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Nonlinear model structure identification using genetic programming
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Abstract

Genetic Programming is an optimisation procedure which may be applied to the identification of the nonlinear structure of
a dynamic model from experimental data. In such applications, the model structure may be described either by differential equations
or by a block diagram and the algorithm is configured to minimise the sum of the squares of the error between the recorded
experimental response from the real system and the corresponding simulation model output. The technique has been applied
successfully to the modelling of a laboratory scale process involving a coupled water tank system and to the identification of
a helicopter rotor speed controlier and engine from flight test data. The resulting models provide useful physical insight. ¢ 7998
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1. Introduction

Identification of nonlinear models which are based in
part at least on the underlying physics of the real system
presents many problems since both the structure and
parameters of the model may need to be determined.
Many methods exist for the estimation of parameters
from measured response data (Beck and Arnold, 1977)
but structural identification is more difficult. Often a trial
and error approach involving a combination of expert
knowledge and experimental investigation is adopted to
choose between a number of candidate models. Possible
structures are deduced from engineering knowledge of
the system and the parameters of these models are esti-
mated from available experimental data. This procedure
is time consuming and sub-optimal. Automation of this
process would mean that a much larger range of poten-
tial model structures could be investigated more quickly.

Genetic Programming (GP) is an optimisation method
which can be used to optimise the nonlinear structure of
a dynamic system by automatically selecting model
structure elements from a database and combining them
optimally to form a complete mathematical model. Gen-
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etic Programming works by emulating natural evolution
to generate a model structure that maximises (or mini-
mises) some objective function (Koza, 1992) involving an
appropriate measure of the level of agreement between
the model and system responses. A population of model
structures evolves through many generations towards
a solution using certain evolutionary operators and
a ‘survival-of-the-fittest’ selection scheme. The para-
meters of these models may be estimated in a separate
and more conventional phase of the complete identifica-
tion process.

Fig. 1 illustrates the process used to identify a non-
linear model from experimental data using Genetic
Programming. Expert knowledge is important in this
process and is used both to select an appropriate function
library and for the experimental design. The output of the
Genetic Programming algorithm is a model or set of
models which must then be validated. As a result of this
validation, it may be desirable to change the experiment
or modify the function library available to the GP algo-
rithm as part of an iterative model building approach.

2. Genetic programming based modelling method

Genetic Programming works by emulating natural
evolution to generate a model structure that maximises
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Fig. 1. Flow chart showing Genetic Programmming modelling proess.

(or minimises) some fitness function (Koza, 1992).
A population of model structures (represented as trees as
in Fig. 2) evolves through many generations towards
a solution using certain evolutionary operators and
a ‘survival-of-the-fittest’ selection scheme. The example
shown in Fig. 2 represents a block diagram description of
a nonlinear system. If the tree is turned clockwise
through 90°, it can be viewed as a conventional block
diagram. The tree can also represent an algebraic expres-
sion using Polish notation. Each individual tree is of
variable length, is constructed of nodes and represents
one candidate model structure for the system. The nodes
can be terminal nodes at the end of a branch signifying an
input or constant, or non-terminal nodes representing
functions performing some action on one or more signals
within the structure to produce an output signal. In the
case of the system of Fig. 2, there is one output and the
terminal nodes are the system inputs u and v. The non-
terminal nodes are functions from the library selected for

Model output:
X = exp(uv) + sin(u)

sin exp
Non-Terminal T
Node *

O Yoo @f

Fig. 2. GP Tree for a typical block diagram function.
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this dynamic system. The library consists of functions
which could conceivably form part of the dynamic sys-
tem. The selection of the library functions is an important
part of the GP modelling process. The nodes are com-
bined to build the trees according to grammar rules
specifying the number of inputs of each node type. Each
tree is evaluated by identifying any numerical para-
meters, simulating the corresponding dynamic model
and calculating some fitness function defining the quality
of that model with respect to recorded experimental data.

Typically the Genetic Programming population con-
tains a few hundred trees and evolves through the action
of operators known as crossover, mutation and selection.
The initial population is created entirely at random. The
tree structure is limited by the GP grammar and by
a pre-defined maximum tree size. Crossover and muta-
tion processes are applied to branches, i.e. that part of the
structure lying below a randomly selected point in the
tree. Typically crossover is applied to 80% of each gen-
eration and involves the branches from two parent trees
being interchanged as in Fig. 3. This means that charac-
teristics of both parents will survive to the next genera-
tion but are combined differently, sometimes leading to
offspring fitter than either parent. Mutation, at a low
rate, means the creation of a completely new branch
determined at random. This procedure is less likely to
improve a specific structure but it can help the optimisa-
tion algorithm to escape from a local minimum. Selection
involves evaluating the fitness of each population mem-
ber and choosing the fittest to continue to the next
generation. There are various selection strategies which
are used to determine which of the models will survive to
the next generation (Koza, 1992). The selection method
used for this work is tournament selection (Koza, 1992).
A number of trees (perhaps between 5 and 10) is selected
from the population and the best of this group survives
whilst the worst die off. This is repeated until a new
generation is created. Other selection schemes include the
roulette-wheel selection method where fitter models have
a better chance of selection, and ranking selection where
the population is ordered with its offspring and the fittest
members of that entire group survive. The fitness func-
tion defines the quality of the model. It could be the sum

hl+ 1.0

A/ By + (u-1.0)

of the squares of the error between experimental data
and simulated model output or a correlation function
(McKay et al,, 1996), or indeed any quantitative measure
of model fidelity. The fitness function need not be differ-
entiable or even continuous. Crossover, mutation and
selection improve the general fitness of the population
from one generation to the next. The algorithm repeats
through many generations until some convergence cri-
terion is satisfied. The resulting near-optimal model can
then be used for nonlinear simulation of the system or for
further investigation of the physical system, or to validate
the structure of an existing model developed in some
other way.

2.1 Application of genetic programming to nonlinear
modelling

Genetic Programming is an established technique
which has been applied to several nonlinear modelling
tasks including the development of signal processing
algorithms (Sharman and Esparcia-Alcazar, 1996) and
the identification of chemical processes (Bettenhausen
et al, 1995, Marenbach and Bettenhausen, 1996). In the
identification of continuous time system models, the ap-
plication of a block diagram oriented simulation ap-
proach to GP optimisation is discussed in Marenbach
and Bettenhausen (1996) and Gray et al. (1996) and the
issues involved in the application of GP to nonlinear
system identification are discussed in (Gray et al. 1997b).
In this paper, Genetic Programming is applied to the
identification of model structures from experimental
data. The systems under investigation are to be represent-
ed as nonlinear time domain continuous dynamic models.

The model structure evolves as the GP algorithm mini-
mises some objective function involving an appropriate
measure of the level of agreement between the model and
system responses. One example is,

J=Y ¢l (1)

where e; is the error between model output and experi-
mental data for each of N data points. The GP algorithm

OO
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Fig. 3. Genetic Programming crossover mechanism illustrated using tree notation.
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constructs and re-constructs model structures from the
function library. The parameters of each candidate model
structure are identified using a combined Nelder-Simplex
and simulated annealing method (see Section 2.5) and the
fitness of that model is evaluated using a fitness function
such as that in Eq. (1). The general fitness of the popula-
tion improves until the GP eventually converges to
a model description of the system.

2.2. The function library

Any prior knowledge of the physical system should be
included in an initial model and in the function library.
The function library is the pool of potential nonlinear
model structural components. The Genetic Program-
ming algorithm selects elements from this library and
builds a model structure which best represents the train-
ing data. For example, the GP optimised expression
could represent the behaviour of a system state or some
variable in the system such as a friction or stiffness term.
The unknown dynamics evolve as the Genetic Program-
ming algorithm builds each candidate model from this
library of available functions.

This function library is very important and should be
flexible enough to be able to represent a wide range of
systems. However, if it is too general, experience has
shown that the GP algorithm tends to produce an em-
pirical ‘best-fit’ rather than a meaningful model structure.
The function library can include the basic algebraic func-
tions (4, —) as well as complex sub-functions which can
include features suspected from prior knowledge of the
system.

2.3. The Genetic Programming algorithm

For this research, a steady-state Genetic Programming
algorithm was used. At each generation, two parents are
selected from the population and the offspring resulting
from their crossover operation replace an existing mem-
ber of the same population. The number of crossover
operations is equal to the size of the population i.e. the
crossover rate is 100%. The crossover algorithm used
was a subtree crossover with a limit on the depth of the
resulting tree.

Genetic Programming parameters such as mutation
rate and population size varied according to the applica-
tion. More difficult problems where the expected model
structure is complex or where the data are noisy gener-
ally require larger population sizes. Mutation rate did
not appear to have a significant effect for the systems
investigated during this research. Typically, a value of
about 2% was chosen.

The function library varied according to application
and what type of nonlinearity might be expected in the
system being identified. A core of linear blocks was al-
ways available. It was found that specific nonlinearities

such as look-up tables which represented a physical phe-
nomenon would only be selected by the Genetic Pro-
gramming algorithm if that nonlinearity actually existed
in the dynamic system. This allows the system to be
tested for specific nonlinearities.

2.4. Evaluation of candidate models for Genetic
Programming model structure identification

Each member of the Genetic Programming population
represents a candidate model for the system. It is neces-
sary to evaluate each model and assign to it some fitness
value. Each candidate model is integrated using a numer-
ical integration routine to produce a time response. This
simulation time response is compared with experimental
data to give a fitness value for that model. A sum of
squared error function (Eq. 1) is used in all the work
described in this paper, although many other fitness
functions could be used.

The simulation routine must be robust. Inevitably,
some of the candidate models will be unstable and there-
fore, the simulation program must protect against over-
flow errors. Also, all systems must return a fitness value if
the GP algorithm is to work properly even if those
systems are unstable.

2.5. Parameter estimation

Many of the nodes of the GP trees contain numerical
parameters. These could be the coefficients of the transfer
functions, a gain value or in the case of a time delay, the
delay itself. It is necessary to identify the numerical para-
meters of each nonlinear model before evaluating its
fitness. The models are randomly generated and can
therefore contain linearly dependent parameters and
parameters which have no effect on the output. Because
of this, gradient based methods cannot be used. Genetic
Programming can be used to identify numerical para-
meters (Koza, 1992) but it is less efficient than other
methods. The approach chosen involves a combination
of the Nelder-Simplex and simulated annealing methods
(Press et al, 1992). Simulated annealing optimises by
a method which is analogous to the cooling process of
a metal. As a metal cools, the atoms organise themselves
into an ordered minimum energy structure. The amount
of vibration or movement in the atoms is dependent on
temperature. As the temperature decreases, the move-
ments, though still random, become smaller in amplitude
and as long as the temperature decreases slowly enough,
the atoms order themselves into the minimum energy
structure. In simulated annealing, the parameters start off
at some random value and they are allowed to change
their values within the search space by an amount related
to a quantity defined as system ‘temperature’. If a para-
meter change improves overall fitness, it is accepted, if it
reduces fitness it is accepted with a certain probability.
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The temperature decreases according to some pre-deter-
mined ‘cooling’ schedule and the parameter values
should converge to some solution as the temperature
drops. Simulated annealing has proved particularly effec-
tive when combined with other numerical optimisation
techniques.

One such combination is simulated annealing with
Nelder-simplex optimisation (Press et al, 1992). The
simplex is an (n + 1) dimensional shape where n is the
number of parameters. This simplex explores the search
space slowly by changing its shape around the optimum
solution. It closes in on the optimum of the function
converging on the solution. The simulated annealing
adds a random component and the temperature schedul-
ing to the simplex algorithm thus improving the robust-
ness of the method.

This has been found to be a robust and reasonably
efficient numerical optimisation algorithm (Gray et al.,
1997a). The parameter estimation phase can also be used
to identify other numerical parameters in parts of the
model where the structure is known but where there are
uncertainties about the parameter values.

2.6. Representation of a GP candidate model

Nonlinear time domain continuous dynamic models
can take a number of different forms. Two common
representations involve sets of differential equations or
block diagrams. Both these forms of model are well
known and relatively easy to simulate. Each has advant-
ages and disadvantages for simulation, visualisation and
implementation in a Genetic Programming algorithm.
Block diagram and equation based representations are
considered in this paper along with a third hybrid repres-
entation incorporating integral and differential operators
into an equation based representation.

2.6.1. Block diagram representation

Block-diagram descriptions of dynamic systems are
easily interpreted and can represent a wide range of
systems of any order. Many block diagram based simula-
tion tools are available (e.g. SIMULINK (Checkoway
and Kirk, 1992) which is a simulation toolbox for MAT-
LAB (Moler et al., 1992)). Such tools use a library of
system elements, both linear and nonlinear to construct
a block diagram of the dynamic system to be simulated.

A GP tree can be configured to represent a
SIMULINK block diagram of the dynamic system under
investigation and the GP algorithm can then choose
from a library of SIMULINK blocks. This library con-
tains candidate building blocks for the system model and
should reflect any prior knowledge of the system as well
as including basic building blocks such as sunming junc-
tions, simple transfer functions involving first and second
order sub-models, time delays etc. The terminal nodes in
this case are system inputs and the non-terminal nodes

are SIMULINK function blocks. These function blocks
can contain both linear and nonlinear elements enabling
the GP to identify the order of a system as well as any
nonlinearities. The grammar inherent in the GP tree
ensures that the blocks are connected logically and with
the correct number of inputs.

To evaluate an expression tree, that tree must be con-
verted to a SIMULINK block diagram. To do this, the
C++ program writes a SIMULINK script file describ-
ing the dynamic system and this SIMULINK file is
executed from a MATLAB engine process running
alongside the C++4 executable on a UNIX work-
station.

2.6.2. Differential equations

Equation based model representations include differ-
ence equations and differential equations. Discrete time
difference equations are easier to simulate and show
advantages in terms of speed at run-time but the continu-
ous time differential equation representation produces
more meaningful physical models. Both these methods
can be implemented in Genetic Programming by using
the GP tree to form all or part of the right hand side of
one or more of the system equations. In this paper, the
differential equation representation is described. One dis-
advantage of this method is that the order of the system
must be selected before-hand and with a nonlinear sys-
tem this order will not necessarily be known. As with the
block diagram method, the terminal nodes are the system
inputs and the non-terminal nodes are the library func-
tions.

Simulation of the equation based models is more effi-
cient than the block diagram representation because the
models are coded in C++ and form part of the GP
program.

2.6.3. Integro-differential equations

This model representation is equation based but the
function library includes an integrator and a differenti-
ator. This allows the GP algorithm to build nonlinear
models of variable order. Also, sub-trees known as Auto-
matically Defined Functions (ADF’s) (Koza, 1992) were
included in the GP optimisation program. These ADF’s
are defined as terminal nodes and are GP trees in their
own right evolving in the same way as the main tree.
They can be considered as sub models within the main
model.

2.6.4. Choice of experimental data set — experimental
design

The identification of nonlinear systems presents par-
ticular problems regarding experimental design. The sys-
tem must be excited across the frequency range of interest
as with a linear system, but it must also cover the range of
any nonlinearities in the system. This could mean ensur-
ing that the input shape is sufficiently varied to excite
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different modes of the system and that the data covers the
operational range of the system state space.

A large training data set will be required to identify an
accurate model. However the simulation time will be
proportional to the number of data points so optimisa-
tion time must be balanced against quantity of data.
A recommendation on how to select efficient step and
PRBS signals to cover the entire frequency range of
interest may be found in texts such as Godfrey (1993) and
Ljung (1987).

2.7. Results analysis

As the Genetic Programming evolution continues, the
population gradually converges towards a solution. The
optimisation used in this paper is stopped after 25 gen-
erations since it is evident that any improvement in the
overall fitness of the population beyond this point is
likely to be minimal. The fittest tree is taken as the
optimum model. This expression tree can be quite
lengthy and complex but it often contains much redund-
ant information. For example, a complete branch could
be nullified by a gain of zero or by having an output
which is subtracted from a copy of itself. After post-
processing to decode and simplify this GP tree, the result
Is an algebraic expression or block diagram describing
the unmodelled part of the system with estimated values
of any numerical parameters.

The GP optimisation process is normally carried out
several times. Even after simplification, it is not expected
that each optimisation will converge to the same solu-
tion. The solutions will look different and some will have
better fitness values than others. Generally, however,
each solution will be a sum of terms and many of these
terms will occur in most of the solutions. Moreover,
common terms will often be the major contributors to the
main expression. In this way, examination of several
separate optimisations gives an indication of likely com-
ponents of the nonlinear model of the system. More
conventional modelling procedures can be used to fur-
ther develop the model of Murray-Smith (1995b).

2.8. Model validation
An important part of any modelling procedure is

model validation. The new model structure must be
validated with a different data set from that used for the

[time,input_data]

Transport
Delay

optimisation. There are many techniques for validation
of nonlinear models the simplest of which is analogue
matching where the time response of the model is com-
pared with available response data from the real system.
The model validation results can be used to refine the
Genetic Programming algorithm as part of an iterative
model development process.

3. Examples

The Genetic Programming structure identification
technique was applied to a simple simulated system, to
the modelling of a coupled water tank system and to the
identification of a helicopter rotor speed controller and
engine. The GP optimisation program is written in
C++ . The C++ code is based on a general GP program
called gpc ++ (Fraser, 1994). It controls the GP part of
the program. The remainder of the program is dependent
on the model representation being used (Section 2.6).

3.1. Example 1: Simulated system

This example identifies a simple model structure from
simulated data. It is intended to illustrate the application
of Genetic Programming to model structure identifica-
tion. The system to be identified is shown in Fig. 4. It is
a second order system with a time delay acting on the
input.

The block diagram representation described in Section
2.6.1 is used for this example. The GP algorithm can
choose elements from a variety of linear and nonlinear
SIMULINK blocks defined in the GP function library
(Table 1). A small population size of ten trees was used to
demonstrate the GP modelling process. A square wave
was used as the input and the sum of the squared error
samples was used as the cost function indicating candi-
date model quality.

The time response of the model used to generate the
simulated data is shown in Fig. 5. The progress of the
optimisation is shown in Table 2. As the optimisation
proceeds, different system blocks and model character-
istics are evaluated. System elements which improve the
model fitness are more likely to be retained for recombi-
nation with other successful system elements. In this
example, the time delay is identified as important in the
first generation and the second order characteristic is

64
s2+125+64 y

Transfer Fcn

Fig. 4. Block diagram of system used to generate simulated data for example 1.
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Table 1
Function library for Genetic Programmng structure estimation routine

Function Inputs Parameters
Non-terminal nodes

-+ 2 0
— 2 0
Gain 1 1
1/(s + a) (1st order) 1 1
wif(s? + 2w,{ + w}?) (2nd order) 1 2
Time delay 1 1
Saturation 1 1
Squared 1 0
Terminal Node

Input (u) - 0
Zero - 0

combined with this in generation four. Model fitness
improves from one generation to the next towards the
solution after seven generations. The parameters of the
models are estimated at each stage.

3.2. Example 2: Equation based identification of flow
through outlet pipe

This example shows the application of Genetic Pro-
gramming to the identification of the outlet flow of
a coupled water tank system as shown in Fig. 6 (Murray-
Smith, 1995a). The system is nonlinear since even at the
simplest approximation, the flow between the two tanks
and from the second tank to the outlet varies as the
square root of the water depth.

The input signal which determines the input flow
rate to tank one was a binary signal the amplitude and
time pattern of which were chosen so that different
modes of the system would be excited and the complete
operating range of H; and H, would be covered. Two
sets of data were recorded, one for identification and one

05 1 1.5 2 285 3 35 4 45 H
time {seconds}

Fig. 5. Time response of example model used to demonstrate
block diagram based model structure identification from simulated
data.

Input Q,

Fig. 6. Twin tank system.

Table 2
Progress of Genetic Programming optimisation of model structure
Gen. Y e? Best model of generation Comments
1 32.3668 Td (Gain u) Best of initial random population. Time delay is
identified.
2 3.0154 Td( - (1/(s + a) u) (Gain u)) Time delay retained with additional dynamic
element.
3 3.0154 Td( — (1/(s + a) u) (Gain u))
4 1.79844 Td( — 1/(s + a) u) (Td( — (2nd order u) (Gain u)))) Second order characteristic identified.
5 1.79844 Td( — 1/(s + a) u) (Td( — (2nd order u) (Gain u))))
6 1.79844 Td( — 1/(s + a) u) (Td( — (2nd order u) (Gain u)))}
7 0.00513 ((Td(2nd order w))) GP finds solution.
8 0.00513 ((Td(2nd order w)))
9 0.00513 ((Td(2nd order )))
10 0.00513 ((Td(2nd order u)))




1348 G.J. Gray et al. /Control Engineering Practice 6 (1998) 1341-1352

for validation. These involved the use of input signals of
similar but not identical amplitude and frequency distri-
butions. The Genetic Programming approach allowed an
expression for flow out of tank two to be developed,
including estimation of numerical parameters using the
combined simplex-simulated annealing method.

The fluid flow in and out of the tanks is described by,

dH,

A =0 — Qui» 2
1 dt Qut Qul ( )
dH,

A, —==0,1 — Q. 3
2 dr Qtl Q ()

where Q,; is the volume flow into tank one, Q,, is the flow
from tank one to tank two, and Q,, is the output flow
from tank two. A, and A, are the cross-sectional areas of
tanks one and two respectively and are each equal to
0.01m?. H, is the depth of the water in tank one and H is
the depth in tank two. If the connecting pipe and the
output pipe are assumed to be orifices, Bernoulli’s
theorem applies and the flow can be calculated thus,

Qu1 = cnnai/29(H; — H,), 4)
Qo2 = Canlz/ 29(H, — H3) (5)

where ¢,; and c¢,, are empirical discharge coefficients for
the connecting pipe and the output pipe respectively,
a; (39.56mm?), is the area of the orifice between tanks
one and two and a, (38.48 mm?) is the area of the orifice
at the outlet of tank two. H; is the height of the outlet
pipe above the floor of the tank. While this approxima-
tion may be valid for the pipe connecting the two tanks (it
is 5.5 mm long), it is known to be inaccurate for the outlet
pipe from tank two (106 mm long). The Genetic Pro-
gramming optimisation was therefore configured to find
an algebraic expression for the flow out of tank two. The
discharge coefficient for the flow from tank one to two,
cq1, Was estimated using the combined Nelder-simplex
and simulated annealing routine as part of the optimisa-
tion.

Incompressible fluid flow can exist in two forms
- laminar and turbulent. Both these forms are nonlinear
and a system of equations has to be solved to calculate
the flow rate for any particular pipe, environmental con-
ditions, and pressure difference (see Appendix A).
Whether flow is laminar or turbulent depends on the
Reynolds number. There is a crucial regime between
laminar and turbulent flow where the flow can be a com-
bination of these or one or the other (Thomas, 1995).
Empirical calculations based on the typical flow rate in
this experimental apparatus suggested that the flow was
in this region.

The only variable relevant to the flow of water through
the outlet pipe in the water tank system is the pressure
difference which is directly proportional to the depth

difference of the water at either end of the pipe (in this
case, H, — H,). The flow rate for every possible depth
difference in this system was calculated by solving the
ponlinear flow equations (Thomas, 1995) at each point
and storing them in two look-up tables — one for laminar
flow and one for turbulent. These look-up tables became
non-terminal nodes for the Genetic Programming func-
tion library. They had one input — the depth variable
used to determine the flow, and one output — the flow
rate. The other non-terminal nodes included +, —,
gain, time delay and square root (see Table 3). One
additional non-terminal node was used. This was the
basis function which is a Gaussian curve around a centre
point with a certain width which depends on H, (Fig. 7).
The basis value multiplies the input signal to generate an
output. It was included in the Genetic Programming
function set to permit the Genetic Programming to
evolve certain dynamics for some values of H, and differ-
ent dynamics for others. Such a combination of weighted
models is known as a local model network (Murray-
Smith and Johansen, 1997). This was not unreasonable
since it is known that turbulent flow is more likely to
occur at higher values of pressure differential. The ter-
minal nodes were the system input, the states, and 0 and
1. The Genetic Programming function library is shown in
Table 3. The gain is an estimated parameter. The square
root was included since it appears in the Bernoulli equa-
tion (Eq. (5)).

The GP derived expression for Q,, was incorporated in
the set of nonlinear ordinary differential equations which
were numerically integrated over the experimental time
range. The sum of the squares of the samples of the error
between predicted H; and measured H, was calculated
for each simulation and formed the basis for the opti-
misation process.

Table 3
Function library for Genetic Programming structure estimation of flow
through outlet pipe

Function Inputs Parameters

Non-terminal nodes

+

Gain

Square root

Basis function

Laminar flow look-up
Turbulent flow look-up
Unit time delay
Terminal Node

S L S O S )
COONVO—~ OO

._.
=
o
E
i
cooo0
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/

o
L
T
i

basis function

0.05 01 0.15 02 0.25 03
h2 (scheduling variable)

Fig. 7. Basis function of H, for a centre point of 0.06 and a width of
0.07 (the depth is always > 0.03).

The optimisation for the equation for flow from tank
two and parameter c4; was carried out four times. The
resulting structure equations with their respective error
norms were,

flow = lam(H,) — turb(H,) — poH,, Y ¢* = 0.681,  (6)

flow = basis(pg, p1) x basis(p,, p3) x basis(ps, ps),
x basis(ps, p7) x basis(ps, po) x lam(H ),

Y e? = 0.0451 7
flow = basis(po, p1) x lam(H>), Y e* = 0.0424 (8)

flow = basis(p, p1) x lam(H, — lam(H3)), Y e* = 0.0416
9

One common feature of these four expressions is the
function basis(pg, p,) X lam(H,). Many of the other terms
can be neglected. The turbulent flow term in Eq. (6) is not
large although the error for this solution is significantly
larger than the others. Substituting the identified para-
meter values, Eq. (7) can be approximated by one basis
function multiplied by the laminar flow. In Eq. (9), the
lam(H ) term added to H, is several orders of magnitude
smaller than H, and is therefore insignificant. Eq. (8) was
thus accepted as the best representation of flow out of
tank two.

The parameters p, and p; were identified using the
combined Nelder-simplex and simulated annealing rou-
tine within the GP optimisation. For the range of H, in
the example, and the identified values of p, and p,,
basis(H,) is equivalent to a constant of 0.75. Hence, the

following model for flow was derived;
flow = 0.75lam(H,) (10)

During each function evaluation, the discharge coeffic-
ient from tank one to tank two, c;, (Eq. (4)) was esti-
mated for each case. For this model, the estimated value
for c,; was 0.75.

3.2.1. Model validation

The parameters cy; and ¢4, of the model described by
Egs. (2)5) were estimated using the same binary input
signal and data set as for the GP model identification.
This model differs from the GP identified model in that
the outlet flow from tank two is calculated using Eq. (10)
rather than Eq. (5). The parameters were estimated with
the same combined Nelder-Simplex and Simulated an-
nealing routine as used in the GP algorithm. The cost
function minimised was the sum of the squares of the
error (Eq. (1)). The resulting parameter estimates were
¢g1 = 0.608 and ¢4, = 0.697. The training data and the
time responses of the identified GP model and the orig-
inal model are illustrated in Fig. 8. Both models seem
a reasonable match for the training data. However, both
models were also simulated with a different set of experi-
mental data and the time responses are compared in
Fig. 9. The fit for H, for the GP identified model is of
a reasonable quality indicating that the model described
in Eq. 10 1s a good representation of this system. It is also
obvious that the GP identified model is a better match
than the model based on the Bernoulli equations. The error
in the prediction of outlet flow is integrated producing
the discrepancy in terms of the level, H, shown in Fig. 9.

3.3. Example 3: Genetic Programming identification of
a helicopter rotor speed controller and engine

Genetic Programming has also been applied to the
structure identification of helicopter engine dynamics
using flight test data from a MBB Bo105 helicopter. The
helicopter main rotor is designed to rotate at a constant
speed. This speed is maintained by an automatic control
system which has measured rotor speed as the controller
input and fuel flow to the engine as its output. Changes in
rotor blade pitch angles cause changes in the drag on
each rotor blade and this alters the load torque on the
main rotor. In the MBB Bo105 helicopter, a mechanical
governor is used to control the fuel flow to the engine to
compensate for this changing load and maintain a con-
stant rotor speed. The dynamics of the engine are slow
and changes in the main rotor collective torque can cause
a transient variation in rotor speed of up to about 2%.
These variations in rotor speed and rotor shaft torque
have significant impact in terms of aircraft heave (vertical
movement) and yaw dynamics. An accurate model of this
subsystem is therefore important for accurate simulation
of the helicopter flight mechanics.
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Genetic Programming was applied to finding a non-
linear dynamic model for the rotor speed controller and
the engine. The input for this identification was rotor
speed, and the output was engine torque. The experi-

mental data set came from flight tests in near hover
condition and involved a step input in main rotor collec-
tive pitch. This means that the pitch of all four helicopter
blades was increased simultaneously giving an abrupt
change in main rotor load torque. The GP algorithm
used automatically defined functions and a single tree
structure with algebraic, nonlinear, differential and inte-
gral operators. The GP converged to the model illus-
trated in Fig. 10. Fig. 11 shows that the corresponding
model time response matches the training data very well.
The model was validated by applying to it a data set
recorded for a similar experiment but with the opposite
sign of input. The match is shown in Fig. 12. The bias
parameter in Fig. 10 was identified for the new data set
because the initial conditions were different but all other
parameters and the model structure were those identified
from the training data (Fig. 11).

4. Application of GP model structure identification
to other problems

This technique could be applied to many structural
modelling problems. However, as with all modelling
methods, some knowledge of the likely dynamics of the
system is required. It is also important to have represen-
tative experimental data for the identification. The model
is being derived from these data.

The GP can be configured to identify a complete
model structure but it is more likely that some parts of
the model will be known and that the GP is used to
generate a representation of some specific nonlinear com-
ponent of the system. Careful consideration should be
given to the selection of the function library. It may be
necessary to run several optimisations with different li-
brary components until a suitable model is identified.
Analysis of all the runs should reveal consistent model
structure elements as likely candidates for the final
model.

Finally, model validation is very important to show
confidence in the identified model. Different data sets
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2.906552+5

MATLAB
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Fig. 10. GP identified system for helicopter rotor speed controller and engine.
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should be used to ensure that the derived mathematical
model is an accurate representation of the dynamic sys-
tem in the specified operating regime.

5. Conclusion

Genetic Programming is a valuable tool for the model-
ling of nonlinear dynamic systems. It can allow nonlinear
model structures to be developed that best fit experi-
mental data. The GP automates the trial and error pro-
cess of structure estimation and can therefore test a lot
more potential model components and structures. It is
capable of retaining the best parts of these structures and
of recombining them to give new and often better models.
However, certain issues should be taken into account.
Calculation of a fitness value for each candidate model is
crucial. A cost function involving an appropriate

measure of the level of agreement between the model and
system responses must be selected. Since the number of
evaluations of the fitness function may be very large, the
necessary simulation routines should be fast and should
return a numerical value of model fitness suitably scaled
for the GP selection operator. The GP program must
include a robust parameter estimation routine and as
with all nonlinear modelling methods, experimental de-
sign and model validation are important parts of the
process. The model should be represented in a format
relevant to the modelling problem.

The model resulting from the GP can reveal important
aspects of the physical structure of the system. Specific
nonlinearities such as look-up tables representing suspec-
ted system characteristics can be included in the GP
ilforary in the knowledge that if it does not improve
model fidelity, it will not be included in the final model.
The dynamics of the system are described by the GP
solution and the GP optimisation method can be con-
figured to select the order of the model as well as the form
of any nonlinearities present. Such information can be
used for further investigation of the physical system or to
validate the structure of an existing model developed in
some other way.

Unlike many other nonlinear modelling techniques
GP can be used to build a model structure that best fits
experimental test data from a library of different types of
linear and nonlinear components.
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