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Introduction

Cantilever nano-sensor

&

Array of cantilever nano sensors (from http://www.bio-nago-consul;ing.qom)
o = = = HQ
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Introduction

Mass sensing - an inverse problem

@ This talk will focus on the detection of mass based on shift in frequency.
@ Mass sensing is an inverse problem.

@ The “answer” in general in non-unique. An added mass at a certain point
on the sensor will produce an unique frequency shift. However, for a
given frequency shift, there can be many possible combinations of mass
values and locations.

@ Therefore, predicting the frequency shift - the so called “forward problem”
is not enough for sensor development.

@ Advanced modelling and computation methods are available for the
forward problem. However, they may not be always readily suitable for the
inverse problem if the formulation is “complex” to start with.

@ Often, a carefully formulated simplified computational approach could be
more suitable for the inverse problem and consequently for reliable
sensing.
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Introduction
The need for “instant” calculation

Sensing calculations must be performed very quickly - almost in real time with
very little computational power (fast and cheap devices).
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One-dimensional sensors - classical approach Static deformation approximation

Single-walled carbon nanotube based sensors

(b)

Cantilevered nanotube resonator with an attached mass at the tip of nanotube
length: (a) Original configuration; (b) Mathematical idealization. Unit
deflection under the mass is considered for the calculation of kinetic energy of
the nanotube. Or «Fr Er = >
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One-dimensional sensors - classical approach Static deformation approximation

Single-walled carbon nanotube based sensors - bridged case

th)

Bridged nanotube resonator with an attached mass at thescenter of-nanetube. ©
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One-dimensional sensors - classical approach Static deformation approximation

Resonant frequencies of SWCNT with attached mass

@ In order to obtain simple analytical expressions of the mass of attached
biochemical entities, we model a single walled CNT using a uniform
beam based on classical Euler-Bernoulli beam theory:

D*y(x,t) 22y(x,t)

El It + pA fz =0 (1)
where E the Youngs modulus, / the second moment of the
cross-sectional area A, and p is the density of the material. Suppose the
length of the SWCNT is L.

@ Depending on the boundary condition of the SWCNT and the location of
the attached mass, the resonant frequency of the combined system can
be derived. We only consider the fundamental resonant frequency, which
can be expresses as

1 Ke
fo= oy =2 2
" or Meq (2)
Here ke and meq are respectively equivalent stiffness and mass of
SWCNT with attached mass in the first mode of vibration.
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One-dimensional sensors - classical approach Static deformation approximation

Cantilevered SWCNT with mass at the tip

@ Suppose the value of the added mass is M. We give a virtual force at the

location of the mass so that the deflection under the mass becomes unity.
For this case Feq = 3E//L® so that

3E/
keq = F (3)
@ The deflection shape along the length of the SWCNT for this case can be
obtained as 231 x)
X - X
Y(X)= ————~ 4
(x) N (4)

@ Assuming harmonic motion, i.e., y(x, t) = Y(x) exp(iwt), where w is the
frequency, the kinetic energy of the SWCNT can be obtained as

WZ

L 0J2
T= ?/ pAY2(x)dx + - MY2(L)
0
(5)
w2t 5 w2 o, w? (33
- pA?/O V2(x)d + M7 = 2 <mpAL+ M)
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One-dimensional sensors - classical approach Static deformation approximation

Cantilevered SWCNT with mass at the tip
@ Therefore
Meg = 33 AL+ M (6)
e~ 140"
@ The resonant frequency can be obtained using equation (48) as

f_ 1 ke _ 1 | BEILE
" 2n\meg 2\ BpAL+ M

(7)
L E 1
2V 11\ pAL4 1+%%_2W\/1+AM
where
o? = % or o=1.888 (8)
| El
14

and AM—pTAfILu, HZS—C’? (10)
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One-dimensional sensors - classical approach Static deformation approximation

Cantilevered SWCNT with mass at the tip

@ Clearly the resonant frequency for a cantilevered SWCNT with no added
tip mass is obtained by substituting AM = 0 in equation (7) as

1 2
fo, = e B (11)
@ Combining equations (7) and (11) one obtains the relationship between
the resonant frequencies as

fo
fi=_—_On 12
" 1+ AM (12)
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One-dimensional sensors - classical approach Static deformation approximation

General derivation of the sensor equations

@ The frequency-shift can be expressed using equation (41) as

fo

Af =1y, —fh=hh, — —— 13
0 =0 =Ton = AW (13)

@ From this we obtain Af ]
— =1 — 14
fo, v1+AM (14)

@ Rearranging gives the expression

AM=— 14 (15)

(1-81)°

@ This equation completely relates the change is mass frequency-shift.
Expanding equation (74) is Taylor series one obtains

. INAV
AM =Y (j+1) o) i=123.. (16)
J

n
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One-dimensional sensors - classical approach Static deformation approximation

General derivation of the sensor equations

@ Therefore, keeping upto first and third order terms one obtains the linear
and cubic approximations as

AM =2 (Af) (17)
fo,
2 3
and AM=~2 = +3 = +4 Af (18)
fo, fo, fo,

@ The actual value of the added mass can be obtained from (15) as

Mass detection from frequency shift

2 7\ 2
moPAL__(28) AL (19)
KB (2B — 21 Af) M
@ Using the linear approximation, the value of the added mass can be
obtained as AL 2rAf
_ pALtem
M= T (20)
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One-dimensional sensors - classical approach Static deformation approximation

General derivation of the sensor equations

10"

— exact analytical
- - ~linear approximatio
= | == cubic approximatio

Change in mass: M/p AL
=
1S)

10° 10" 10
Frequency shiftaf 2r/a’p
The general relationship between the normalized frequency-shift and normalized
added mass of the bio-particles in a SWCNT with effective density p, cross-section

area A and length L. Here 3 = , /%s“, the nondimensional constant o depends on

the boundary conditions and 1 depends on the location of the mass. For a cantilevered

SWCNT with a tip mass o® = \/140/11, ;. = 140/33 and for a bridged SWCNT with a
mass at the midooint o® = /6720/13. 1 = 35/13.
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One-dimensional sensors - classical approach Static deformation approximation

Validation of sensor equations - FE model

Bacteria

The theory of linear elasticity is used for both the CNT and the bacteria. FE model:
number of degrees of freedom = 55401, number of mesh point = 2810, number of
elements (tetrahedral element) = 10974, number of boundary elements (triangular
element) = 3748, number of vertex elements = 22, number of edge elements = 432,
minimum element quality = 0.2382 and element volume ratio = 0.0021. Length of the
nanotube is 8 nm and length of bacteria is varied between 0.5 to 3.5 nm.
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One-dimensional sensors - classical approach Static deformation approximation

Validation of sensor equations - model data

Table: Geometrical and material properties for the single-walled carbon nanotube and
the bacterial mass.

SWCNT Bacteria (E Coli)
L=8nm E =25.0MPa
E=1.0TPa p=1.16g/cc

p=2.24g/cc -
D=1.1nm -
v =0.30nm -
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One-dimensional sensors - classical approach

Static deformation approximation

Validation of sensor equations - frequency values

Table: Comparison of frequencies (100 GHz) obtained from finite element simulation
with MD simulation for the bridged configuration. For the 8.0 nm SWCNT used in this
study, the maximum error is less than about 4%.

D(nm) L(nm) fi f f3 fs fs

MD 10.315 10.315 10.478 10.478 15.796
41 FE 10.769 10.769 16.859 22.224 22.224
%error -4.40 -4.40 -60.90 -112.10 -40.69
MD 6.616 6.616 9.143 9.143 11.763
1.1 5.6 FE 6.883 6.884 12.237 14.922 14924
%error -4.04 -4.05 -33.84 -63.21 -26.87

MD 3.800 338 8.679 8.679 8.801

8.0 FE 3.900 39 8.659 9.034 9.034

%error -2.63 -2.63 -0.23 -4.09 -2.65
Adhikari (Swansea) Computational Methods for Nanoscale Bio-Sensors June 15, 2015
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One-dimensional sensors - classical approach Static deformation approximation

Validation of sensor equations
10°

— exact analytical
- linear approximatiofi:
- cubic approximatiofy :

‘| A FE: bridged

:| ® FE: cantilevered

=
SN

Change in mass: MIp AL
=
(=]

107 10" 10’
Frequency shiftAf 211/028

The general relationship between the normalized frequency-shift and normalized
added mass of the bio-particles in a SWCNT with effective density p, cross-section
area A and length L. Relationship between the frequency-shift and added mass of
bio-particles obtained from finite element simulation are also presented here to
visualize the effectiveness of analytical formulas.
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One-dimensional sensors - classical approach Dynamic mode approximation

Dynamic theory of CNT

@ For the cantilevered CNT, the resonance frequencies can be obtained

from
X El
=L\ 21
f 2r \| pAL4 (21)

where )\; can be obtained by solving the following transcendental
equation
cosAcoshA+1=0 (22)

@ The vibration mode shape can be expressed as

Y;(€) = (cosh )¢ — cos N€)
sinh \; —sin \; . o
B (m) (sinh \;€ —sin \;€)  (23)

where
X

= T (24)
is the normalized coordinate along the length of the CNT. For sensing
applications we are interested in the first mode of vibration for which

A1 = 1.8751.
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One-dimensional sensors - classical approach Dynamic mode approximation

Cantilevered nanotube resonator with attached masses (DeOxy
Thymidine)

(a) DeOxy Thymidine at the edge of a SWCNT (b) DeOxy Thymidine distributed over the
length of a SWCNT

(c) Mathematical idealization of (a): point mass (d) Mathematical idealization of (b): distributed
at the tip mass along the length = = = = ©ac
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One-dimensional sensors - classical approach Dynamic mode approximation

Exact dynamic solution

@ Suppose there is an attached nano/bio object of mass M at the end of the
cantilevered resonator in 1(a). The boundary conditions with an
additional mass of M at x = L can be expressed as

y(0,t)=0, y'(0,t)=0, y"(Lt)=0,
and Ely"” (L, t)— My(L, ) =0 (25)

@ Here (o)’ denotes derivative with respective to x and (e) denotes
derivative with respective to t. Assuming harmonic solution
y(x,t) = Y(x)e*! and using the boundary conditions, it can be shown
that the resonance frequencies are still obtained from Eq. (21) but );
should be obtained by solving

(cos Asinh A —sin Acosh\) AM X + (cos AcoshA+1) =0 (26)

Here Y
AM = — 27
AL (27)
is the ratio of the added mass and the mass of the CNT. If the added

mass is zero, then one can see that Eq. (27) reduces to Eq. (22).
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One-dimensional sensors - classical approach Dynamic mode approximation

Calibration Constants - energy approach

These equations are obtained by considering the differential equation
and the boundary conditions in an exact manner.

They are complex enough so that a simple relationship between the
change in the mass and the shift in frequency is not available.
Moreover, these equations are valid for point mass only. Many biological
objects are relatively large in dimension and therefore the assumption
that the mass is concentrated at one point may not be valid.

In the fundamental mode of vibration, the natural frequency of a SWCNT
oscillator can be expressed as

1 Keg
h=5- Teq (28)

Here ke and meq are respectively equivalent stiffness and mass of
SWCNT in the first mode of vibration.

The equivalent mass meq changes depending on whether a nano-object
is attached to the CNT. This in turn changes the natural frequency.
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One-dimensional sensors - classical approach Dynamic mode approximation

Calibration Constants - energy approach

@ Suppose Y] is the assumed displacement function for the first mode of
vibration.

@ Suppose the added mass occupies a length vL and its mass per unit
length is m. Therefore, M = m x ~L. From the kinetic energy of the
SWCNT with the added mass and assuming harmonic motion, the overall
equivalent mass meq can be expressed as

1
meq = pAL [ VE(©)1eM [ VE(E)ag (29)

h 7]

where I is the domain of the additional mass. From the potential energy,
the equivalent stiffness kesq can be obtained as

1 2
AL (30

I3

Adhikari (Swansea) Computational Methods for Nanoscale Bio-Sensors June 15, 2015 25



One-dimensional sensors - classical approach Dynamic mode approximation

Calibration Constants - energy approach

@ From these expressions we have

Keq El/L3 I ( El > &)

Meqg  pALh + M, — \ pAL* ) | + LAM

where the mass ratio AM is defined in Eq. (27). Using the expression of
the natural frequency we have

(31)

1 keq _ ﬁ Ck (32)

fr=—
n 27T meq 271— vV 1 + CmAM

El
pAL*

@ The stiffness and mass calibration constants are

[l I
Ck = 3 and Cm = 2 (33)
I h

@ Equation (32), together with the calibration constants gives an explicit
relationship between the change in the mass and frequency.

where 8 =
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One-dimensional sensors - classical approach Dynamic mode approximation

Calibration Constants - point mass

@ We fist consider the cantilevered CNT with an added point mass. For the
cantilevered CNT, we use the mode shape in (23) as the assumed
deflection shape Y;. The value of \; appearing in this equation is 1.8751.
Using these the integral /; can be obtained as

1
h= [ YR =10 (34)
0
@ For the point mass at the end of the cantilevered SWNT we have
m(&) = M5(§ - 1) (35)

@ Using these, the integral / can be obtained as
= /01 3(E = 1) YR()dg = YA(1) = 4.0 (36)
@ Differentiating Y;(£) in Eq. (23) with respect to £ twice, we obtain
Iy = /0 1 Y (€)de = 12.3624 (37)
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One-dimensional sensors - classical approach Dynamic mode approximation

Calibration Constants - distributed mass

@ Using these integrals, the stiffness and mass calibration factors can be
obtained as

I
Ck = \/% —35160 and cp, = f — 40 (38)

@ Now we consider the case when the mass is distributed over a length vL
from the edge of the cantilevered CNT. Since the total mass is M, the
mass per unit length is M/~ L. Noting that the added mass is between
(1 —~v)Lto L, the integral k» can be expressed as

1 /! ’
b=/ YR 0<q<t (39)
Y E=1—v

This integral can be calculated for different values of ~.
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One-dimensional sensors - classical approach

Dynamic mode approximation

Calibration Constants - non-dimensional values

Table: The stiffness (cx) and mass (cm) calibration constants for CNT based bio-nano
sensor. The value of v indicates the length of the mass as a fraction of the length of

the CNT.
Cantilevered CNT Bridged CNT

Mass Ck Cm Ck Cm
size
Point 3.5160152 4.0 22.373285 2.522208547
mass
(v —0)
v=0.1 3.474732666 2.486573805
~v=0.2 3.000820053 2.383894805
~=0.3 2.579653837 2.226110255
~v=0.4 2.212267400 2.030797235
~=0.5 1.898480438 1.818142650
~=0.6 1.636330135 1.607531183
v=0.7 1.421839146 1.414412512

+=0.8

1.249156270

1.248100151
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One-dimensional sensors - classical approach Dynamic mode approximation

Sensor equation based on calibration constants

@ The resonant frequency of a SWCNT with no added mass is obtained by
substituting AM = 0 in Eq. (32) as

1

fo, = 7TCkﬁ (40)

"2
@ Combining equations (32) and (40) one obtains the relationship between
the resonant frequencies as

A I — (41)
" VIt cnAM
@ The frequency-shift can be expressed using Eq. (41) as
Afety —fefy — o (42)
s e A G AM
@ From this we obtain , ]
A 43
fOn v1+cnAM ( )
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One-dimensional sensors - classical approach Dynamic mode approximation

Sensor equation based on calibration constants

@ Rearranging gives the expression

Relative mass detection

aM=——1 1 (44)

2
(o)

fo n

@ This equation completely relates the change in mass with the
frequency-shift using the mass calibration constant. The actual value of
the added mass can be obtained from (44) as

Absolute mass detection

2 02
M = pAL (ck®) 5 — pAL (45)
Cm (ckf — 2nAf) Cm

This is the general equation which completely relates the added mass
and the frequency shift using the calibration constants.
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One-dimensional sensors - classical approach Dynamic mode approximation

Validation based on molecular mechanics simulation

@ In the calculation, GAUSSIAN 09 computer software and the universal
force field (UFF) developed by Rappe et al. are employed.

@ The universal force field is a harmonic force field, in which the general
expression of total energy is a sum of energies due to valence or bonded
interactions and non-bonded interactions

E=) Er+> Es+> E;+> E,+> Evow+> Ea  (46)

The valence interactions consist of bond stretching (Eg) and angular
distortions.

@ The angular distortions are bond angle bending (Ejy), dihedral angle
torsion (E,) and inversion terms (E,,). The non-bonded interactions
consist of van der Waals (E\pw) and electrostatic (Eg) terms.

@ We used UFF model, wherein the force field parameters are estimated
using general rules based only on the element, its hybridization and its
connectivity.
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One-dimensional sensors - classical approach Dynamic mode approximation

Comparison with MD simulations

Table: Natural frequencies of a (5,5) carbon nanotube in THz - Cantilever boundary condition. First four natural frequencies obtained from the present
approach is compared with the MD simulation [Duan et al, 2007 - J. App. Phy] for different values of the aspect ratio.

Aspect Present analysis MD simulation
Ra-
tio
1st 2nd 3rd 4th 1st 2nd 3rd 4th

526 0.220 1.113 2.546 4.075 0.212 1.043 2.340 3.682
5.62 0.195 1.005 2.325 3.759 0.188 0.943 2.141 3.406
599 0.174 0.912 2132 3.478 0.167 0.857 1.967 3.158
6.35 0.156 0.830 1.961 3.226 0.150 0.782 1.813 2.936
6.71 0.141 0.759 1.810 3.000 0.136 0.716 1.676 2.736
7.07 0.128 0.696 1.675 2.797 0.123 0.657 1.553 2.555
7.44 0.116 0.641 1554 2.614 0.112 0.605 1.443 2.392
7.80 0.106 0.592 1.446 2.447 0.102 0.559 1.344 2.243
8.16 0.098 0.548 1.348 2.296 0.094 0518 1.255 2.108
8.52 0.089 0.492 1.231 2.102 0.086 0481 1.174 1.984
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One-dimensional sensors - classical approach Dynamic mode approximation

Zigzag (5,0) SWCNT of length 8.52 nm with added DeOxy Thymidine (a
nucleotide that is found in DNA)

0. - - - - - - - 0.
*
P
0.4H A Molecular mechanics q 0.7 A
s Exact solution A Molecular mechanics ] A
Calibration constant based appropch | . - # - Calibration constant (variable wif
- 0.39 < 0.6 Calibration constant (point mass) ¢
< b A
s -3
— 0.3 4 P
I 4 05
g £
- 029 4 -
b 3 0.4
® 02 1 &
-
& S o3
E 0.15 q E
% 04 ] é’ 0.2}
0.0 1 0.
o o H H H H
0 0.05 0.1 0.15 . . 0.3 0.35 0.4 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4
Relative frequency shiftsf / an Relative frequency shifff / fﬂ0
(a) Point mass on a cantilevered CNT. (b) Distributed mass on a cantilevered CNT.

The length of the mass varies between 0.05L
to 0.72L from the edge of the CNT.

Flgure: Identified attached masses from the frequency-shift of a cantilevered CNT. The proposed calibration constant based approach is validated
using data from the molecular mechanics simulations. The importance of using the calibration constant varying with the length of the mass can be seen in
(b). The point mass assumption often used in cantilevered sensors, can result in significant error when the mass is distributed in nature.
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One-dimensional sensors - classical approach

Error in mass detection

Dynamic mode approximation

Point mass Distributed mass

Relative % error Relative Normalized % error

frequency frequency  length

shift shift

0.0929 13.9879 0.0929 0 13.9879

0.1790 28.1027 0.1530 0.0500 11.8626

0.2165 11.1765 0.1991 0.1000 13.7038

0.2956 34.2823 0.2148 0.1500 1.7865

0.3016 10.9296 0.2462 0.2000 7.0172

0.3367 12.4422 0.2542 0.2500 1.3278

0.3477 2.1427 0.2687 0.3000 1.9943
0.2773 0.3500 1.2631
0.2821 0.4000 0.1653
0.2948 0.4500 4.5150
0.2929 0.5000 1.3776
0.2983 0.5500 3.2275
0.2989 0.6167 5.5240
0.2981 0.6667 4.6735
0 3039 0 71R7 7 94R5
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One-dimensional sensors - classical approach Dynamic mode approximation

Bridged nanotube resonator with attached masses (DeOxy Thymidine)

(a) DeOxy Thymidine at the centre of a (b) DeOxy Thymidine distributed about the
SWCNT centre of a SWCN

L=y,

(c) Mathematical idealization of (a): point mass (d) Mathematical idealization of (b): dis’[riQutefc)iQW

at the centre mass about the dentre
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One-dimensional sensors - classical approach

Dynamic mode approximation

Zigzag (5,0) SWCNT of length 8.52 nm with added DeOxy Thymidine (a
nucleotide that is found in DNA)

o. 0. T T T T T N T
,
0.4 A Molecular mechanics 0.7~ A WMolecular mechanics )
= Ex‘agt 5:?'”“0" tant based ohch - » - Calibration constant (variable wit !

4 0.39 alibration constant basec appropc! : 0.6} Calibration constant (point mass) " A
< s /
-4 =
% 03 A @ 05
g :
E o2y S
5] 2 0.4
-] b1
< 0.2 g
]
2 203
= ]
z 0.9 £
S 2 0.2
Z 04 A =

0.0 o4

G0 0.05 0.1 0.3 0.35 805 0.1 0.3 0.35

Fig

. .15 0.2 0.2
Relative frequency shifff / f"D

(a) Point mass on a bridged CNT.

.15 0.2 0.25
Relative frequency shifff / fn

0

0.4

(b) Distributed mass on a bridged CNT. The
length of the mass varies between 0.1L to 0.6L

about the centre of the CNT.

UF€e: Identified attached masses from the frequency-shift of a bridged CNT. The proposed calibration constant based approach is validated using

data from the molecular mechanics simulations. Again, the importance of using the calibration constant varying with the length of the mass can be seen in
(b). However, the difference between the point mass and distributed mass assumption is not as significant as the cantilevered case.
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One-dimensional sensors - classical approach

Error in mass detection

Dynamic mode approximation

Point mass Distributed mass
Relative % error Relative Normalized % error
frequency frequency  length
shift shift ()

(Af/f,) (Af/fo,)
0.0521 5.1632 0.0521 0 5.1636
0.0901 12.7402 0.1555 0.1000 14.2792
0.1342 6.4153 0.2055 0.2000 3.5290
0.1827 4.2630 0.2538 0.3000 8.1455
0.2094 0.5273 0.2859 0.4000 11.5109
0.2237 7.6267 0.3053 0.5000 13.4830
0.3284 0.6000 23.3768
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One-dimensional sensors - nonlocal approach

Brief overview of nonlocal continuum mechanics

One popularly used size-dependant theory is the nonlocal elasticity
theory pioneered by Eringen, and has been applied to nanotechnology.
Nonlocal continuum mechanics is being increasingly used for efficient
analysis of nanostructures viz. nanorods, nanobeams, nanoplates,
nanorings, carbon nanotubes, graphenes, nanoswitches and
microtubules. Nonlocal elasticity accounts for the small-scale effects at
the atomistic level.

In the nonlocal elasticity theory the small-scale effects are captured by
assuming that the stress at a point as a function of the strains at all points
in the domain:

740 = [ ollx = x1.0)ydV(x)

where ¢(|x — x|, @) = (2ml2a?)Ko(v/X @ X /Lar)

Nonlocal theory considers long-range inter-atomic interactions and yields
results dependent on the size of a body.

Some of the drawbacks of the classical continuum theory could be
efficiently avoided and size-dependent phenomena can be explained by
the nonlocal elasticity theory.

Adhikari (Swansea) Computational Methods for Nanoscale Bio-Sensors June 15, 2015 39



One-dimensional sensors - nonlocal approach

Nonlocal Resonance Frequency of CNT with Attached Biomolecule

@ We consider the frequency of carbon nanotubes (CNT) with attached
mass, for example, deoxythymidine molecule

Deoxythymidine Molecule as Point Mass

Nonlocal Elastic Beam

Adhikari (Swansea)
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One-dimensional sensors - nonlocal approach Attached biomolecules as point mass

Nonlocal Resonance Frequency of CNT with Attached biomolecule

@ For the bending vibration of a nonlocal damped beam, the equation of
motion of free vibration can be expressed by

o*V(x,t 02 PV(x,t
El% +m (1 - (eoa)2W> {%} =0 (47)

@ In the fundamental mode of vibration, the natural frequency of a nonlocal
SWCNT oscillator can be expressed as

1 ke
fy= [ fea 4
"= o\ (48)

Here ke and meq are respectively equivalent stiffness and mass of
SWCNT in the first mode of vibration.
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One-dimensional sensors - nonlocal approach Attached biomolecules as point mass

Nonlocal resonance frequency with attached point biomolecule

@ Following the energy approach, the natural frequency can be expressed
as

1 ke _ B G
2m\ Meg 27 \/1 4 Cy? + CnAM

El epa M
6:’/W’9:% and AM:W (50)

@ The stiffness, mass and nonlocal calibration constants are

/140 140 56
Ck = ?, Cm = ﬁ and Cn/ == ﬁ (51)

Equation (49), together with the calibration constants gives an explicit
relationship between the change in the mass and frequency.

fn - (49)

where
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One-dimensional sensors - nonlocal approach Attached biomolecules as point mass
Nonlocal resonance frequency with attached distributed biomolecules

@ We consider the frequency of carbon nanotubes (CNT) with attached

distributed mass, for example, a collections of deoxythymidine molecules
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One-dimensional sensors - nonlocal approach Attached biomolecules as distributed mass

Nonlocal resonance frequency with attached distributed biomolecules

@ Following the energy approach, the natural frequency can be expressed

as
f, = 1 [ keq _B Ck (52)
2m\ Meqg 27 \/1 + Cp62 + Cm(7)AM
where
El ea M /140 _ 56
ﬂ— pAL4,97T,AM7W,Ck7 11 and Cn/—.1.1 (53)
@ The length-dependent mass calibration constant is
140 — 2107 + 10592 + 357 — 424* 4 548

Equation (52), together with the calibration constants gives an explicit
relationship between the change in the mass and frequency.
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One-dimensional sensors - nonlocal approach Attached biomolecules as distributed mass

Nonlocal sensor equations

@ The resonant frequency of a SWCNT with no added mass is obtained by
substituting AM = 0 in Eq. (52) as

1
fo, = 5-Ckb3 (55)
™

® Combining equations (52) and (55) one obtains the relationship between
the resonant frequencies as

- for (56)
V1 + Ccuf? + cm(7)AM

@ The frequency-shift can be expressed using Eq. (56) as

- fo (57)
V1 + Cat? + cm(v)AM

fn

Af =1y, —fy =1

n

@ From this we obtain
Af 4 ! (58)
fo, V1 + 2 + cm(7)AM
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One-dimensional sensors - nonlocal approach Attached biomolecules as distributed mass

Nonlocal sensor equations

@ Rearranging gives the expression

Relative mass detection

AM = -
en() (1 _ on_f)Z cm(7) Cm(7)

@ This equation completely relates the change in mass with the
frequency-shift using the mass calibration constant. The actual value of
the added mass can be obtained from (59) as

Absolute mass detection
2 22
pAL (Ckﬁ) Cni 92 AL pAL

m(7) (ckf — 2nAF? Cm(7) cm(7)

(60)

o

This is the general equation which completely relates the added mass
and the frequency shift using the calibration constants.
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One-dimensional sensors - nonlocal approach Attached biomolecules as distributed mass

Zigzag (5,0) SWCNT of length 8.52 nm with added DeOxy Thymidine (a
nucleotide that is found in DNA)

04 0.8
035 y : i Molecul hani %
©  Molecular mechanics olecular mechanics
Nonlocal theory: ga =0 s 06 Nonlocal theory: ga=0
o 03 a O .
ol — —Nonlocal theory: ga =2 o, 7 ) — — Nonlocal theory: ga=2
- 2 .
S 025 5 os
= v = /’
] 4 J
g 02 z g 04 ;
5 P 3 / ’
- k]
3 015 i 3 03 y
3 g g 0 %y
'T‘g 0.1 / o = E .
5 -} -
7005 z Z 01 -
= o
-7 s -
> .
PR - R
-0.05 — -0.1 — T =
0.05 0.1 0.15 02 0.25 0.3 0.35 04 0.05 0.1 0.15 02 0.25 0.3 035 04
Relative frequency shift:Af/f Relative frequency shiftAf/f
(a) Point mass on a cantilevered CNT. (b) Distributed mass on a cantilevered CNT.

The length of the mass varies between 0.05L
to 0.72L from the edge of the CNT.

Flgure: Normalized mass vs. relative frequency shift for the SWCNT with point mass. The band covers the complete range of nonlocal the parameter
0 < ey < 2nm. It can be seen that the molecular mechanics simulation results reasonably fall within this band (except at Af /f,,p=0.35 ).
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One-dimensional sensors - nonlocal approach Attached biomolecules as distributed mass

Results for optimal values of the nonlocal parameter

0 - - - - - T 0.
0.35 ©  Molecular mechani¢s 1 0.7H o Molecular mechanicqg
* Local theory 2 * Local theory
. Nonlocal theory * = 0.6l| = Nonlocal theory
< 03 1 < "7|- - -Point mass assumptipn
s -3
4 0.29 { gog
«
g £
o
E 04 { £ o4
S
g <
o
8 0.3 1 209
S o 1 209
0.05 R 0.1
o H H H H H H
(?.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4
Relative frequency shiftsf / fno Relative frequency shifff / fﬂ0
a) Point mass on a cantilevered CNT: gga = (b) Distributed mass on a cantilevered CNT.
0.65nm. ea = 0.5nm.

Flg UF@: Normalized mass vs. relative frequency shift for the SWCNT with point mass with optimal values of the nonlocal parameter eq a.
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One-dimensional sensors - nonlocal approach

Error in mass detection: point mass

Attached biomolecules as distributed mass

Percentage error in the mass detection using cantilevered CNT based biosensors for
single biomolecule. The errors are shown for both local and nonlocal elastic theories
(with optimised nonlocal parameter epa=0.65nm).

Relative frequency shift Percentage error

Local elasticity

Nonlocal elasticity

0.0929
0.179

0.2165
0.2956
0.3016
0.3367
0.3477

13.9879
28.1027
11.1765
34.2823
10.9296
12.4422

2.1427

7.3226
13.3841
0.1131
22.9147
1.6392
3.5486
5.807
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One-dimensional sensors - nonlocal approach Attached biomolecules as distributed mass

Error in mass detection: distributed mass

Percentage errors in the mass detection using cantilevered CNT based biosensor for
distributed added biomolecules. The errors are shown for both local and nonlocal
elastic theories (with optimised nonlocal parameter epa= 0.5 nm).

Relative Normalized Percentage error
frequency shift length

Local elasticity Nonlocal elasticity

0.0929 0 13.9879 1.2813
0.153 0.05 11.8626 1.4132
0.1991 0.1 13.7038 5.171

0.2148 0.15 1.7865 49412
0.2462 0.2 7.0172 1.0914
0.2542 0.25 1.3278 3.6149
0.2687 03 1.9943 22774
0.2773 035 1.2631 2.4081
0.2821 0.4 0.1653 3.0046
0.2948 0.45 4.515 1.7056
0.2929 0.5 1.3776 1.0761
0.2983 0.55 3.2275 1.0155
0.2989 0.6167 5.524 3.4922
0.2981 0.6667 4.6735 2.7585
0.3039 0.7167 7.9455 6.0986
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Two-dimensional sensors - classical approach

Single-layer graphene sheet (SLGS) based sensors

Adhikari (Swansea)

Cantilevered Single-layer graphene sheet (SLGS) with adenosine molecules
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Two-dimensional sensors - classical approach

Resonant frequencies of SLGS with attached mass

@ We model SLGS dynamics as a thin plate in transverse vibration:

p(Pu Py Fu\ Py
axt T oxzayz "oyt ) TPar T 61)
0<x<ag0<y<h.

@ Here u = u(x, y, t) is the transverse deflection, x, y are coordinates, t is
the time, p is the mass density per area and the bending rigidity is
defined by

B ER®

12(1 - 1?)

@ E is the Young’s modulus, h is the thickness and v is the Poisson’s ratio.
We consider rectangular graphene sheets with cantilevered (clamped at
one edge) boundary condition.

D (62)
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Two-dimensional sensors - classical approach

Resonant frequencies of SLGS

@ The vibration mode-shape for the first mode of vibration of the planar
SLGS is given by
w(x,y)=1—cos(mx/2a) (63)

@ The natural frequency of the system can be alternatively obtained using
the energy principle. Assuming the harmonic motion, the kinetic energy
of the vibrating plate can be expressed by

T=u? / w?(x, y)pdA (64)
A

@ Here w denotes the frequency of oscillation and A denotes the area of the
plate. Using the expression of w(x, y) in Eq. (63) we have

a rb
T = %wzp/ / (1 — cos (rx/2a))? dx dy
0o Jo

3m—8
2r

(65)

= %wz(abp)
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Two-dimensional sensors - classical approach

Resonant frequencies of SLGS

@ The potential energy can be obtained as
U= 2/ 82_W + (92_W :
2 Jal\ox2 o ay?

Pw Pw 2w \?
o afZe ()T

@ Using the expression of w(x, y) in (63) we have

D (% [P /oPw\? 174D

(66)

@ Considering the energy balance, that is Tmax = Unax, from Egs. (77) and
(67) the resonance frequency can be obtained as

D\ 1/32
i (7)o om .

Computational Methods for Nanoscale Bio-Sensors
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Two-dimensional sensors - classical approach

Resonant frequencies of SLGS with attached mass

b

b

b

al
e a —l t—ya—aH >

(a) Masses at the cantilever tip in a line

b
74 ——ppl—— na ——p ya——p|
a ———p| a ——p
(c) Masses in a line along the length (d) Masses in a line with an arbitrary

angle
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Two-dimensional sensors - classical approach

Resonant frequencies of SLGS with attached mass

@ Using the energy approach, the resonance frequency can be expressed
in a general form as

» %?D (1/32) <7T4D> 1/32
w =
2000 = T abp38 L appoaM}  \ &@p ) (87 —8)/27 + jiop g
(69)
@ Here the ratio of the added mass
M
= — 70
% W, (70)
® g, p ¢ g are factors which depend on the mass distribution:.
ag=1, ap=(1- COS(7T’)//2))2 (71)
o = Smn+[sin((y +n)m) — sin(ym)] — 8[sin((y + n)m/2) — sin(y7/2)]
¢ 2mn
, , , , (72)
g - 3mn cos(0) + [sin(( + n cos(0))m) — sglr;(::::]s(;js[sm((w + ncos(0))w /2) — sin(ym/2)] 73
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Two-dimensional sensors - classical approach

Sensor equation

@ The relative added mass of the bio-fragment can be obtained from the
frequency shift as

Relative mass detection for 2D sensors

1 1
n= ﬁ T (74)
n
Mass arrangement Calibration constant ¢,

Case (a): Masses are at 27/(37 —8)

the cantilever tip in a line

Case (b): Masses are ina 2x(1 — cos(ry/2))?/(37 — 8)

line along the width

Case (c): Masses are ina (3w + [sin((y + n)7) — sin(y)] — 8[sin((y +

line along the length n)r/2) — sin(vyw/2)])/n(37 — 8)

Case (d): Masses areina (3wncos(d) + [sin((y + mncos(f))r) -
line with an arbitrary angle sin(yr)] — 8[sin((y + ncos(d))r/2) -
0 sin(ym/2)])/n cos(0)(3m — 8)
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Two-dimensional sensors - classical approach

Validation with MM simulation (UFF): Case a

@ Molecular mechanics e
— Analytical formulation ®

85 . - 1
=
g
5 4 ) 1
2
S °
o
<3 ) 1
5
2 °
£

2| 1
3 °
o
=]
<

1] o 1

0

5 10 15
Shift in the frequencyAf (GHz)

(a) SLGS with adenosine molecules at the (b) Identified mass from the frequency shift
cantilever tip in a line

Flgure: Identified attached masses from the frequency-shift of a cantilevered SLGS resonator for case (a). The SLGS mass is 7.57zg and the mass
of each adenosine molecule is 0.44zg. The proposed approach is validated using data from the molecular mechanics simulations. Up to 12 adenosine
molecules are attached to the graphene sheet.
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Two-dimensional sensors - classical approach

Validation with MM simulation: Case b

@ Molecular mechanics
—— Analytical formulation

o

IS

N

Added mass of Adenosine: M (zg)
w

4 6
Shift in the frequencyAf (GHz)

10

(a) SLGS with adenosine molecules in aline (b) Identified mass from the frequency shift,

along the width v =0.85

Figure: Identified attached masses from the frequency-shift of a cantilevered SLGS resonator for case (b). The proposed approach is validated

using data from the molecular mechanics simulations. Up to 10 adenosine molecules are attached to the graphene sheet.
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Two-dimensional sensors - classical approach

Validation with MM simulation: Case d

@ Molecular mechanics
— Analytical formulation °

gs 1
= °
P
£ 4 1
g
S °
-]
< 3 o i
S
2 °
<
E | ° I
T e
2
2 )

i P 1

°
0
0 8

2 3 4 5 6
Shift in the frequencyaf (GHz)

(a) SLGS with adenosine moleculesin aline (b) Identified mass from the frequency shift,
with an arbitrary angle v=0.25n=07and 0 =~x/6

Flgure: Identified attached masses from the frequency-shift of a cantilevered SLGS resonator for case (d). The proposed approach is validated
using data from the molecular mechanics simulations. Up to 10 adenosine molecules are attached to the graphene sheet.
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Two-dimensional sensors - nonlocal approach

Nonlocal plate theory for SLGS

(a) Nonlocal Plate Theory

Carbon atoms

10° m scale

Graphene as discrete plate Attached mass
(0 (bio-fragment)

Graphene as resonating sensor

(a) Schematic diagram of single-layer graphene sheets, (b) Nonlocal
continuum plate as a model for graphene sheets, (c) Resonating graphene
sheets sensors with attached bio fragment molecules such as adenosine.

Adhikari (Swansea) Computational Methods for Nanoscale Bio-Sensors June 15, 2015 61



Two-dimensional sensors - nonlocal approach

Nonlocal plate theory for SLGS
@ We model SLGS dynamics as a thin nonlocal plate in transverse vibration

DV*u+m(1 - (&a)’V?) {82U} :

or (75)

0<x<c 0<y<hbh

@ Here u = u(x, y,t) is the transverse deflection, V2 = (88—; + 86—;) is the

differential operator, x, y are coordinates, t is the time, p is the mass
density per area and the bending rigidity is defined by

ER®
D= ——— 7
12(1 — 12) (76)
@ Introducing the non dimensional length scale parameter
€pa
= — 77
p=— (77)
the resonance frequency can be obtained as

W= (7740 1/32 (78)

C4p> (37 — 8)/2m + pPw? /8
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Two-dimensional sensors - nonlocal approach

Nonlocal SLGS with attached masses

Fixed edge (a)

(a) Masses at the cantilever tip in a line (b) masses in a line along the width,
angle.

(c) masses in a line along the length, (d) masses in a line with an arbitrary
Adhikari (Swansea)

Computational Methods for Nanoscale Bio-Sensors

=

= = 9ac

June 15, 2015 63



Two-dimensional sensors - nonlocal approach

Nonlocal resonant frequencies of SLGS with attached mass

@ Using the energy approach, the resonance frequency can be expressed
in a general form as

4
Wibod = %?DbU/SZ)
.b,c, % {Cbp (372:8 + ,Lzswz) N Oéa,b,c,dM}
B ™D 1/32 (79)
~\ ¢*» ) (37 —8)/21 + 1272 /8 + Bap c.a
@ Here the ratio of the added mass
M
B = Vg (80)

and ap ¢ ¢ are factors which depend on the mass distribution as defined
before.
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Two-dimensional sensors - nonlocal approach

Free vibration response of nonlocal SLGS with attached masses

1.
1! \ i
i ’f\\'\ A
(Al AN 5 .
e hy i N )
IR A (A i A
Lol ANt 2T [ ; &
= O3 R R  an A it it
» F N T A Ny gt A
< il AR LR A AT Nt I [
= el bl IR A A L Vo)
% A Wyt '. CRAS A P e
L il £y i i ARVAVANLY
E A LR A R AR A R RTAT AT
g A0 LA {
AR AR R AT ATHEE R
3 L R AR AR
E; | n'? ol U b FERL TR VAVAURTA
| | LA e Yy !
£ RN TR Y iy L i
S 0.5 oy (, L i L )
z Y ] "’ I _}‘l !]’I i—Wlt,houtadd‘?c}mass \
P i § . Y
'Il | llI ‘.\ ;» {7 — — With added mass: $=0.0586
I TR A v .
1 “ FiA Y] ¥ == With added mass: $=0.7620
v
1 \ . .
0 5 10 15

Normalised time: t/'T 0

Free vibration response at the tip of the graphene sheet due to the unit initial
displacement obtained from molecular mechanics simulation. Here Ty is the time
period of oscillation without any added mass. The shaded area represents the motion
of all the mass loading cases considered for case (a).
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Two-dimensional sensors - nonlocal approach

Validation with MM simulation (UFF): Case a

15
I ; 7
© Mdlecul 4

—— Lotal theory: e,a=0 /
| = = Nonlocal thepry: e a=2 4
) )
8 /
s /
y 10
£ /
é /
g /
3
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2 /
g 7 °°
= > °
E
3
- °

o=z
0 2 4 6 8 10 12 14

Shift in the frequency: Af (Gllz)

(a) SLGS with adenosine molecules at the (b) Identified mass from the frequency shift
cantilever tip in a line

F| UFe: identified attached masses from the frequency-shift of a cantilevered SLGS resonator for case (a). The SLGS mass is 7.57zg and the mass
of each adenosine molecule is 0.44zg. The proposed approach is validated using data from the molecular mechanics simulations. Up to 12 adenosine

molecules are attached to the graphene sheet.

Adhikari (Swansea) Computational Methods for Nanoscale Bio-Sensors June 15, 2015 66



Two-dimensional sensors - nonlocal approach

Validation with MM simulation: Case b

° lecul hami y
= Local tieory: ¢a=0
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—=.Nonlogal theory;.¢ a=2. /

h
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™

Added mass of adenosine: M (7g)
[y
N
o

0.5

4 6
Shift in the frequency: Af (GIz)

(a) SLGS with adenosine moleculesin aline (b) Identified mass from the frequency shift,
along the width ~v=0.85

Flgure: Identified attached masses from the frequency-shift of a cantilevered SLGS resonator for case (b). The proposed approach is validated
using data from the molecular mechanics simulations. Up to 10 adenosine molecules are attached to the graphene sheet.
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Two-dimensional sensors - nonlocal approach

Validation with MM simulation: Case d

| hani /
ocal theory:ie a-0 // °

niocal thedry: ¢ a2

1 2 3 4 5 6 7
Shift in the frequency: AFf(GHz)

(a) SLGS with adenosine moleculesin aline (b) Identified mass from the frequency shift,
with an arbitrary angle v=0.25n=07and 0 =~x/6

Flgure: Identified attached masses from the frequency-shift of a cantilevered SLGS resonator for case (d). The proposed approach is validated
using data from the molecular mechanics simulations. Up to 10 adenosine molecules are attached to the graphene sheet.
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Conclusions

Conclusions

@ Principles of fundamental mechanics and dynamics can have
unprecedented role in the development of nano-mechanical bio sensors.
Nano-sensor market is predicted to be over 20 Billion$ by 2020.

® Mass sensing is an inverse problem - NOT a conventional “forward
problem”.

@ Due to the need for “instant calculation”, physically insightful simplified
(but approximate) approach is more suitable compared to very detailed
(but accurate) molecular dynamic simulations.

@ Energy based simplified dynamic approach turned out to sufficient to
identify mass of the attached bio-objects from “measured”
frequency-shifts in nano-scale sensors.

@ Closed-form sensor equations have been derived and independently
validated using molecular mechanics simulations. Calibration constants
necessary for this approach have been given explicitly for point mass as
well as distributed masses.

@ Nonlocal model with optimally selected length-scale parameter improves
the mass detection capability for nano-sensors.
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