DOMAINS OF DIRICHLET FORMS AND EFFECTIVE
RESISTANCE ESTIMATES ON P.C.F. FRACTALS

JIAXIN HU! AND XINGSHENG WANG

ABSTRACT. In this paper we consider post-critically finite self-similar fractals with
regular harmonic structures. We first obtain effective resistance estimates in terms
of the Euclidean metric, which particularly imply the embedding theorem for the
domains of the Dirichlet forms associated with the harmonic structures. We then
characterize the domains of the Dirichlet forms.

1. INTRODUCTION

Let (K,{F;}},) be a post-critically finite (p.c.f.) self-similar fractal in R"(n >
1) with a regular harmonic structure (H,r), and let (£, D) be the Dirichlet form
associated with (H,r). Let R be the effective resistance determined by the form
(€,D). In this paper, we are concerned with the following problems:

(1) What is the relationship between R and the Euclidean metric?

(2) How to characterize the domain D of £7

These two problems are important in studying the dynamical aspects of fractals,
such as PDE’s, Brownian motions, heat kernels, and function spaces on fractals.

Recall that the first problem above is obvious, if K is a bounded open interval of
R and & is the classical energy form with respect to the Lebesgue measure

1
(1.1) S(f,g):§/ Vf-Vgdz.
K
As a matter of fact, there exists some ¢ > 0 such that, for all z,y € K C R,
(1.2) ¢ Mo —y| < R(z,y) < clz—y|

The second inequality in (1.2) follows by using the definition of R, see (2.9) below,
and the Sobolev embedding theorem:

(1.3) [f(@) = Fy)l < Pl —y|2E(f, )2,
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see for example [1, Formula (9), p.98]. The first inequality in (1.2) also follows; this
is because for any xg < yo in K, letting

0, if x < x,
fo(z) =S = oo <a <y,
17 if x Z Yo,

we obtain that
1 1 _
Efafo) = 5 [ 1) Pde = Slvo = o]
K

and then use the definition (2.8) below (cf. [18, Sect 1.6]). Note that for the higher-
dimensional case, there does not exist such an elegant estimate for R as in (1.2).

The second problem above is also clear for the classical case: if K is an open
domain of R"(n > 1) and & is as in (1.1), then the domain D of & is just W?(K),
the usual Sobolev space on K.

However, for the fractal case, the above two problems are non-trivial. Recall that
for the problem (1), if K is a nested fractal, there exists a geodesic metric d on K,
and Barlow [2, Lemma 8.17] obtained the relationship between R and d as follows

R(z,y) ~ d(z,y)’,

where 0 = log p/log~, and p,~ are the resistance and shortest path scaling factors,
respectively. If K is a Sirepinski gasket in R?, Strichartz [18, Sect 1.6] obtained a
relationship between R and the Euclidean metric

(1.4) R(z,y) ~ v —y|™~,

where d; = iﬁ—g and d,, = % are, respectively, the Hausdorff and walk dimensions
of the Sierpinski gasket. Under certain mild conditions, we shall obtain in this paper
the relationship between R and the Euclidean metric for p.c.f. fractals with reqular
harmonic structures, see Section 3. (If the harmonic structure is not regular, then
R(z,y) may be infinite for some points = and y, but |x — y| < oo for any z,y € K
since K is bounded. So R can not be controlled from above by the Euclidean metric.
Therefore, the estimate (1.4) fails.) In particular, we show that (1.4) holds with
different exponents for a certain class of nested fractals. (One may use the heat
kernel estimates in [12] to derive (1.4) for some nested fractals. This is another

story.)

As for the problem (2), the first result was obtained by Jonsson [9] for the Sier-
pinski gasket K in R™. It was shown that the domain D of the energy form & is
equivalent to a Sobolev-type space on K, that is,

(1.5) D~ WO () i= {f € L*(K, ) : Wapa(f) < 00},
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. log(n+1
where 1 is the a := %
og?2

is the walk dimension, and

(16)  Wypa(f) = sup @9 /K /B @)~ 1@ Pauty)intz).

0<r<1

log(n+3)

-dimensional Hausdorff measure on K, and § = o5 2

Here B(x,r) ={y € K : |[y—xz| < r} is a ball of radius r and center  in K under the
Euclidean metric. (Note that Jonsson used a different notion Lip(3/2,2, 00)(K, 1)
to denote the space W?/22(1).) Pietruska-Patluba generalized Jonsson’s result to a
certain class of nested fractals in R", see [16].

On the other hand, one can characterize the domain D of the energy £ with the
help of heat kernel estimates. Assume that the heat kernel (or the transition density)
p(t, z,y) exists on K, and satisfies

(1.7) 00 (7P — y) < plt, ) < 0D, (8702 — y))

for all z,y € K and 0 < t < 1, where o, > 0 and ®; > 0 is continuous and
decreasing on [0, 00) for i = 1,2. Under certain mild assumptions on ®; and ®,, one
can obtain that the domain D of the Dirichlet form (&€, D) associated with the heat
kernel p(t, x,7) is equivalent to W5/%2(u1), where 1 is the a-measure on K (that is,
u(B(x,r)) ~r*), see [17] for the Euclidean case and [4] for metric spaces. However,
it is much complicated to obtain heat kernel estimates like (1.7), see [7, 13] for p.c.f
fractals with regular harmonic structures.

In Section 4, we characterize the domain D of the energy £ on p.c.f. fractals
with regular harmonic structures. We avoid using the heat kernel estimates, and
present a direct proof. We do follow the technique in [9], but there are some new
twists in our proof. The effective metric R and the self-similar measure p with the
standard weights will be used in defining the functions spaces W"/%2(;1). We mention
in passing here that a closely related problem was studies in [11], where the domain
of the Laplacian on p.c.f self-similar sets was characterized.

Notation. The constants in this paper sometimes change from line to line while
they are all denoted by a single letter c¢. The integers M, M; and constants c¢; are
fixed for + > 0. For two non-negative functions f, g, by f ~ g we mean that there is
some ¢ > 0 such that ¢c71f < g <cf.

2. PRELIMINARIES

2.1. p.c.f. fractals and Dirichlet forms. We first recall the concept of p.c.f.
fractals introduced by Kigami [10].
Let M > 2 be an integer, and set S = {1,2,---,M}. Let W, = J,,5,S™ be the

collection of all finite words. Let (X, d) be a complete metric space, and let {F;}M,
be a family of strict contractions on (X, d). Then there exists a unique non-empty
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compact subset K of X such that

(2.1) K = JF(K),

see [8] or [3]. For any word w = iyis - - - i, € S™, any sequence of positive numbers
{p;}M,, and any function f: K — R, denote by |w| = m the length of w, and set

Fw:E10E2O"'Oﬂm, Kw:Fw(K>7
Pw = DiyPiy =+ Pipns fw:fon-

For the empty word w, set p, = 1 and F,, = id. Denote by B(xg,r) = {y € K :
ly — x| < r} for g € K and r > 0.

Define a continuous surjection 7 : SN — K by
{m(w)} = [ Fiein (K)
m>1

for any infinite word w = 41ig -« -4y, - - - € SV, Let

c=JK:nkK;),
i#j
r=='¢), P=Jo"I),

n>1
where o : SN — SN is the shift map defined by
o (iviniy -+ ) = iniz -+ .
If P is finite, the triple (K, S,{F;}ics) is termed a post-critically finite self-similar
set, see [10, Definition 1.3.13, p.23]. Let
(2.2) Vo=a(P), V= |J Fu(Vo) (m>1), Vi=[]Vn
weSm m>0

If (K,{F;}}M,) is a p.c.f. fractal, then V,, C V,,.1 (m > 0). From now on we assume
that (K, {F;},), or simply K, is a p.c.f. fractal.

We now recall how to construct a Dirichlet form on a p.c.f. fractal K. Let Vj be
as in (2.2), and £ (Vy) = {f|f : Vo — R} be the collection of all real functions on Vj.
Let H be a Laplace matrix, or simply a Laplace, on V}, that is H satisfies that, for

any f,g € ((Vo),
e H,,=H, >0 for any p # q € Vj, where H,, are the entries of H;

o (JH9) i= Yo, F0)( Zoevy Huoo(@)) <0
e Hf =0 if and only if f is constant.
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Given a Laplace H on Vj, and a family of positive numbers r = {r;}, we define
an enerqy form &, on V,, for m > 0 by

g()(fvg) = _(faHg)a
(2'3> gm(f, g) — Z Tglgo(fwagw) (m Z 1)7

wesm
for f,g : Vi, — R. In the sequel, we write &,,(f) := E,(f, f) for simplicity. If there
exists a pair (H,r) such that the following variational problem

(2.4) min{&1(9) : glv, = f} = &(f)

is solvable for any f € £(V}), then we say that K possesses a harmonic structure.
If in addition r; < 1 for all 1 < ¢ < M, then the harmonic structure is said to be
reqular, see [10, Definition. 3.1.2, p.69].

Form now on we assume that K possesses a regular harmonic structure (H Ar f\il) .

Note that (2.4) implies that the sequence {&,,(f)}m>0 is non-decreasing in m for
any f:V, — R. Let
(25) E(F) = lim &, (f),
(2.0 D= {f € C(K): &(f) < oo},
where C(K) is the space of all continuous functions on K. It is known that (£, D)
defined as in (2.5) and (2.6) is a local, reqular, irreducible Dirichlet form on L?(K, p)
for any Borel measure p which charges every set of the form K, for w € S™, see [2,

Theorem 7.14, p.99] or [10, Theorem 3.4.6, p.92]. Clearly & is self-similar: for any
f € D, we have that f o F; € D for each i, and

(2.7) E(f) = _ritE(fo k).
ics
We call {r;}M, the weights of the energy &.

In order to characterize the domain D of the form (£, D), we need the effective
resistance R on K. Let R : K x K — [0, 00] be defined by R(z,z) =0 for z € K,
and

(2.8) R(z,y)~ = inf{&(f) : f(x) =0, f(y) =1}
for any x # y € K. Note that (2.8) is equivalent to

|f(x) = f)*
ey E(f) > 0}.

for x # y € K. It turns out that R is a metric on K, and the topology induced
by R is equal to the original topology on K, see [10, Theorem 3.3.4, p.85] or [2,
Proposition 7.18, p.101].

(2.9) R(x,y) = sup {
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2.2. Partition. The partition will be useful in our analysis (the idea of partition
on p.c.f. goes back to Hambly [6]). Let a = {a;}, be a family of numbers with
0 < a; < 1 for each 7. For 0 < A < 1, define

(2.10) Aa(A) = {w = iyig -+ iy : Gy <N < €303y -+ 04,y }

with the convention that ag = 1. We call A,(\) the partition with respect to a and
A. Note that the set Aa(\) is finite; this is easily seen since 0 < A < land 0 < a; < 1
for each . For simplicity, denote by

T~w form,w € Ap(N)

if K; NK, # 0. For z,y € K, we write x ~ y, if z,y € K, for some w € A,(N).
Clearly, by (2.1) and (2.7), we see that, for any partition A,()),

K= |]J K.

wEAa(N)
(2.11) EN) =Y r,'€(fu) (feD).
wEAa(N)
For f:V, —-Rand 0 < A < 1, define
(2.12) Ef) = > 1 &(fu)
wEAr(A)

Proposition 2.1. Let (K, {E;}M,) be a p.c.f. fractal with a regular harmonic struc-
ture (H, {r; f‘il) Then {EX(f)} is increasing as A\, 0 for any f, and

(2.13) lim E(f) =&(f), feD.

Proof. Let 0 < A\ < A2 < 1. Then we have two partitions A,(A;) and A;(A2). And
Ar(A2) is a “father” of A,();), that is, any word w € A,(A\;) can be written as
w = 1w with 7 € A.(A2); w' € W, being possibly an empty word. Indeed, let

w = ilig tee Zm € Ar()\l)\Ar(AQ) (m Z 1)
Then we have Ay > 7;, ---7;, ,; otherwise we would see that
Tiv = Tip, S /\1 < )\2 < iy i1y

and so w = iyig - - - iy, € Ap(A2) by the definition, a contradiction. Let 1 < k <m—1
be an integer such that

Tip o Ty < /\2 < Tip T y-

This implies 7 := dyig - - i, € Ap(Ag). Setting w' := igyq - - iy, We see that w = 7w’
with 7 € A, (Ag). This shows that A,(\2) is a father of Ap(\;). Therefore, for f € D,

Enf) = DY rt&lf)> D r7&(f) =Enl))

wEAr(Al) ’TEAr()\Q)
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proving that {Ex(f)} is decreasing in A for any f. Here, the above inequality follows
from both the harmonic structure and the post-critical finiteness of K.

Finally, for 0 < A < 1, letting
my = mq(r,\) = min{|w| : w € A(N)},
me = ma(r, \) = max {|w| : w € A,(N)},
we see that S™ is a father of A,(\), and A()) a father of S™2. Hence,
Em () S Ef) £ En(f) (f €D).

Thus
E(f) = T En,(f) < HmES) < lim Eny(f) = E(F),
This finishes the proof. O

3. EFFECTIVE RESISTANCE ESTIMATES

In this section we will give two-sided estimates of the effective resistance R in
terms of the Euclidean metric. Two exponents appearing in the two-sided estimates
of R are calculated for some nested fractals and some non-nested fractals.

Theorem 3.1. Let (K, {F;}M)) be a p.c.f. fractal in R™ with a regular harmonic
structure (H, {n}f\il) Assume that s; < 1 is the contraction ratio of F;, that is

|Fi(z) — Fi(y)| < sile —y| forz,y e R™
Then there exists some ¢ > 0 such that, for all z,y € K,
(3.1) ¢ —y|* < R(x,y)

where ap = max<j<n {ln” }

Ins;

Proof. Let xg # yo € K. Without loss of generality, assume that
R(w9,10) < (2¢1)7
where ¢; > 0 will be determined below. Set
A = 2c1R(xo,y0) < 1.

Then A, (A) is a partition. There exist two words wy, wy € Ap(A) such that xy € K,
and yp € K,,. We claim that

Koy N Koy, # 0.
Otherwise there would exist a A,.(\)-harmonic function f satisfying
(3.2) flv,, =1 and  fly\v,, =0,

where V,, := F,,(Vp) for w € W, and V) = Uyen, (0)Fuw(Vo). (We say that a function
fon K is A.(\)-harmonic if

E(f,p) =0
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for any ¢ € D with ¢|y, =0.)
Note that f(x¢) =1 and f(yo) = 0. Since f is A;(A)-harmonic, we have that
EN) =& = D ra'&lfw)

wEAr(A)
(33) = Y (5 X Half(Fule) — F(Fu(@)))?).
wWEAr(N) p,9€Vo

Using (3.2), we see that the right-hand side of (3.3) is actually equal to the summa-
tion of the terms

"' Hog (f(Fu(p) = [(Fu(@))* = 13 Hpy,

with w(# w;) being taken over all the words in A,(\) with w ~ w;, and p and ¢
being taken over Vj such that F,,(p) € Vi, (so that f(F,(p)) = 1and f(F,(q)) = 0);
all the other terms are equal to zero. Hence, noting that r,, > A7, the right-hand
side of (3.3) is bounded by

HmaxMO(MO - 1)T;1 S Hmaz (rmin)ilMO(MO - 1)>\_1 = Cl)\_ly

where Hyqp = maxpseevy{ Hpe}, Mo = #(Vo) and 7y, = min{r;}. Therefore, by
(2.8), it follows that
R(z0,50) " < A7,
and so
R(x0,0) > ¢;'A = 2R(x0, o),
yielding a contradiction. So the claim holds.

Now let zy € Ky, N K,,. Since xg, zg € K,,,, we see that, writing zo = F,, (xf)
and zg = F,, () for some xy, 2, € K,

|20 — 20| = |Fu, (x5) — Fu, (20)] < 8w, diam(K)
< (ry,) ™ diam(K) < A/ diam(K).
Similarly, noting that vy, 2o € K,,, we see that
o — 20| < A1 diam(K).
Therefore,
120 — wo| < |mo — 20| + |20 — yo| < 2AY*diam(K) = ¢ R(xo, o)/,
giving that R(zo,v0) > ¢ |z — yo|**. O

In order to bound R from above, we need the following separation property:

(C1): There exist a family of numbers b = {b;}M, with 0 < b; < 1 for every 7, and
a constant ¢y > 0 such that, for any 0 < A < 1,

diSt(Kw7 KT) Z CQ)\,
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if K, NK, =0 for w,7 € Ap(N).

We remark here that ¢, is independent of A, but may depend on {b;}}%,. Condition
(C1) says that any two disjoint components obtained from any partition Ap(\) with
0 < A < 1 are apart away by distance co\.

Theorem 3.2. Let (K, {F;}M,) be a p.c.f. fractal in R™(n > 1) with a regular
harmonic structure (H, {r;}1L,). Assume that condition (C1) holds for some b =
{b;}M . Then

(3.4) R(z,y) < clo —y[™

for all x,y € K, where ay = min;<;< s {}E;} and ¢ > 0.

Proof. First note that, for all x,y € K,
R(z,y) < ¢ < o0,

since the harmonic structure is regular, see [10, Theorem 3.3.4, p. 85]. This implies
that

[f(z) = f()I* < R(z.y) E(f) < c&(f)

for any f € D. In particular, for z,y € K, (w € W,), writing x = F,(z') and
y = F,(y') for some 2/, y € K, we have that

(3.5) [f(2) = FW)I? = |ful@) = fuly)]* < cE(fu)-
Now let z¢ # yo € K. Without loss of generality, we assume that

c
|0 — yo| < 527

where ¢, is the same as in condition (C1). Let
2
A= —|ZIZ'0 —y()’ < 1.
Co
There are two words wy,wy € Ap(A) such that o € Ky, and yy € K,,. Then
Ky, N Ky, # 0; otherwise, we would have from condition (C1) that
|zo — Yol = dist(Ky,, Kuy) = c2A = 2|0 — yol,

a contradiction. Let zy € Ky, N K,,. For f € D, using the fact that z¢, 20 € Ky,
we see from (3.5) and (2.11) that

£ (z0) = f(20)]> < c&(fun) = Tuy (Tuwy) " E(fur)
(3.6) < et E() S ¢ (b)) E(f) < A2 E(f).

Similarly, since zg, yo € K,,, we have that

|f(20) = f(yo)|? < e A2E(f).
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Therefore,

[f (o) = fyo)* < 2 (|f (o) — f(20)* +1f(20) — f(30)[)
< A E(f) = clao — yo| ™ E(S),
which gives that
R(z0,90) < |0 — yo|™.
Thus (3.4) follows. O

Condition (C1) may be replaced by the following connectivity property:

~

~ M ~
(C2): There exist b = {bl} with 0 < b; < 1 for each ¢, and a (small) constant

i=1
c3 > 0 and an integerle such that, for any 0 < A < 1 and for any zy € K,
any point y € B(xp,c3\) can be connected to xy by a sequence of points
{zr}ily in K with 1 < ng < My, where z,, =y and x5y ~ 2, for 1 <k <
no.

For a partition Ag(\) with 0 < A < 1, the condition (C2) means that any point y

in any ball B (g, c3A) can be connected to its center xy by at most M; components
obtained from the partition Ag(\).

Theorem 3.3. Let (K,{F;}},) be a p.c.f. fractal in R™(n > 1) with a regqular
harmonic structure (H,{r;}i%,). Assume that condition (C2) holds for some b =

{/b\l}jw . Then, for all x,y € K,

(3.7) R(z,y) < cfr —y|*,

where aig = miny<;< s {Eg} and ¢ > 0.
7

Proof. Let xy # yo € K. Without loss of generality, we assume that 2o — yo| < £
where c; is the same as in (C2). Set A := 2¢5'|zo — yo|. Let Ag(A) be the partition

with respect to b and A. Note that yo € B(zo, cs\). Then, by condition (C2), there
exists a sequence of points {z;},%, with 1 < ng < M, satisfying that z,, = y, and

Tp—1, Ty € Ky, for some w, € Ag(A) (B=1,---,ny).
For f € D, as in (3.6), we have that
£ = flan)l < ern&(f) <e (o) E(D) < AVE(), k=1 o

Therefore,

k=1 k=1

< e MIXNBE(f) = clzo — yolE(f),

[f (o) = fwo)|* = (Z(f(xk) - f(rck_l))> <no Y (flaw) = flar-1))”
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which implies that
R(zo,y0) < c|ro — yo|™*.
Thus (3.7) follows. O

We remark that Theorem 3.2 or 3.3 implies the Morrey-Sobolev embedding of the
function space D:

(3.8) [f(@) = f)l < clz —ylPVE(S)
for all z,y € K and all f € D, for some ¢, 5 > 0.

We now give some examples of p.c.f. fractals where condition (C1) or (C2) holds
so that Theorem 3.2 or 3.3 is true.

e Nested fractals. The nested fractal (K, {F;}},) was introduced by Lindstrgm
[14]. It belongs to the class of p.c.f. fractals in R™ with the same contraction ratio
0 <p<1,thatis

|Fi(z) = Fi(y)| = plz =yl (2,9 €R").
It is known that K possesses a regular harmonic structure (H, {r;}X,) with r; :=

r<1for1<i< M, see for example [15]. And condition (C2) holds for b; = p for
a certain class of nested fractals, see [12, Lemma 5.4|. Thus, by Theorems 3.1 and
3.3, we see that there exists some ¢ > 0 such that, for all z,y € K,

Inr
Inp |

w5 < R(z,y) <clt—y

-y

As a typical representative of nested fractals, the Sierpinski gasket K in R™ admits
an effective resistance R satisfying
n+3 n+3

ln(n ) ln(n )
Mo —y|"we T < R(z,y) <clo -yl wr

by taking r; = Z—E’ in constructing the Dirichlet form. Note that the exponent
In (Z_ﬁ) ~ In(n+3) Inn+1) g 4
In2  In2 m2 =~ v

is the difference between the walk dimension d,, and Hausdorff dimension dy of the
Sierpinski gasket, see also [18] for n = 2.

o Vicsek sets. Let

11
b1 = (070)7 b2 = (170)7 p3 = (171>7 Py = (071)7 b5 = (575)
be the four corners and center of the unit square in the plane. Define
1 , 1
Fi(z) = Z(x_pi) +pi (1<i<d), F5= 5(55—175) +ps (zeR).

The Vicsek set K is determined by K = (J7_, F;(K). It is a p.c.f. fractal but not a
nested fractal, and the boundary is Vi = {p1, p2, p3, pa}-
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Let b = {b;}3_, where b; = 411 each 7. Then the Vicsek set satisfies the condition
(C1). Indeed, for 0 < A < 1, let m > 1 be an integer such that 4™™ < X\ < 4~ (m=1),
Then Ap(N) = 5™, and

1 1
dﬁdK@Jﬂ)2§4*m*)>§A

if K,NK, = for w,7 € S™. It is not hard to construct a regular harmonic structure
(H,{r;}>_;) on the Vicsek set. In fact, let

-31 1 1

1 -3 1 1
= 1 1 -31 |

1 1 1 -3

and ry =ry =r3 =14 = %(1 —r) and r5 = r with 0 < r < 1. One can verify that
(H,{r;}>_;) is a regular harmonic structure on K for any 0 < r < 1. Thus we see
from Theorems 3.1 and 3.2 that, for all z,y € K,

(3.9) o — g™ < Rlo,y) < clo — g™,
la—p . n(3(1-r
where oy = maX{—ln(21S4 )), —iﬁ—;} and oy = mln{—l (215114 ))7 —E—Z}-

Note that the effective resistance R here can not be controlled by any powered
Euclidean metric, that is, the following

(3.10) R(z,y) ~ |z -y (Va,y € K)

fails for any 6 > 0. In fact, let m > 1 be any integer and set w; = 11---1 € S™.
Choose a family of points {(zm, Ym) }m>1 in K, where

Tm = (0’0) = le(pl) and Y, = (4—m’0) = Fw1(p2)'

Clearly (Tm,ym) € Fu, (Vo) with |z, — ym| = 47™. Let f be the S™-harmonic
function on K satisfying f(x,) =1 and f|v,\(z,,} = 0. Then we have

E(f)=En(f)=302711~7) ",
which gives that
R(Zpm,ym) ' =inf {E(u) : u € D and u(x,,) = 1, u(y,) = 0}
<e(p =31
= A = 3
In(L(1-r))

where 0, = ——2——. Therefore, R(2y,, Ym) > 37 |&m — ¥/ On the other hand,
for any u € D, we see that

E(u) 2 Enlu) 2 1! (@) = ulym))* = (2711 =) ™" (u(zm) — ulym))”

= |Tm — ymyiel (u(@m) — u(ym))2 )



DOMAINS OF DIRICHLET FORMS AND EFFECTIVE RESISTANCE ESTIMATES 13
which implies that R(2p, Ym) < |Tm — Ym|® by using (2.9). Therefore,
-1 0 0
(3.11) 37 Tm — Yl < R(Tm, Ym) < T — Y| -

Similarly, let wy = 55---5 € S™, and take z/, = F,,,(p1) and y.,, = F,,,(p2). Clearly
|zl —y! | =27™. By the same calculation as above, we can obtain that

1—7r
12 _/_/02< //</_/02
(312) S = Ul < Rhti) < Jah = "
where 0, = —2L. If r # 1, we see that 6; # 6,. It follows from (3.11) and (3.12)

that (3.10) can not hold for any § > 0, provided that r # 3.

4. DOMAINS OF DIRICHLET FORMS

Let (K, {F;},) be a p.c.f. fractal with a regular harmonic structure (H, {r;}},),
and let (£, D) be the associated Dirichlet form defined as in (2.5) and (2.6). In this
section, we give a characterization of the domain D.

In order to characterize D, we need to introduce a measure . We choose i to be
the normalized self-similar measure with the standard weights {p;}},, that is

M
(4.1) p=> pi-po k!
=1

where p; = 7, with o given by

(4.2) d =1

i=1
For any w # 7 € W,, we have that
(4.3) p(Ky) = (ry)® and u(K,NK;)=0.

Observe that there exists two constants 0 < ¢4 < ¢5 independent of z and A such
that for any r € K and 0 < A < 1,

(4.4) Bgr(z,c4\) C Ny(z) C Br(x,cs)),
where Br(z,\) = {y € K : R(y,xz) < A} is a ball under the metric R, and
Ny(z) = U{Kw cx € Ky andw € Ay(N)},

is the union of all components K,, (w € A,(\)) to which x belongs. Indeed, the first
inclusion in (4.4) follows since, for x € K and y ¢ N,(x), one can find a function f
such that f(z) =1 and f(y) = 0, and E(f) < (es\)~" for some ¢4 > 0, see the proof
of Theorem 3.1. So R(z,y) > ¢4\ by using (2.8). Therefore Br(x, cs\) C Ny(x). The
second inclusion follows from ([2], Prop. 8.9, p.110).
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Theorem 4.1. Let (K, {F;},) be a p.c.f. fractal with a reqular harmonic structure
(H,{r:}},), and let (£, D) be the associated Dirichlet form defined as in (2.5) and
(2.6). Let p be a self-similar measure with standard weights. Then there ezists some
¢ > 0 such that

(4.5) C_lwa(f> < E(f) < cWalf)
for all f € C(K), where

‘— su —(20+1) ) — 2 xT
46) W)= s X0 [ ) — )P,

and the constants o and c4 are the same as in (4.2) and in (4.4), respectively. In

particular, we have that D = {f € C(K) : W,(f) < oo}.

We decompose Theorem 4.1 into Lemmas 4.3 and 4.4 below. In order to prove
Lemma 4.3, we need the following proposition.

Proposition 4.2. Let (K, {F}},), (£,D) and p be as in Theorem 4.1. Then, for
0<A<1land feC(K),

(@.7) S [ 15w - peleoPduta) < ex (),

wEAr(N)

where xq is any point in Vg, and c is independent of \, f and xg.

Proof. The proof is motivated by [5]. Without loss of generality, assume that f € D
and g € V. Since A()) is a partition, we see that the set

{wr:w e A()\) and 7 € 5*}

is also a partition for any & > 1. Therefore, for p-almost all x € K| there is exactly
one 7 € S¥ such that x € K,,. We define fi,(x) := fu.(7¢) if 2 € K,,. Obviously the
function fy is defined p-almost everywhere on K, and is constant on each component
of the form K, where w € A;()\) and 7 € S*. Since f is continuous, we see that
fr(z) — f(z) for p-almost all z € K as k — oo. In order to derive (4.7), it is enough
to show that

(4.9 S [ 1) = fula)Paute) < eXE(),
wEAr(X)

In fact, if (4.8) holds, letting & — oo in (4.8) and using the dominated convergence
theorem, we then obtain (4.7).

Fix w € Ay(\) and T := iyiy - - - i for k£ > 1 temporally. Let

1 = Fuiyipiy(20), 11k
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Note that
(F(ex) — Flao))? = T:;”'#“U@Hn—f@mf
< gal—l) ( ; alf (i) — F(@))?)
(49) Sciémuwwn—f@m%

where {a;}52, is a sequence of positive numbers satisfying Y ;° a; ' < 0o, which will
be specified later on. Observing that

(f(@ie1) = F(20))° = (Fuiroia Frar (20)) = Fuinooia (0))
S CEl(fwiynil) § Cg(fwilmil)y

we see from (4.9) that

(f(zr) = f(@0))* < ¢ Y @& (fuirir)-

=0

Therefore, using the fact that pu(Ky,) = (1) p(K;) < X\*u(K,),

/ (fi(@) = fu(x0))Pdpu(z) = p(Kur) (f () = f(20))”

k-1
< e X (K iy ) Z W& (fuwiy i)
1=0
for any w € Ap()\) and any 7 :=iyiy--- i, € S* (k > 1). Hence,

/Jn() Fulwo))? 2:/ (ele) — fulo)du()

TeSk

<cA* Z LKy, Z W& (fuwiy i)

=0
k—1
(4.10) <eXD a Y E(fuwirei)-
=0 B1,0 40

In the last inequality above, we have exchanged the order of the summations, and
then used the fact that ), ines MK ) = 1 and p(Kj ;) < 1(1 > 1). On

U415
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the other hand, we have that, for any [ > 0,

Z Z 8 fwu lz - Z Z Tawiy - 11 rwzl H) 1g(fWi1“'il)

wEAr(N) i1 weAr(A) i1
rmax Z Z Twiq - zl fwzl u)
wEAr(N) 11
(411) = A (Tmax)l g(f)a
SINCe Tyyiyoi, = Twliyed; < )\(rmam)l, where 7,4, := max;{r;} < 1. Therefore, we

obtain from (4.10) and (4.11) that

Z / (fe(z) = fu xo)) du(x )<c)\o‘z_:al< Z Z E(fuwiy- w)

wEAr(X) wWEAr(A) i1,
é C)\a-i-lg(f) Z ap (Tmax)l S C)‘a+1g(f)a
=0

where we have chosen a; := (7,.,)""/? that satisfies Y ;o a;' < oo. Thus (4.8)
follows. This finishes the proof. 0

Lemma 4.3. Let (K, {F;}},), (€,D) and p be as in Theorem 4.1. Then there exists
some ¢ > 0 such that, for all f € C(K),

(4.12) Wa(f) < cE(f)
where W, (f) is defined as in (4.6).

Proof. Assume that f € D; otherwise (4.12) automatically holds. Let 0 < A < 1.
Note that u(K, N K;) =0 for any distinct w, 7 € A,(A\). Set

_ / / ) = ) Paty)n(r)

Then we have that, using (4.4),

/w /BR () — f(y)Pdp(y)du(z)

Z >/ / () Pap (1) ).

wWEAr(A) T~w

For z € K, y € K, let 2y € K, N K, = F,,(Vo) N F.(Vp) (if w = 7, we simply take
any point zg € F,(Vp) and run the same proof as below. So we only consider the
case w # 7). Using the elementary inequality

(@) = F)I* < 2(1f (@) = f(zo)* + [ f(z0) = F()I),
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and the fact that {7 : 7 ~ w} < M, for an integer M, independent of w and A (cf.
[10, Lemma 4.2.3, p.139]), we obtain that

B <ex 3 [ 15w - s Pduto)

wEAr(N)
z0€EFw (Vp)

Let zg = Fyy () for some zg € V. By (4.7) and the fact that §V < oo, it immediately
follows that
L(f) < eXFE(S),

proving (4.12). O
Lemma 4.4. Let (K, {F;}*,), (£,D) and i be as in Theorem 4.1. Then
(4.13) E(f) < eWalf)

for all f € C(K), where ¢ > 0.

Proof. Let 0 < A < ¢y/c5 < 1. Let f € C(K). Without loss of generality, we assume
that W, (f) < co. We have that

w1 &= wat)<e X (X (o) - f@)).

weEA(N) weAr(A) P,g€Fw (Vo)

Noting that, for any xy € K,
[f(p) = F(@)F < 2((f(p) — f(w0))* + (f(z0) = f(a))?),

we see that

9 2 2 2
|f(p) — flg))” < ) (/w (f(p) — f(x0)) d#($0)+/w (f(xzo) — f(q)) du(%))-
Hence,
@15 Y (1@ <M S s [ ()= fle0) dutao)
PaEFw (Vo) pery(vp) FA ) K

where M3 = 4#(F,(Vy)) = 4# (V). Let w € A (A\) and p € F,(Vp) be fixed. We
now estimate the integral

/ (F(p) — f(x0)) (o).

w

Let 0 < a < 1 be any fixed number (for example, a = %) For each integer [ > 0, let
A(\a!) := A (A\d') be a partition. We choose a sequence of subsets of K,

K’Llh KwT17 Kw‘l'27 ) Kwn,
such that wr; € A(Aa') and p € K,,,, for each [ > 0. Note that, for any [ > i > 0,
Kwn - Kwﬁ-;
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this is because Aa' < Aa’, and so the partition A(Aa) is a father of A(Aa'). For
simplicity, we denote by

Ky=K, and K, =K,, (>1).

Note that, for any z; € K] (I > 0),

k—

() = fao)? = (/) - §j Al ()~ f))
k—1

<2(f(p) — f(zp))?* + <i ) (Zaz (141) (xl))2)7

1=0 1=0

where {a;}7°, is a sequence of positive numbers satisfying

[e.9]

Zal_l < 00,

=0

which will be determined below. Integrating the above inequality with respect to
each x; € K| for 0 <1 < k, and then dividing by p(KY)--- u(K},), we obtain that

1 9 2
HE;/;U@%J1)MM@DS(K,/(ﬂm—f(Dde)
k—1
(4.16) +c (11) — Fe0) g ().
Y a1 ) 00 it

Note that the first term on the right-hand side of (4.16) tends to zero as k — oo,
since {K}} shrinks to p as k — oo and f is continuous. In order to estimate the
second term, we denote by

k—1

(4.17)  Apsu(f) =
K{H

“M

//// fl@r) = (@) dp(r)dp().

+1

By (4.4), we have that Kl’ C Nyg(z1) C Br(z1,c50a') for any x; € K, and [ > 0.
Using the fact that K., C K] C K,,, we obtain that

//// f(@11) f(xl))Qdﬂ(le)d,u(xl)
Ti+1) — x] 2d Ti41 d x7).
: /w /]3R(zl,C5Aal) (f( )= )> 2 )dp(zi)

Note that, using (4.3) and the fact that wr; € A.(\a),

1 (K)) = (1) ~ (Aa)®  for any I > 0.
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Therefore, it follows from (4.17) that

k—1

@18 Aw()<e S atay™ [ [ (f0) - fle) duty)duta)
1=0 w v Br(x,c5\a

Therefore, combining (4.14), (4.15) and (4.16), we obtain that, for any k& > 0,

(419) &(f)<c > r,'A + Y /(f(p)—f(Z))Qdu(Z)-

wEAr(N) wEAr(A) Ky
pEFyw (V)

On the other hand, noting that r,, ~ X for w € Ar(/\), it follows from (4.18) that

Z _1Awk <C)\_1 Z Awk

wWEA(A) wEAr(
k—1
L B 2
<o Z () / / o 1)) duy)dp(a)
E—1
_ Aal)—(2a+D) . 24 d
c 2 ala{ (csAa’) / /BRmcs)\al f(x)) n(y) u(w)}
E—1

(4.20) < cWolf)D aa < cWalf).

=0

19

Here we have chosen a; := a~/? that satisfies > 150 a; ' < oo. Therefore, by (4.19)

and (4.20),

NS+ iy [ U0 =@ k20,

pEFy (V)

where c is independent of £ and \. Letting k& — oo, we see that

8/\(f> < cwa(f)'
This gives (4.13) by letting A — 0 and using (2.13).

Finally we remark that Theorem 4.1 directly follows from Lemmas 4.3 and 4.4.
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