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Inertial amplification has been utilized in phononic media as a mechanism for the generation of large band gaps
at low subwavelength frequencies. A unique feature in an inertial-amplification band gap is that it may exhibit
two coupled peaks in the imaginary wavenumber portion of its band diagram. This unique double-attenuation
band gap has been shown to emerge from a periodic arrangement of a levered mass whose motion is directly
connected to that of an independent degree of freedom in the system through the motion of the lever base. Here
we demonstrate a double-attenuation band gap emerging specifically from a modal coupling of the levered mass
with a conventional local-resonance mass separately attached to the base. This presents a fundamentally distinct
mechanical mechanism for the shaping of inertially-amplified band gaps and provides a pathway for realising
a combination of strength and breadth in the wave attenuation characteristics. We theoretically present this
concept, analytically identify critical conditions for the coupling of the attenuation peaks, and provide a series of
parametric sweeps to further highlight the phenomenon and guide design. For example, we find a design with a
relatively elevated level of minimum attenuation over practically the entire width of a band gap with a relative
size of 130%, and another design with a smaller band gap but a 15-fold increase in the minimum attenuation

Vibration attenuation

strength compared to a pure IA chain.

1. Introduction

The generation of frequency band gaps (stop bands) within which
waves spatially attenuate is one of the coveted characteristics of peri-
odic structures [1-3]. This concept has attracted research from a variety
of disciplines, including vibrations, structural dynamics, acoustics, and
materials physics. In an attenuation band, a free or driven wave cannot
propagate, and instead experiences exponential attenuation along the
direction of propagation. The most common band-gap formation mech-
anism is based on wave interferences and Bragg scattering. Destructive
interferences of transmitted and reflected waves from periodic inclu-
sions, interfaces, and/or boundaries within the medium is the unerlying
cause behind the formation of Bragg scattering-based band gaps [4,5].
Band gaps may also emerge due to local resonances; these may be re-
alized in an elastic or acoustic waveguide with intrinsically embedded
or attached resonators (usually distributed periodically) [6,7]. The key
mechanism for locally resonance band gaps is a coupling—a hybridiza-
tion—between substructure resonance modes and elastic wave modes
in the hosting medium.

Given the practical benefits of band gaps, it is often desirable to find
unit-cell configurations that exhibit band gaps that are both as low and
wide as possible in the frequency domain; see, for example, Refs. [8-
12] for Bragg band gaps and Refs. [13-15] for local-resonance band
gaps. Band-gap enlargement by possibly utilizing more than one band-
gap mechanism in a combined manner has also been pursued [16,17].
Relatively wide Bragg band gaps may be realized by careful unit-cell
topology design and optimization [8-10]; however, the unit cell is fun-
damentally constrained to be on the order of the wavelength of the in-
terfering waves. This, in turn, implies relatively high-frequency band
gaps when the unit cell is small. On the other hand, while local reso-
nances provide an effective path towards realizing low-frequency, sub-
wavelength band gaps with small unit cells (since resonance couplings
are independent of wave interferences across periodic features), these
tend to be overly narrow and require a relatively heavy resonator to drop
significantly in the frequency domain [18]. To address these limitations,
the mechanism of inertial amplification has been introduced as an al-
ternative for band-gap generation in structured media [19-21]. Inertial
amplification represents a contrast to local resonance in a subtle manner

* Corresponding author at: Smead Department of Aerospace Engineering Sciences, University of Colorado Boulder, CO, USA.
E-mail addresses: abanerjee@iitd.ac.in (A. Banerjee), s.adhikari@swansea.ac.uk (S. Adhikari), mih@colorado.edu (M.I. Hussein).

https://doi.org/10.1016/j.ijmecsci.2021.106630

Received 9 April 2021; Received in revised form 22 June 2021; Accepted 26 June 2021

Available online 2 July 2021
0020-7403/© 2021 Elsevier Ltd. All rights reserved.


https://doi.org/10.1016/j.ijmecsci.2021.106630
http://www.ScienceDirect.com
http://www.elsevier.com/locate/ijmecsci
http://crossmark.crossref.org/dialog/?doi=10.1016/j.ijmecsci.2021.106630&domain=pdf
mailto:abanerjee@iitd.ac.in
mailto:s.adhikari@swansea.ac.uk
mailto:mih@colorado.edu
https://doi.org/10.1016/j.ijmecsci.2021.106630

A. Banerjee, S. Adhikari and M.I. Hussein

because it involves a mechanical mechanism to provide a magnification
of the “effective inertia” of a resonator. This concept has been realized
by the introduction of a lever-arm effect whereby the inertia of a res-
onating mass is magnified to a degree proportional to the arm length.
A unique feature that emerges in certain implementations is the exis-
tence of a double-peak in the attenuation profile which is represented
in the imaginary part of the dispersion diagram [22]. Compared to a sin-
gle peak—which is realized in an IA chain with only one independent
degree of freedom in the unit cell [23]—a double peak provides a fre-
quency range with a significantly higher spatial attenuation strength.
These traits bring rise to band gaps that can be both low, wide, and
highly attenuating—all while keeping the unit cell size within the sub-
wavelength regime. Upon reduction to its canonical form, inertial am-
plification is realized by introducing a classical inerter element into a
locally resonant mass-in-mass chain [24], as demonstrated by Kulkarni
and Manimala [25] and Al Ba’ba’a et al. [26]. Since its introduction in
2007 by Yilmaz et al., the concept of inertial amplification in phononic
media has been attracting increasing attention among the phononics
community; see, e.g., Refs. [22,27-31].

In previous studies of inertially amplified (IA) phononic materi-
als/structures, the double peak in the attenuation spectrum stem from
a direct connection between an IA mass (which exhibits an antireso-
nance) and an independent degree of freedom associated with another
component in the system causing the generation of a second antires-
onance (possibly due to a local resonance effect).! This enables com-
bined frequency breadth and spatial attenuation strength for the band
gap, whereas the location of the IA antiresonance is determined by the
level of amplification—which in turn is controlled by levering the ac-
celeration of the IA mass using a rigid, or rigid-like, link. These features
create an IA mechanism that either define the backbone configuration
of a phononic waveguide [19-21] or serve as an attachment to a stan-
dard continuous elastic structure such as a rod [22] or a beam [28]. In
the latter cases, the IA modal mass is coupled to a modal degree of free-
dom associated with the motion of the supporting continuous base. In
contrast, in this paper we present a mechanism whereby the generation
of the double-peak attenuation band gap is obtained from a modal cou-
pling of an IA mass and a locally resonant mass separately attached to
the base waveguide. This intrinsic and coupled mixing of the motion of
an IA mass and that of a conventional attached local resonator to open
up a wide subwavelength band gap with two coupled peaks in the imag-
inary wavenumber domain represents a novel concept with significant
implications on band-gap design. We present a lumped-parameter model
realising this concept, and derive the corresponding complex dispersion
relation. An analytical expression is also provided that characterizes the
coupling conditions. A parametric analysis is then carried out to identify
the sensitivity of the governing parameters on the attenuation proper-
ties. Three metrics are proposed for quantifying the performance of this
type of band gap. The behavior of these performance metrics with vari-
ation in the governing design parameters are then examined to pave
the way for realization of optimized configurations. Effective mass and
stiffness properties are also calculated to add further insight. Finally, we
present at the end of our investigation a direct comparison—on both in-
finite and finite chains-between the response when the resonator mass
is included versus when it is removed.

2. Mathematical modeling of the proposed inertial amplifier
chain

Our proposed inertially amplified chain is depicted in Fig. 1(a). Two
successive baseline masses M are connected to each other with a base-
line spring K and a pair of inertial amplifiers each of mass m,. Each in-
ertial amplifier mass is levered with rigid links and is restricted to move

1 This appears in both IA materials (represented by infinite models) [22] and
IA structures (represented by finite models) [20-22].
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only along the vertical direction, as illustrated in Fig. 1. These inertial
amplifier masses play the key role in inducing inertial amplification, as
their accelerations are amplified owing to the lever-arm formed by the
connecting mechanism. To introduce a “tuning knob” for the level of in-
ertial amplification, a vertical spring with stiffness k,, termed the verti-
cal stiffness of the inertial amplifier, is introduced as shown in Fig. 1(b).
When the value of k, is set to zero, maximum inertial amplification is
attained. As it is increased, the level of inertial amplification decreases
representing an effective loss of rigidity in the connecting link. In the
limit of high vertical stiffness, the levered masses transition their behav-
ior to standard local resonance (see analysis in the following section).

2.1. Effective mass formulation for the local-resonance mass attached to
the baseline chain

As mentioned above, a spring-mass linear resonator is attached to
the base chain. The modal degree of freedom associated with the linear
spring-mass resonator may be tuned to couple with that associated with
the identical inertially amplified masses and thus creating a band gap
with a double-attenuation peak in the imaginary part of the dispersion
diagram; this aspect is discussed and analysed in the next sections. First
we will examine the dynamic effective mass stemming from this unique
configuration. The equation of motion of the resonating mass can be
written as

mi, + k(w, —u,)=0 or

w, = ! u, = ! u or
x = 1 ﬁ n_1 a)zw% n
o “\elo?
1
w, = ——u, o)
===
1y

where u, and w, denote the displacement of the baseline mass and local
resonator mass, respectively, o is the free wave frequency, w? = K/M
is the natural frequency of the base chain mass/spring, w? = k/m is
the natural frequency of the local resonator mass/spring, Q is a non-
dimensional frequency ratio defined as Q = w/w,, and 5, is a non-
dimensional frequency ratio which can be written as 5, = w, / ;.

The frequency-dependent effective baseline mass M, can be com-
puted from the momentum balance as follows:

M, i, = mw, + Mu, or

0"
M,=M|1+———| @

1-(2)
——

Xm

where 0, = m/M is defined as a dimensionless parameter.

2.2. Force on the main mass from the inertial amplifier masses

From the system kinematics, the relationship between the accelera-
tion of the auxiliary masses i, and the acceleration of the main mass ii,
and ii,_; can be expressed as

(1, =)
0, = 0 ot or
ijn=Mcota, 3)

where « is the angle of the rigid-link with the axial axis of the base chain,
as shown in Fig. 1. The force on the rigid links can be calculated by



A. Banerjee, S. Adhikari and M.I. Hussein

International Journal of Mechanical Sciences 207 (2021) 106630

Fig. 1. (a) Proposed IA chain comprising a levered mass and a locally resonant mass. (b) A single representative unit cell.

balancing the forces acting at the mass of each of the inertial amplifiers
as

2F, sina = m,i, +2k,v, or
_(@my + 2k,) (4, —u,_y)
B 4sinatana '

F,

n

“)

The force component acting from the inertial amplifier pair on the base-
line mass in the direction of the wave propagation is
(—~0?m, + 2k,)

F,=2F cosa =
" " 2tan? a

(4 = ttyy)- )
X

2.3. Equation of motion of the overall chain

The governing equation of motion for the nth baseline mass in the
chain is as follows:

M,ii, + KQu, —u,_; —u,, )+ F,—F,, =0, or

(~0®M, + 2K, ), — Koty — Koty =0, (6)
where M, and K, are the dynamic effective baseline mass and stiffness
of the overall chain as shown in Fig. 1.2 The effective stiffness K, can

be expressed as K + y where y is defined as shown in (5). From Bloch’s
theorem, the displacement of the successive units can be written as:

Uy =ue” and u, | =ue™¥, @)

where a is the length of the unit cell, g is the wavenumber, and the
dimensionless quantity qa is represented by u. Substituting (7) into (6),
we derive the dispersion relationship as

(—sze + K, (2-e*—e"))u, =0 or

@*M,
=2(1 —cosu) or
e
(12 ®
= cos - —2),
H 2K,

The effective stiffness K,, in turn, reads as

2
—w m, + 2k k 2
Ke=K+( a ”)=1<+ a <2_9_>

2tan? @ 2tan?
= K(1+ (2% - Q?)). )
where

e f=[0/Qtan’> @)] = [m,/(2M tan® )] is the inertial amplification fac-
tor; it is a parameter that represents the ratio of the inertial amplifier
mass m, to the baseline mass M considering the influence of the an-
gle of the inertial amplifier «. The parameter 6 = m,/M is the ratio
of the inertial amplifier mass to the baseline mass.

2 For brevity, these quantities will hereafter be denoted as the effective mass
and effective stiffness.

* 1, = w,/w, is the ratio of the inertial amplifier/vertical spring nat-
ural frequency w, = \/k,/m, to the base chain mass/spring natural
frequency w, = v/ K/M.

e 0. =m/M is the ratio of the resonator mass to the base chain mass.

* 1. = w,/w, is the local resonator frequency ratio, defined as the ratio
of the local resonance mass/spring natural frequency w, = \/k/m to
the base chain mass/spring natural frequency o, = /K /M.

2.4. Band gaps

A propagation band may be identified from the range of cos u of (8);
this is because a real u corresponds to a propagating wave:

—1<cosu<1 or

@’ M,

0< <4 or

e

2
2 Oy
(1 22)
<

T l+pez-@) T

10)

It can be seen that (10) depends only on four non-dimensional param-
eters: f, n,, #, and ,. For 5, = 0, the inequality of (10) can be further
simplified as follows:

Propagating waves:

. 1
0<Q<Q,1Qn <Q<nA/1+80, 1f,13>m
(11)
m/1+6,<Q< %(51"'\/5) if0<nf<m
where  Q =1/1(e;— @) Qu=1/1e—\@), e=4+n

(1+4p+6,)/1+4p, and e, =16—8n>(L+4p-0,) +n (L +48+06,)%/
(1 +4p)>. Equation (11) allows us to indirectly predict the locations of
the band-gap edges as a function of the model design parameters.

2.5. Effective medium properties

Egs. (2) and (9) define the frequency-dependent dynamic effective
mass and stiffness needed to obtain identical dispersive behavior. The ef-
fective mass ratio M is the ratio of the effective mass M, to the baseline
mass M, and the effective stiffness ratio K is the ratio of the effective
stiffness K, to the baseline stiffness K. These are expressed, respectively,
as follows:

M—Me =[1+ br or
RO
Ny
a Ke 2 2
K=?=(1+ﬂ(2na—£2)). (12)

In principle, a one-to-one mapping can be realized between the complex
dispersion relation and these frequency-dependent effective properties.
These quantities will be used in the upcoming subsection in the analysis
of the attenuation mechanisms.
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2.6. Formation mechanism of double-peak attenuation

Two attenuation peaks are noticed when the effective stiffness is
equal to zero, i.e., K =0, and the effective mass tends to infinite, i.e.,
M, — oo. From Eq. (12), it can be seen that the stiffness peak Q, occurs
at Q; = 1/1/p while #, = 0 and the mass peak occurs at Q,, = 5,. Addi-
tionally, the above condition occurs while a transition of the band-gap
character occurs at ﬂnf(l +6,)=1.

2.7. Analysis of a finite IA chain

In conjunction to Bloch wave propagation analysis of infinite models,
it is useful to also examine the response of corresponding finite mod-
els. This provides insights into how the wave attenuation characteris-
tics displayed in the imaginary wave number of the dispersion diagrams
manifest in a truncated finite system subject to some form of excita-
tion. Implementing the “backward substitution based” method [15] and
“momentum balance” technique [32] for a full finite chain, the transmit-
tance and effective mass can be computed by the following approach.
The displacement amplitude of the last unit cell in the finite chain is
written as:

-’M, + K,

R (13)

e

——
B

whereas, the displacement amplitude of the jth unit cell is expressed
as:
-0’M, + 2K,

U, | = ————u, —u,;
e

(14)

A

Solving (14) for the (n — 1)th cell and proceeding backwards to the
second unit cell, we obtain the amplitude of displacement u, in terms of
u,. Thus, the transmittance can be easily expressed as = = log;o(u; /u,,)-
The effective mass, on the other hard, can be computed as:

i n . Mfin 1 n u;
MMy =N My, - M= —“— =— % —, 15
e " J; e e nM, n Jé u, as

3. Results and discussion

In this section, we evaluate the dispersion relations derived and
present their behavior as a function of the model parameters with a
focus on the influence on the attenuation profile in the imaginary part
of the band structure diagram.

3.1. Variation of the non-dimensional design parameter f

We start by examining the variation of the inertial amplification fac-
tor B, which as described earlier is a function of the ratio 6 of iner-
tial amplifier mass m, to baseline mass M and the rigid-link angle a.
This parameter provides a direct representation of the level of effective
inertial amplification of the levered mass—which in the static state is
m,—due to variation of the lever angle a. The effect of varying g on
the dispersion and attenuation strength generates a multi-dimensional
relationship that is plotted in Fig. 2. It is observed that the value of f
drastically increases with decreasing angle « and linearly increases with
the mass ratio. For example, for § = 0.25, an angle of « = 20° matches
roughly with g = 1. On the other hand, when «a is lowered to only 12° or
less, the inertial amplification factor jumps to 3 and higher. The factor
2tan? « in the denominator in the definition of g (see Section 2.3) deter-
mines the level of inertial amplification beyond the static value of m,,.
Next, we consider several parametric scenarios exploring limiting cases
for the inertially amplified chain.
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Fig. 2. Variation of the non-dimensional parameter § as a function of the ratio
of the inertial amplifier mass to the baseline mass 6 and the lever angle a.

3.2. Case 1: No local resonator attached to baseline mass

First, we consider a case with only the inertial amplifier and no local
resonator attached to the baseline mass; this configuration has been ex-
amined in Ref. [19]. This case is obtained by setting 6, = 0. Therefore,
(10) can be simplified further to

/1+2ﬁn2
0<Q <2y —=2. 16
== 1+4p (16)

Thus, the attenuation band exists while Q> 24/(1+2852)/(1+4p)

whereas the upper limit of the transmission band is restricted to Q < 2.
The shifting of the attenuation band towards lower frequencies is rep-
resented by

1+ 2pn2
o=|1=1 5 X 100% amn

~
o
—

@ s
“h o W

Q
W
(=]

Frequency,
NN
S W
=
I
—_
~

S = =
=

6 -4 2 0 2 % 1 2 3 4 s

4(\—'—»
S(p) R(u)
Wavenumber, p

0

Inertial amplification
factor, 3

Fig. 3. (Left) Dispersion diagram for § = 1 and three different values of #,: 0, \/E
and 2. (Right) Variation of the band-gap edge frequency Q, in terms of f for
different values of #,.
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Fig. 4. Effect of the non-dimensional design parameter § on the complex band structure. (a) Dispersion diagrams for four different values of g. (b) Attenuation profile
(represented by the normalized imaginary wave number) as a function of frequency Q and f. For § = 0.12, the attenuation profile exhibits two uncoupled peaks, the
lower one corresponding to a standard local resonance and the higher one representing an IA antiresonance. For # = 0.12, transition has occurred to an attenuation
profile with two coupled peaks. The distance in the frequency domain between the two coupled attenuation peaks is observed to grow with further increase in g. All

results are for a vertical stiffness k, = 0, i.e., n, = 0.

Here we conclude that the inertial amplifier mass, in the absence of the
discrete local resonator, creates only a single attenuation peak in the
imaginary wavenumber part of the disperison diagram. While this con-
figuration provides a semi-infinite attenuation profile above the IA an-
tiresonance, the strength of this leveled attenuation (i.e., the maximum
value of the imaginary wave number as the frequency goes to infinite)
is relatively weak.

Edge frequencies and dispersion relationship. The transmission band

is extended from O to the edge frequency Q, = 24/(1 +2p72)/(1 + 4p).

~
&
~

(b)

The edge frequency is highly sensitive to two key non-dimensional
parameters of the system, namely, the effective mass f and the fre-
quency ratio 5,. The variation of the edge frequency in terms of § and
n, is illustrated in Fig. 3(b). In Fig. 3(a), the concise dispersion dia-
gram for the system having an inertial amplifier mass ratio of =1
and frequency ratio #, = 0,V/2 and 2 are plotted. It is noticed that a
rise in 7, increases the width of the low-frequency propagation band.
The edge frequency Q. decreases with increasing g when 5, < v/2 and
vice-versa.

=0.49 =05 S )
) n, n,= A | é
< 3
> =N
g 3.5 b 5
52 :
& 3r =
g1 Q) . — Q 4
1 = P/ C
Q,, 250 =@ ]
0 > i
Q
g 2 3
n,=0.51 n.=2 &
Q 4 £1s i 2
> 3 \ . Maés peak, 2, =1,
% 5 _Q, ¥ 1t — Stiffnes pe%ak, Q=(1/8)"1 | 11
= [— ;
s R - S ]
oL, Q 0 r | |
6 4 2 0 2 6 4 2 0 2 0 0.5 1 1.5 2 2.5 3
S(n) " R(p) S(n) R(p) Resonator frequency ratio, ..

Wavenumber, p Wavenumber, p

Fig. 5. Effect of the natural frequency ratio s, on the complex band structure. (a) Dispersion diagrams for four different values of #,. (b) Attenuation profile
(represented by the normalized imaginary wave number) as a function of frequency Q and 7,. For #, = 0.49 the attenuation profile exhibits two uncoupled peaks, the
lower one corresponding to a standard local resonance and the upper one representing an IA antiresonance. For 5, = 0.5, transition has occurred to an attenuation
profile with two coupled peaks. The distance in the frequency domain between the two coupled attenuation peaks is observed to grow with further increase in 7,.

All results are for a vertical stiffness k, = 0, i.e., 5, = 0.
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Fig. 6. Effect of the mass ratio 6, on the complex band structure. (a) Dispersion diagrams for four different values of 6,. (b) Attenuation profile (represented by the
normalized imaginary wave number) as a function of frequency Q and 6,. For all values of 6, considered, the attenuation profile exhibits two coupled peaks. The

distance in the frequency domain between the two coupled attenuation peaks is
vertical stiffness k, =0, i.e., n, = 0.

3.3. Case 2: Flexible inertial amplifier with a local resonator attached to
the baseline mass

Now, a conventional local resonant mass m is attached to the baseline
mass M of the chain; we will occasionally refer to this as the “tuning”
mass. First, the coefficient of the vertical spring supporting the inertial
amplifier—which in practice may be viewed as a representation of the
actual stiffness of the joints—is assumed to be k, = 0, which means the
frequency ratio of the inertial amplifier is also 0.

3.3.1. Dispersion relations

The complex dispersion diagram including both propagation and at-
tenuation bands (with the strength of the latter indicated by the absolute
value in the imaginary wavenumber domain) is computed from (8). The
effects of the inertial amplification factor g, the resonator natural fre-
quency ratio 7,, and the resonator mass ratio 6, on the overall dispersion
curves, specifically the attenuation profile, are examined closely in this
section.

Figs. 4-6 illustrate the impact on the attenuation profile with varying
B, n, and 6,, respectively. From Fig. 4, the following observations are
noted:

With increase in inertial amplifier mass ratio g, the IA band gap
widens and its central frequency drops to lower values.

The two attenuation peaks, namely mass peak Q,, and stiffness peak
Q, are located where the effective mass and effective stiffness of the
medium turns to infinite and zero respectively. Only the stiffness
peak shifts to the low frequency side and the mass peak remains
constant while g is increased.

Below a cut off value in g, defined as g* =1/ [113(1 + 6,)], the double-
peak IA attenuation phenomenon cannot be observed. In particular,
for p = 0.12, we notice that the IA antiresonance peak is not coupled
with the attenuation peak associated with the local resonance of the
tuning mass at 5, = 2.0. However, for higher values of g these two
attenuation peaks couple and generate a relatively large IA band gap
with these two peaks appearing inside the band gap.

A “four-legged” focal point is identified in the g contour diagram
indicating a region of maximum attenuation strength. This point is
located where Q, = Q,,.

observed to stay nearly constant with further increase in 6, All results are for a

As for Fig. 5, it illustrates the following:

The IA band gap width increases with the resonator natural fre-
quency ratio 7, beyond a transitional value of . = 0.5; below this
value the chain behaves mostly like a conventional locally resonant
chain.

The location of the mass peak varies with the natural frequency ratio
of resonator; however, the stiffness peak remains constant.

At 5, = 0.5, the transition point, the attenuation due to the stiffness
peak vanishes and a single attenuation peak (mass peak) in the dis-
persion diagram is noticed.

At that transitional value, the resonance due to the tuning mass and
the inertial amplifier mass matches and a cross-over occurs.

4 T T T
35¢F ]
= =
3F b 8 G—E-‘
i =
Cost Band-gap Wldth for_ {12 %
= minumum attenuation, €2i, S e
Y ——— L S {< &
5 GG S 1= &
: &2
g Maximum
iRl band-gap <J
il — width, ]
03 I Minumum attenuation, i, J 1
0 1 1 1 1
-6 -4 -2 0 2
(k) R(u)

Wavenumber, pt

Fig. 7. Illustration of three metrics for the quantification of the relative band-
gap size, minimum attenuation level, and relative band gap size corresponding
to the minimum attenuation level.
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Unlike the previous two cases, the IA band gap and the frequency of
the two peaks remain practically constant when the tuning mass ratio
0, is varied; however, the level of attenuation increases with increasing
0., as shown in Fig. 6. The tuning mass may be made to have a more
influential effect by changing other parameters in the system as shown
below.

3.3.2. Metrics for band-gap size and attenuation performance

To quantify the properties of an IA band gap with double attenu-
ation peaks, three metrics are proposed as shown in Fig. 7. The met-
ric p;, denotes the minimum level of attenuation achieved within the
IA band gap within the frequency range Q.;, as illustrated in the fig-
ure. As for the metric Q,,,,, this represents the conventional band-gap
width. In both frequency metrics, the bandwidth is normalized with re-
spect to its central frequency value, w,,;;. Upon normalization, Q,;, and
Qg are denoted Q. and Q7 . respectively. The variation of the met-
rics as a function of each of g, #,, and 0, is plotted in Fig. 8. Fig. 8(a)
and (b) illustrate that an IA band gap exists after certain cut-off val-
ues of f and #,, respectively. With increasing f and #,, beyond certain
values, a wider IA band gap is possible at the cost of low level of at-
tenuation ;. In contrast, all metrics monotonically increase with 6,.
We observe in Fig. 8(b) that compared to when m =0, a design with
a relatively elevated level of minimum attenuation over practically the

entire width of the band gap is possible for a band gap with a rela-
tive width of 130%. In contrast, a design is possible with a 15-fold in-
crease in yu,;, but with a relatively smaller band-gap size. These results
show a trade-off between large band-gap size and minimum attenuation
strength. The regions shaded in green in Fig. 8 represent the net “gain”
in minimum attenuation strength due to the addition of the locally res-
onant mass and the consequent generation of the coupled double-peak
band gap.

The addition of a locally resonant mass, on the other hand, increases
the total weight of the unit cell; this represents a design challenge when
there is a constraint on the total weight. Future investigations may ex-
plore optimization studies with the additional constraint of keeping the
total mass within the unit cell fixed.

3.4. Inertial amplification with vertical spring with varying stiffness

To determine the effect of the vertical spring stiffness k, on the
IA band gap and attenuation profile, the inertial amplifier natural fre-
quency ratio #, is varied; this is shown in the form of the complex disper-
sion diagram in the top panel of Fig. 9. A contour plot of the attenuation
level as a function of the inertial amplification factor g for the different
n, values is plotted in the lower panel of Fig. 9. This figure depicts that as
k, increases, i.e., 7, no longer remains 0, the IA band gap shifts towards
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Fig. 10. Dynamic effective properties superimposed on the complex dispersion and corresponding contour plots.

higher frequencies. And, critically, when 7, > #,, the IA band-gap char-
acter is lost and the chain behaves mostly like a conventional locally
resonance chain. Therefore, a lower value of k, is desirable to realize
a wider and lower-frequency IA band. This underlies the importance
of having a quality lever, with maximum lever rigidity, minimal joint
stiffness, etc., when realising this system in practice.

3.5. Effective properties of the overall elastic waveguide

Finally, we show that for our proposed inertial amplifier chain, the
frequency-dependent dynamic effective mass and effective stiffness ex-
hibit a rich set of properties that vary qualitatively with the key design
parameters f, #,, and 6,. Specifically, negative effective mass, negative
effective stiffness, and dual negative mass and stiffness behavior are re-
alized as indicated in Fig. 10. The following observations are made:

¢ The dynamic effective stiffness becomes negative over a broad region
in the top-right corner of the Q — g spectrum, in contrast to a narrow
region in the Q — 6, and Q — #, spectra.

The dynamic effective stiffness becomes negative in a narrow region

in the bottom-left corner of the Q — f spectrum, in contrast to broad

top-left and bottom-right regions in the Q — 6, and Q — 7, spectra.

Attenuation bands generate in two scenarios:

1. When either of the dynamic effective medium properties, mass
or stiffness, turns negative, or

2. the inertial force of the effective medium becomes four times
higher than the dynamic effective stiffness

The local resonance attenuation peak corresponds to the dynamic

effective mass tending to infinity (denoted as mass peak); and the

IA attenuation peak corresponds to the dynamic effective stiffness

tending to zero (denoted as stiffness peak).

When these two attenuation peaks fall between the two edge fre-

quencies, i.e., Q. and Q,,, coupled double-peak attenuation occurs.

For the set of parameters for which the mass peak and stiffness peak

coincide, a significantly high level of attenuation is attained.

A double negative region emerges where the dynamic effective mass

and stiffness are simultaneously negative [33,34]. Observation of

a double negative band in a similar chain mode was reported in
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Ref. [35], although no reference was made on the possibility of cou-
pled peaks in the attenuation spectrum.

3.6. Transmittance and effective mass in truncated finite chain

The results illustrated in Fig. 11 provide confirmation that the at-
tenuation characteristics shown in all the complex dispersion diagrams
presented carry over to a corresponding 10-unit cell long finite chain.
We observe that the transmittance through a finite chain significantly
reduces in a manner that directly correlates with the attenuation in the
dispersion, with the two coupled attenuation peaks matching in their
appearance. Noticeably, we observe that in absence of the attached res-
onator, the effective mass of the system becomes frequency independent.

3.7. Future extensions to more complex coupled IA-local resonance
configurations

The mass-spring-inertial amplifier configuration presented in
Fig. 1 is a canonical configuration that serves the purpose of providing a
demonstration of the core concept of coupling an IA antiresonance with
an attenuation peak associated with a standard separately attached lo-
cal resonator. This cononical framework has enabled rigorous analytical

characterization and investigation of the concept. However, it is readily
extendable to more complex configurations in higher dimensions. For
example, a quasi-1D configuration comprising multiple interconnected
layers of masses and springs could form the base chain [36]. Realization
using standard mechanical components such as rods and beams is also
possible [22,28]. Extension to higher dimensions may be explored by
considering, for example, a cage-type 2D [37] or 3D [38] structure to
form the base medium from which levered substructures and separately
attached local resonators could emerge. Incorporation of damping in
the system—to yield metadamping behavior [39-42]—and/or nonlin-
earity [43-45] are also other promising future avenues of investigation.

4. Conclusions

A configurational concept for the realization of an inertial amplifi-
cation band gap with double attenuation peaks has been presented. The
concept is based on coupling a mass that is inertially amplified by a lever
arm with a secondary mass that is separately attached to the backbone
chain. This secondary mass on its own represent a conventional local
resonator that may be introduced to any system as a separate attach-
ment. Upon tuning, the antiresonance peak associated with this mass
couples with that associated with the inertially amplified mass leading
to a low and wide IA band gap with a characteristic double peak in the
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attenuation profile. Compared to a corresponding IA chain with only a
single attenuation peak and a semi-infinite but weak attenuation profile
at frequencies above this peak, here we get a spatial attenuation profile
that is finite in its frequency range, but strong in its intensity. A key
advantage is that the band-gap edge frequencies, width, and minimum
attenuation strength may all be optimized through this coupled IA-local
resonance configurational concept.

Given these favorable characteristics, we derived mathematical ex-
pressions for the conditions for transition to the double-peak coupled
regime. Extensive mappings of the response were then provided to con-
ceptualize the effects of key parameters in the chain, namely the inertial
amplification factor, the resonator natural frequency ratio, and the lo-
cal resonator mass ratio, on the band-gap location, size, and attenuation
profile. Furthermore, a vertical spring supporting the inertial amplifier
mass pair is introduced to quantify—from a practical perspective-the
effect of the lever link stiffness (which in our model is treated as rigid)
on the degree of inertial amplification as realized in the dynamical re-
sponse. Finally, three IA band-gap metrics have been introduced to char-
acterize the band-gap relative size and attenuation properties, and a
parametric optimization study was conducted to elucidate the effects of
the various chain parameters on these metrics. It is observed that com-
plex relations unfold with changing the IA and local resonator masses;
for example, the minimum attenuation strength experiences an optimal
point that coincides with the lowest relative band-gap size. While the
proposed concept is demonstrated on a simple ID mass-spring model,
it is readily extendable to more complex configurations in higher di-
mensions, for example by augmenting 3D IA configurations with sepa-
rately attached resonating pillars [46]. These results pave the way for
the design of a new class of inertially amplified phononic materials with
superior IA band-gap performance characteristics.
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