressions 
of equivalent elastic moduli and Poisson’s ratio from Eqs. ((54), (57), 
(64) and (67), after some algebraic simplifications, we obtain 

E1(ω)=
Γ1(ω)Γ2(ω)Eα3cosθ

(β + sinθ)
(
(1 + Φ)Γ2(ω)sin2θ + Γ1(ω)α2cos2θ

) (137)  

E2(ω)=
Γ1(ω)Γ2(ω)Γ3(ω)Eα3(β+sinθ)

Γ3(ω)((1+Φ)Γ2(ω)− Γ1(ω)α2)cos3θ+Γ1(ω)α2(2βΓ2(ω)+Γ3(ω))cosθ
(138)  

ν12(ω)=
cos2θ((1 + Φ)Γ2(ω) − Γ1(ω)α2)

(β + sinθ)sinθ((1 + Φ)Γ2(ω) + Γ1(ω)α2cot2θ)
(139)  

ν21(ω)=
Γ3(ω)(β+ sinθ)sinθ((1+Φ)Γ2(ω) − Γ1(ω)α2)

Γ3(ω)((1+Φ)Γ2(ω) − Γ1(ω)α2)cos2θ+Γ1(ω)α2(2βΓ2(ω)+Γ3(ω))

(140) 

G12(ω) =
(β+sinθ)

bcosθ
1

⎛

⎜
⎜
⎝−

h2

2lK65(ω)
+

4K(h/2)
66(

K(h/2)
55 K(h/2)

66 −
(

K(h/2)
56

)2
)+

(cosθ+(β+sinθ)tanθ)2

K44(ω)

⎞

⎟
⎟
⎠

=
Eα3(β+sinθ)Γ2(ω)Γ4(ω)Γ2

8(ω)(
β2( Γ2

8(ω)+2Γ4(ω)Γ5(ω)β
)
Γ2(ω)+α2(cosθ+(β+sinθ)tanθ)2Γ4(ω)Γ2

8(ω)
)
cosθ

(134)   

G12(ω)=
Eα3(β + sinθ)Γ2(ω)Γ4(ω)Γ2

8(ω)

β2((1 + Φ)Γ2
8(ω) + 2Γ4(ω)Γ5(ω)β)Γ2(ω) + 8βΦΓ2(ω)Γ4(ω)Γ5(ω) + α2(cosθ + (β + sinθ)tanθ)2Γ4

(
ω
)

Γ2
8

(
ω
)) (141)   
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Fig. 11. The ratio between effective complex elastic moduli and Poisson’s ratio obtained using Timoshenko beam theory and the corresponding classical expressions 
in Eqs. (89)–(93). The dynamic finite element approach is used and the absolute value of the results are plotted as functions of the normalised frequency ω/ ω0 for 
different values of the cell angle θ. The following values are used: α = t/l = 0.1, β = h/l = 2 and the damping values cm = 10− 2 and ck = 10− 5. 
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The non-dimensional complex valued frequency-dependent functions 
Γj(ω), j = 1, 2,⋯8 are derived in closed-form as 

Γ1(ω) = (1 + iωck) −
ω2

ω2
0

(
1 − i

cm

ω

)( 13
420

+
7

120
Φ +

1
36

Φ2
)

Γ2(ω) = (1 + iωck) −
ω2

ω2
0

(
1 − i

cm

ω

) α2

36

Γ3(ω) = (1 + iωck) −
ω2

ω2
0

(
1 − i

cm

ω

) α2β2

36

Γ4(ω) = (1 + iωck) −
ω2

ω2
0

(
1 − i

cm

ω

)( 11
1260

+
11

720
Φ +

1
144

Φ2
)

Γ5(ω) = (1 + iωck) −
ω2

ω2
0

(
1 − i

cm

ω

) β4

6720

(

1 +
7
4

Φ +
7
8
Φ2
)

Γ6(ω) = (1 + iωck) −
ω2

ω2
0

(
1 − i

cm

ω

) β4

20160

(

11 +
77
4

Φ +
35
4

Φ2
)

Γ7(ω) = (1 + iωck) −
ω2

ω2
0

(
1 − i

cm

ω

) β4

6720

(

13 +
49
2

Φ +
35
3

Φ2
)

Γ2
8(ω) = 4Γ5(ω)Γ7(ω) − 3Γ2

6(ω)

(142)  

Comparing equivalent expressions for Γj(ω) for the Euler-Bernoulli case 
given by Eqs. (123), (131) and (133), one can deduce that these are a 
special case of Eq. (142) when Φ = 0. Therefore, the closed-from ex-
pressions derived here explicitly quantifies the contribution of the shear 
correction factor Φ on the Euler-Bernoulli based expressions derived in 
the previous subsection. It can be easily deduced that in the zero- 
frequency limit all Γj(ω), j = 1, 2,⋯8 approach to unity. Using this 
limiting case, it can be verified that the frequency-dependent expres-
sions of the dynamic equivalent elastic moduli and Poisson’s ratios 
derived here exactly reduce to the expressions derived in Subsection 4.2 
for the respective static case. 

In Fig. 11 we have shown the ratio between the expression derived in 
this section and the corresponding classical expressions in Eqs. (89)– 
(93). This way it is possible to explicitly quantify the effect of axial 
stretching as a function of frequency. The damping values used here are 
cm = 10− 2 and ck = 10− 5 along with α = 0.1 and β = 2. To calculate the 
value of Φ in Eq. (113), we used the shape constant k = 9/ 10 and the 
Poisson’s ratio of the underlying material as ν = 0.3. As the quantities in 
Eqs. (137)–(140) are complex-valued, their modulus are plotted in 
Fig. 11 for different cell angles. It can be observed that E1 and E2 values 
can change by orders of magnitude depending on the frequency. The 
results obtained here are qualitatively similar to what obtained in the 
previous subsection using the Euler-Bernoulli beam theory, though they 
vary quantitatively. In the following subsections, we use dynamic stiff-
ness matrix to discuss the accuracy of dynamic elastic moduli obtained 
using dynamic finite element method. 

4.5. Elastic moduli with Euler-Bernoulli beam theory using dynamic 
stiffness 

In subsubsection 2.5.2, the dynamic stiffness matrix using Euler- 
Bernoulli beam theory was derived. Combining this with the dynamic 
stiffness matrix due to the axial motion, the complete 6× 6 matrix is 
given by Eq. (49). From the derivations in Subsection 3.1 and Subsection 
3.2, it can be observed that two coefficients of the 6× 6 dynamic stiffness 
matrix of the inclined member and one coefficients of the 6× 6 dynamic 
stiffness matrix of the vertical member, namely, K55(ω), K44(ω) and 
K(h)

44 (ω), are necessary to obtain E1, E2 ν12 and ν21. Using the expressions 

of moment of inertia and the cross-sectional area in Eqs. (11) and (12), 
the stiffness coefficients are given by 

K55(ω) =
EIk3

b

l3 (cS + sC)
/

δ = Ebα3 1
12

k3
b(cS + sC)

/
δ

⏟̅̅̅̅̅̅̅̅̅̅̅̅̅ ⏞⏞̅̅̅̅̅̅̅̅̅̅̅̅̅ ⏟
Γ1(ω)

K44(ω) = a1 =
EA
l

ka cot(ka) = Ebαka cot(ka)
⏟̅̅̅̅̅̅ ⏞⏞̅̅̅̅̅̅ ⏟

Γ2(ω)

K(h)
44 (ω) =

EA
h

k(h)a cot
(
k(h)a

)
=

Ebα
β

k(h)a cot
(
k(h)a

)
=

Ebα
β

βka cot βka⏟̅̅̅̅̅̅̅ ⏞⏞̅̅̅̅̅̅̅ ⏟
Γ3(ω)

(143)  

From the derivations in subsection 2.5.1 and subsection 2.5.2, in the 
above equations we have 

E = E(1 + iωck)

k4
b =

ρAω2L4(1 − icm/ω)
EI

=
ω2

ω2
0

(1 − icm/ω)

(1 + iωck)

k2
a =

α2

12
k4

b and k(h)
2

a = β2k2
a

(144)  

As the expressions in Eq. (143) have the same mathematical form as the 
expressions in Eq. (122), the equivalent elastic moduli and Poisson’s 
ratios are given by exactly the same expressions in Eqs. 126–129 noting 
the difference in the definitions of the complex frequency dependent 
functions Γj(ω), j = 1,2, 3. Upon some algebraic simplifications, we 
obtain the closed-form expressions 

E1(ω)=
Eα3k3

b(sC + cS)cosθ

(β + sinθ)
(

12δsin2θ + α2cos2θ k3
b(sC+cS)
kacotka

) (145)  

E2(ω)=
Eα3k3

b(sC + cS)(β + sinθ)

12δcos3θ + α2
(
sin2θ + 2cotka

/
cotβka

)
cosθ k3

b(sC+cS)
kacotka

(146)  

ν12(ω)=
cos2θ

(
12δkacotka − α2k3

b(sC + cS)
)

(β + sinθ)sinθ
(
12δkacotka + α2k3

b(sC + cS)cot2θ
) (147)  

ν21(ω)=
(β + sinθ)sinθ

(
12δkacotka − α2k3

b(sC + cS)
)

12δcos2θ + α2
(
sin2θ + 2cotka

/
cotβka

) k3
b(sC+cS)
kacotka

(148)  

Here the frequency-dependent complex quantities are given by 

δ = 1 − cC
and s = sinkb, c = coskb, S = sinhkb, C = coshkb

(149) 

For the shear modulus, five elements from two different stiffness 
matrices are necessary. They are two coefficients of the 6 × 6 element 
stiffness matrix of the inclined member, namely K44 as in Eq. (143) and 
three coefficients of the vertical member of length h/2. The frequency 
parameter of this element can be expressed as 

k(h/2)
b = βkb

/
2 (150)  

where kb is given in Eq. (144). Using this, the necessary dynamic stiff-
ness coefficients can be obtained as 
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K65(ω) = − 6
EI
l2

(

1
/

6
k2

bsS
δ

)

= −
Ebt3

2l2
k2

bsS
6δ⏟̅⏞⏞̅⏟

Γ4(ω)

K(h/2)
66 (ω) =

4EI
(h/2)

(

1
/

8
kbβ (Cβsβ − Sβcβ)

δβ

)

=
2Ebt3

3h
kbβ (Cβsβ − Sβcβ)

8δβ
⏟̅̅̅̅̅̅̅̅̅̅̅̅̅̅⏞⏞̅̅̅̅̅̅̅̅̅̅̅̅̅̅⏟

Γ5(ω)

K(h/2)
56 (ω) = −

6EI
(h/2)2

(

1
/

24
k2

bβ2sβSβ

δβ

)

= −
2Ebt3

h2
k2

bβ2sβSβ

24δβ
⏟̅̅̅̅̅⏞⏞̅̅̅̅̅⏟

Γ6(ω)

K(h/2)
55 (ω) =

12EI
(h/2)3

(
k3

bβ3(Cβsβ + Sβcβ)

96 δβ

)

=
8Ebt3

h3
k3

bβ3(Cβsβ + Sβcβ)

96 δβ
⏟̅̅̅̅̅̅̅̅̅̅̅̅̅̅ ⏞⏞̅̅̅̅̅̅̅̅̅̅̅̅̅̅ ⏟

Γ7(ω)

(151)  

Here  

As the expressions in (151) have the same mathematical form as the 
expressions in (130) and (132), the equivalent shear modulus can be 
obtained using Eq. (134) noting the difference in the definitions of the 
complex frequency dependent functions Γj(ω), j = 4, ⋯7. Upon some 
algebraic simplifications, we obtain the closed-form expressions 

G12(ω)=
Eα3k3

bkacoskaG1(β + sinθ)
(
6δkacoskaG2 + α2sinkaG1k3

b(cosθ + (β + sinθ)tanθ)2)cosθ
(153)  

with 

G1 = Ss
( (

s2
β + 1

)
S2

β − s2
β

)

and
G2 = δ kb(Cβsβ − Sβ)(Cβsβ + Sβ)β2 + 8 Ssδβ(Cβsβ − Sβcβ)

(154)  

It can be proved that in the zero-frequency limit all Γj(ω), j = 1, 2,⋯7 
approach to unity. Using this limiting case, it can be verified that the 

Fig. 12. The ratio between, effective complex elastic moduli and Poisson’s ratio obtained using dynamic stiffness method with the Euler-Bernoulli beam theory, and 
the corresponding classical expressions in Eqs. (89)–(93). Absolute value of the results are plotted as functions of the normalised frequency ω/ ω0 for different cell 
angles θ. The following values are used: α = t/l = 0.1, β = h/l = 2 and the damping constants are cm = 10− 2 and ck = 10− 5. 

δβ = 1 − cβCβ,

sβ = sin(βkb/2), cβ = cos(βkb/2), Sβ = sinh(βkb/2), Cβ = cosh(βkb/2) (152)   
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frequency-dependent expressions of the dynamic equivalent elastic 
moduli and Poisson’s ratios derived here exactly reduce to the expres-
sions derived in Subsection 4.1 for the respective static case. If the axial 
stretching is neglected (α2→0), then the expressions derived here reduce 
to what obtained in reference (Mukhopadhyay et al., 2019b). Such 
analytical exact form of validations using the special cases provide 
adequate confidence on the developed formulae. 

In Fig. 12 we have shown the ratio between the expressions derived 
in this section and the corresponding classical expressions in Eqs. (89)– 
(93). The damping values used here are cm = 10− 2 and ck = 10− 5 along 
with α = 0.1 and β = 2. As the quantities in Eq. (126)–(129) are 
complex-valued, their modulus are plotted in Fig. 12 for different cell 
angles. It can be observed that E1 and E2 values can change by orders of 
magnitude depending on the frequency. The results obtained using this 
approach are accurate as the dynamic stiffness method is exact for any 
frequency ranges. Compared to the equivalent results in Fig. 10, it can be 
observed that more details of the dynamic behaviour at the higher fre-
quency ranges have been captured here. This, in turn, provides the 
significance of adopting dynamic stiffness approach instead of a dy-
namic finite element approach with a single beam element as the 
members of the unit cells. A higher degree of discretization in the dy-
namic finite element approach would improve the result, but at the cost 
of more computational intensiveness and inability to have presentable 
closed-form expressions. 

4.6. Elastic moduli with Timoshenko beam theory using dynamic stiffness 

Following a procedure similar to the previous section, the necessary 
stiffness coefficients are obtained as 

K55(ω) =
EIb2

l3
(λ2 + ηλ1)(cS + ηsC)

(λ1λ2δ)
= Ebα3 1

12
b2(λ2 + ηλ1)(cS + ηsC)

(λ1λ2δ)
⏟̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅⏞⏞̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅⏟

Γ1(ω)

K44(ω) = a1 =
EA
l

kacot(ka) = Ebαkacot(ka)
⏟̅̅̅̅̅⏞⏞̅̅̅̅̅⏟

Γ2(ω)

K(h)
44 (ω) =

EA
h

k(h)a cot
(
k(h)a

)
=

Ebα
β

k(h)a cot
(
k(h)a

)
=

Ebα
β

βkacotβka⏟̅̅̅̅̅̅ ⏞⏞̅̅̅̅̅̅ ⏟
Γ3(ω)

(155)  

From the derivations in subsubsection 2.5.1 and subsubsection 2.5.2, in 
the above equations we have 

b2
=

ρAω2L4(1 − icm/ω)

EI(1 + iωck)
=

ω2

ω2
0

(1 − icm/ω)
(1 + iωck)

k2
a =

α2

12
b2 and k(h)

2

a = β2k2
a

(156) 

Fig. 13. The ratio between, effective complex elastic moduli and Poisson’s ratio obtained using dynamic stiffness method with the Timoshenko beam theory, and the 
corresponding classical expressions in Eqs. (89)–(93). Absolute value of the results are plotted as functions of the normalised frequency ω/ω0 for different cell angles 
θ. The following values are used: α = t/l = 0.1, β = h/l = 2 and the damping constants are cm = 10− 2 and ck = 10− 5. 
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As the expressions in Eq. (155) have the same mathematical form as the 
expressions in Eq. (122), the equivalent elastic moduli and Poisson’s 
ratios are given by exactly the same expressions in Eqs. 126–129 noting 
the difference in the definitions of the complex frequency dependent 
functions Γj(ω), j = 1, 2,3. Upon some algebraic simplifications, we 
obtain the closed-form expressions 

E1(ω)=
Eα3b2

(λ2 + ηλ1)(ηsC + cS)cosθ

(β + sinθ)

(

12δλ1λ2sin2θ + α2cos2θ

(

b
2
(λ2+ηλ1)(ηsC+cS)

kacotka

)) (157)  

E2(ω)=
Eα3b2

(λ2 + ηλ1)(ηsC + cS)(β + sinθ)

12δλ1λ2cos3θ + α2
(
sin2θ + 2cotka

/
cotβka

)
cosθ

(

b
2
(λ2+ηλ1)(ηsC+cS)

kacotka

)

(158)  

ν12(ω)=
cos2θ

(
2δλ1λ2kacotka − α2b2

(λ2 + ηλ1)(ηsC + cS)
)

(β + sinθ)sinθ
(

12δkacotka + α2b2
(λ2 + ηλ1)(ηsC + cS)cot2θ

)

(159)  

ν21(ω)=
(β + sin θ)sinθ

(
2δλ1λ2ka cot ka − α2b2

(λ2 + ηλ1)(ηsC + cS)
)

12δλ1λ2cos 2 θ + α2
(
sin2θ + 2 cot ka

/
cot βka

)
(

b
2
(λ2+ηλ1)(ηsC+cS)

ka cot ka

)

(160)  

The shear modulus can also be obtained following a procedure similar to 
the previous section. However, the resulting closed-form expression is 
not simple and presentable and is omitted here. It is suggested to use the 
general formula for G12 in Eq. (88) together with the elements of the 
dynamic stiffness matrix derived in subsubsection 2.5.3. 

In Fig. 13 we have shown the ratio between the expression derived in 
this section and the corresponding classical expressions in Eqs. (89)– 
(93). The damping values used here are cm = 10− 2 and ck = 10− 5 along 
with α = 0.1 and β = 2. As the quantities in Eq. (137)–(140) are complex 
valued, their modulus are plotted in Fig. 13 for different cell angles. It 
can be observed that E1 and E2 values can change by orders of magnitude 
depending on the frequency. The results obtained using this approach 
are accurate as the dynamic stiffness method is exact for any frequency 
ranges. Compared to the equivalent results in Fig. 11, it can be observed 
that more details of the dynamic behaviour at the higher frequency 
ranges have been captured here. 

Fig. 14. The comparison of normalised effective elastic moduli and Poisson’s ratio obtained using two static approaches. The results are plotted as functions of α = t/
l for a value of β = h/l = 2 and ν = 0.3 and different cell angles θ. 
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4.7. Discussions on the results 

In the previous subsections, effective elastic moduli and Poisson’s 
ratio of the lattice were obtained using six different approaches. Here we 
aim to compare and contrast the results presented and develop physical 
interpretations. In Fig. 14, two Young’s moduli and Poisson’s ratio ob-
tained using the Euler-Bernoulli and Timoshenko beam approaches have 
been compared. The analytical derivations corresponding to the two 
approaches are given in Subsection 4.1 and Subsection 4.2. The values of 
both Young’s moduli become lower when using the Timoshenko beam 
theory compared to the Euler-Bernoulli beam theory. This is expected as 
the Timoshenko beam theory incudes the deformation due to shear and 
therefore it is mechanically a less rigid model. For higher t/ l ratios, the 
differences can be significant for certain values of the cell angle θ. 
Compared to the elastic moduli, the differences between the Poisson’s 
ratios obtained using the Euler-Bernoulli and Timoshenko beam are less. 
Recall that the values plotted in Fig. 14 are normalised with respect to 
the classical results (Gibson and Ashby, 1999) given in Eq. (89) – (92). 
Therefore, when the axial deformations are included, regardless of what 
beam theory is used, the values of the effective elastic moduli and 
Poisson’s ratio of the lattice are reduced. 

In Fig. 15, results obtained from four dynamic approaches are 
compared. We consider the normalised values of E1(ω),E2(ω), ν12(ω)

and ν21(ω). The four methods compared here are Euler-Bernoulli beam 
theory with the dynamic finite element (Subsection 4.3), Timoshenko 

beam theory with the dynamic finite element (Subsection 4.4), Euler- 
Bernoulli beam theory with the dynamic stiffness approach (Subsec-
tion 4.5) and Timoshenko beam theory with the dynamic stiffness 
approach (Subsection 4.6). These four methods incorporate an 
increasing degree of generality of underlying dynamic deformation of 
the beam within the unit cell. Timoshenko beam theory with the dy-
namic stiffness approach offers the most flexible deformation pattern 
and consequently, its resonance peak is at the lowest frequency in 
Fig. 15. A clear aspect can be seen from this figure is the striking dif-
ference between the dynamic finite element and the dynamic stiffness 
approaches for higher normalised frequency values (ω/ω0 ≥ 10). This 
difference is attributed to the fact that the dynamic finite element 
method uses only one ‘finite element’ obtained using the static shape 
functions of the beam, while the dynamic stiffness approach uses exact 
frequency-dependent dynamic shape functions. Effective elastic moduli 
and Poisson’s ratio of the lattice obtained using the dynamic stiffness 
approach, with both the Euler-Bernoulli and Timoshenko beam theories, 
are exact and can be considered as benchmark results in Fig. 15. 

5. Generalisation to further geometries and shapes 

The inclusion of stretching and shear deformation in the formulation 
allow the proposed analytical framework to be applied to various other 
lattice patterns and geometry of the constituent members, as discussed 
in Fig. 1. Below we give the details for some special cases of wide 

Fig. 15. The comparison of normalised effective complex elastic moduli and Poisson’s ratio obtained using four dynamic approaches. Absolute value of the results 
are compared as functions of the normalised frequency ω/ω0 for a cell angle of θ = 30∘. The following values are used: α = t/l = 0.1, β = h/l = 2 and the damping 
constants are cm = 10− 2 and ck = 10− 5. 
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interest. 

5.1. Rectangular lattice: θ = 0 

The rectangular lattice is obtained when θ = 0. The unit cell and the 
corresponding lattice material can be imagined from Fig. 1. Therefore, 
taking the limit θ→0 in Eqs. ((54), (57), (64) and (67) we have 

E1(ω)= lim
θ→0

K55(ω)cosθ

b(β + sinθ)sin2θ
(

1 + cot2θ K55(ω)

K44(ω)

)=
K44(ω)

bβ
(161)  

E2(ω)= lim
θ→0

K55(ω)(β + sinθ)

bcos3θ
(

1 + tan2θ K55(ω)

K44(ω)
+ 2sec2θ K55(ω)

K(h)
44 (ω)

)=
K55(ω)β

b
(

1 + 2 K55(ω)

K(h)
44 (ω)

)

(162)  

ν12(ω)= lim
θ→0

cos2θ
(

1 −
K55(ω)
K44(ω)

)

(β + sinθ)sinθ
(

1 + cot2θ K55(ω)

K44(ω)

)= 0 (163)  

ν21 = lim
θ→0

(β + sinθ)sinθ
(

1 −
K55(ω)

K44(ω)

)

cos2θ
(

1 + tan2θ K55(ω)

K44(ω)
+ 2sec2θ K55(ω)

K(h)
44 (ω)

)= 0 (164) 

For a rectangular lattice, the Poisson’s ratio in both the directions are 
effectively zero. The shear modulus can be obtained as 

G12(ω) = lim
θ→0

(β+sinθ)
bcosθ

1⎛

⎜
⎜
⎝− h2

2lK65 (ω)
+

4K(h/2)
66 (ω)

(
K(h/2)

55 (ω)K(h/2)
66 (ω)− (K(h/2)

56 (ω))
2
)+(cosθ+(β+sinθ)tanθ )2

K44 (ω)

⎞

⎟
⎟
⎠

=
β
b

1
⎛

⎜
⎜
⎝ − h2

2lK65(ω)
+

4K(h/2)
66 (ω)

(
K(h/2)

55 (ω)K(h/2)
66 (ω)− (K(h/2)

56 (ω) )
2 )+

1
K44(ω)

⎞

⎟
⎟
⎠

(165)  

For the case of static Timoshenko beam, the equivalent elastic moduli for 
the rectangular lattice can be obtained as E1 = Eα/β,E2 = Eα3β/ (1 +

2α2β + Φ),G12 = Eα3β/(β2(2β + 1 + Φ) + 8Φβ + α2). Similar expres-
sions can be readily obtained using Euler-Bernoulli beam theory. It is 
worthy to note that the effective elastic properties of a rectangular lat-
tice needs to incorporate the axial deformation since it is the most sig-
nificant deformation mechanism in such lattices. 

5.2. Auxetic lattice: θ is negative 

The auxetic or re-entrant lattice is obtained when the angle θ is negative. 
The unit cell and the corresponding lattice material is shown in Fig. 1(e). 
Therefore, taking the case θ = − θ in Eqs. ((54), (57), (64) and (67) we have 

E1(ω)=
K55(ω)cos θ

b(β − sin θ)
(

sin 2 θ + cos 2 θ K55(ω)

K44(ω)

) (166)  

E2(ω)=
K55(ω)(β − sin θ)

b cos θ
(

cos 2 θ + sin 2 θ K55(ω)

K44(ω)
+ 2 K55(ω)

K(h)
44 (ω)

) (167)  

ν12(ω)= −

cos2θ
(

1 −
K55(ω)

K44(ω)

)

(β − sin θ)sin θ
(

1 + cot2θ K55(ω)

K44(ω)

) (168)  

ν21 = −

(β − sinθ)sinθ
(

1 −
K55(ω)
K44(ω)

)

(

cos2θ + sin2θ K55(ω)
K44(ω)

+ 2 K55(ω)
K(h)

44 (ω)

) (169)  

The shear modulus can also be obtained as 

G12(ω)=
(β − sinθ)

bcosθ
1

(

− h2

2lK65(ω)
+

4K(h/2)
66 (ω)

(
K(h/2)

55 (ω)K(h/2)
66 (ω)− (K(h/2)

56 (ω))
2)+

(cosθ− (β− sinθ)tanθ)2

K44(ω)

)

(170)  

5.3. Rhombus lattice: h = β = 0 

The rhombus lattice is obtained when h = β = 0. This implies the 
absence of the vertical member in the unit cell in Fig. 2. The revised unit cell 
and the corresponding lattice material is shown in Fig. 1(h). For simplicity, 
only static Timoshenko beam is used as an example case. Extension to other 
element type follow a similar approach describe before. Therefore, taking the 
limit β = 0 in Eqs. (114)–(117) we have 

E1 = lim
β→0

Eα3cosθ
(β+ sinθ)

(
(1+Φ)sin2θ+α2cos2θ

)=
Eα3cosθ

sinθ
(
(1+Φ)sin2θ+α2cos2θ

)

(171)  

E2 = lim
β→0

Eα3(β+ sinθ)
(1+Φ − α2)cos3θ+α2(2β+1)cosθ

=
Eα3sinθ

cosθ
(
(1+Φ)cos2θ+α2sin2θ

)

(172)  

ν12 = lim
β→0

cos2θ(1 + Φ − α2)

(β + sinθ)sinθ(1 + Φ + α2cot2θ)
=

cos2θ(1 + Φ − α2)

(1 + Φ)sin2θ + α2cos2θ
(173)  

ν21 = lim
β→0

(β + sinθ)sinθ(1 + Φ − α2)

(1 + Φ − α2)cos2θ + α2(2β + 1)
=

sin2θ(1 + Φ − α2)
(
(1 + Φ)cos2θ + α2sin2θ

)

(174)  

The shear modulus can be obtained in a similar manner from Eq. (120) 
as 

G12(ω) =lim
β→0

Eα3(β+sinθ)
(
β2(1+Φ+2β)+8βΦ+α2(cosθ+(β+sinθ)tanθ)2)cosθ

=Eαsinθcosθ

(175)  

5.4. Other two and three dimensional lattices 

In the last three subsections, we have shown how the closed-form 
formulae of effective elastic properties of hexagonal lattices can be 
directly converted to different other lattice forms. In principle, the dy-
namic stiffness based framework incorporating bending, shear and axial 
deformation can be utilized to all other two and three dimensional lat-
tices, which may not be directly deducible from a hexagonal lattice (for 
example, refer to the triangular lattice shown in Fig. 1(i)). In such cases, 
an appropriate unit cell needs to be identified and the same dynamic 
stiffness matrix for a beam element can be used to find the effective 
elastic properties following a similar analytical framework. 

5.5. Lattice with non-prismatic general elements 

The analytical formulations outlined so far consider prismatic beam 
elements as constituent members of the lattice. This implies that the 
properties of the beam do not change along the length of the beam. 
However, to consider beams with variable cross-section as outlined 
earlier in Fig. 1(d) or beams made of advanced materials such as com-
posite materials (Sather and Krishnamurthy, 2019), a more general 
approach is necessary. In Fig. 16 a beam element with arbitrary variable 
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cross section is shown. This general element is a constituent beam-like 
member of the entire lattice under consideration. As we are interested 
only in the in-plane properties of the lattice, the consideration of 
two-dimensional deformation is sufficient. The 2D beam element can be 
discretised in a finite number of elements. We propose a dynamic 
condensation approach for this general case such that the stiffness 
element components corresponding to only the end degree of freedom 
are needed to be considered. This will essentially pave the way to utilize 
the analytical framework presented in this article in terms of the stiffness 
matrix of the constituent beam elements for finding out the effective 
elastic properties of the entire lattice. 

For dynamic analysis using the finite element method, the dynamic 
equilibrium equation corresponding to the beam element in Fig. 16 can 
be expressed as 

D(ω)U(ω)= f(ω) (176)  

Here U(ω) ∈ Cn and f(ω) ∈ Cn are respectively the nodal displacement 
and applied forcing vector on the element. In general both vectors are 
complex valued and the total degree of freedom n > 6 due to the fine 
discretization of the beam element. Using the n × n mass, damping and 
stiffness matrices, the element dynamic matrix can be obtained as 

D(ω)= − ω2M + iωC + K (177)  

We denote 

Ue(ω) = {U1(ω),U2(ω),U3(ω),Un− 2(ω),Un− 1(ω),Un(ω)}
T
∈ C6

and fe(ω) = {f1(ω), f2(ω), f3(ω), fn− 2(ω), fn− 1(ω), fn(ω)}
T
∈ C6 (178)  

as the displacement and applied forcing vector on the element corre-
sponding to the two end nodes, respectively. Recall that the analytical 
formulation derived in Section 3 only requires a direct relationship be-
tween these two vectors. To obtain this relationship, we partition the 
overall dynamic matrix in Eq. (177) and rewrite the dynamic equilib-
rium equation as 
[

Dee(ω) Dei(ω)

Die(ω) Dii(ω)

]{
Ue(ω)
Ui(ω)

}

=

{
fe(ω)

0

}

(179)  

In the above equation subscript i denotes internal degrees of freedom 
and subscript e denotes end degrees of freedom. The dimensions of the 
matrices and vectors in the above equation are given by Ui(ω) ∈ C(n− 6), 
Dei(ω) ∈ C6×(n− 6), Die(ω) ∈ C(n− 6)×6 and Dii(ω) ∈ C(n− 6)×(n− 6). As there is 
no internal forcing, the vector corresponding to fi(ω) is 0 ∈ R(n− 6). 

Eliminating the internal degree of freedom Ui(ω), from Eq. (179) we 
obtain the direct relationship between end nodal forces and displace-
ments as 
[
Dee(ω) − Dei(ω)D− 1

ii (ω)Die(ω)
]

⏟̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅⏞⏞̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅⏟
Ds(ω)∈C6×6

Ue(ω)= fe(ω) (180)  

The elements of the above condensed dynamic matrix Ds(ω) can be used 
in the analytical expressions derived in Section 3 to obtain the equiva-
lent elastic moduli and Poisson’s ratio of the lattices with any general 
beam element. Further, the above approach couple be used to account 
for the effect of spatially varying intrinsic material properties within the 

constituting beam elements. Therefore, the proposed analytical frame-
work in this article is not only generic in terms of the band of vibration 
frequency and lattice geometry, but it is also capable of accounting any 
non-prismatic spatially varying beam shapes and intrinsic material 
properties. 

6. Conclusions and perspective 

An augmented dynamic stiffness approach based generic analytical 
framework is presented for analysing the elastic moduli of lattice ma-
terials under steady-state vibration conditions. In a vibrating condition, 
the frequency-dependent local deformation mechanism of the constit-
uent beam-like elements of a lattice leads to a completely different 
deformation behaviour at the global level compared to the static con-
dition. Here we propose to exploit the possibility of modulating the 
elastic properties of the lattices as a function of the ambient vibration. 
An analytical framework leading to the development of closed-form 
expressions for the frequency-dependent elastic moduli, as derived in 
this article, provides a computationally efficient and physically 
insightful approach for investigating the global lattice behaviour under 
dynamic conditions. Such computational efficiency can be particularly 
appealing for developing multi-functional engineered material micro- 
structures where multiple realizations are often needed in an inverse 
identification framework. 

The stretching-enriched physics of deformation in the lattice mate-
rials in addition to the bending and shear deformations under dynamic 
conditions lead to complex elastic moduli due to the presence of 
damping. This has been exactly captured using the proposed dynamic 
stiffness based framework, which is valid over any frequency ranges. 
The dynamic stiffness method employs exact frequency-adaptive shape 
functions to represent the deformation of the unit cell in the lattice. In 
the context of wave propagation, this captures the sub-wavelength scale 
dynamics. Dependence of Poisson’s ratio on the intrinsic material 
physics in case of a geometrically regular lattice, as unravelled in this 
article, is in contrary to the common notion that Poisson’s ratios of 
perfectly periodic lattices are the only function of the microstructural 
geometry. The article systematically shows that the proposed expres-
sions of elastic moduli exactly reduce to the previously reported 
formulae for special cases of neglecting the axial and shear deformation 
effect under the dynamic condition as well as the standard formulae for 
hexagonal honeycombs when the vibrating frequency tends to zero (i.e. 
static deformation). This essentially provides exact analytical valida-
tions for the proposed formulae corresponding to static and dynamic 
conditions. Detailed analytical derivations of the most general to the 
several special cases are shown including the static finite element, dy-
namic finite element and dynamic stiffness considering Euler-Bernoulli 
and Timoshenko beam theory. 

Novelty of this paper includes the development of generalized 
closed-form analytical expressions for frequency-dependent elastic 
moduli of lattice materials under dynamic condition including the effect 
of axial and shear deformation. The chronological development of the 
effective elastic moduli as systematically presented in this paper may be 
noted. For the sake of completeness and maintaining the flow of a 
comprehensive presentation, we start with the static stiffness matrices of 

Fig. 16. A 2D beam element with arbitrary variable cross section. The beam element is discretised using the finite element method. There are a total of six degrees of 
freedom at the two end nodes. The degrees of freedom in each node correspond to the axial, transverse and rotational deformation. 
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a single beam for both Euler-Bernoulli and Timoshenko beam theories, 
which are used in the following step to derive the closed form expres-
sions of the effective elastic moduli of the entire lattice under static 
condition. The dynamic elastic moduli of the lattices are also presented 
following Euler-Bernoulli and Timoshenko beam theories in the frame-
work of dynamic stiffness matrix and dynamic finite element matrix. It is 
clearly explained that the formulations based on Timoshenko beam 
theory is more generic than the Euler-Bernoulli beam theory both in 
static and dynamic conditions, while the dynamic stiffness based 
approach can cover wider range of frequencies compared to the dynamic 
finite element formulation. The closed-form analytical formulae for the 
dynamic elastic moduli of lattices including shear and axial de-
formations are reported for the first time in this article. 

The attractiveness of this article lies in the generality and compre-
hensiveness of the proposed analytical framework, which would have a 
broad impact on artificially engineered materials development. The 
analytical framework reported here is the most general to date; it is 
applicable to (a) any form of two or three dimensional lattices (though 
we have focused on a set of two dimensional lattices, the generic dy-
namic stiffness based framework can be readily extended to other lattice 
forms following a similar approach), (b) any profile of the constituent 
beam-like elements due to inclusion of axial and shear deformation ef-
fects (different cross sections as well as spatially varying geometry and 
intrinsic material properties), (c) a wide range of frequency band 
covering low (including zero) to high frequencies, and (d) dynamic 
systems including the effect of intrinsic material damping. Most of the 
research activities in the field of lattice metamaterials dealing with 
elastic properties revolve around intuitively designing the microstruc-
tural geometry of the lattice structure. Here we develop the necessary 
analytical framework to couple the physics of deformation as a function 
of vibrating frequency along with the conventional approach of 
designing microstructural geometry to expand the effective design space 
significantly. The efficient and elegant, yet physically insightful closed- 
form formulae along with the generic analytical approach, proposing 
new exploitable dimensions in the engineered materials research, would 
lead to unravelling unprecedented material properties for modern multi- 
functional structural systems across the length-scales. 
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