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a  b  s  t  r  a  c  t

Single  layer  graphene  sheets  (SLGS)  as a nanoscale  label-free  mass  sensor  are  proposed.  A  mathemat-
ical  framework  according  to  nonlocal  elasticity  is  considered.  The  nonlocal  elasticity  incorporates  the
small-scale  effects or  nonlocality  in the analysis.  Rectangular  graphene  resonators  are  assumed  to be  in
cantilevered  configuration.  Closed-form  nonlocal  equations  are  derived  for the frequency  shift  due  to
the  added  mass  based  on four  types  of  different  mass  loadings.  From  the  potential  and  kinetic  energy  of
the  mass  loaded  graphene  sheets,  generalised  nondimensional  calibration  constants  are  proposed  for an
explicit  relationship  among  the added  mass,  nonlocal  parameter  and  the frequency  shift.  These  equations
based  on  nonlocal  elasticity  in  turn are  used  for sensing  the  added  mass  (e.g.  adenosine  bio-fragment).
Molecular  mechanics  simulation  is  used  to validate  the  new  nonlocal  sensor  equations.  The  optimal  val-
olecular mechanics ues  of  span  of  nonlocal  parameter  are  used  and compared  with  the  molecular  mechanics  simulation
results.  The  nonlocal  approach  generally  predicts  the  frequency  shift  accurately  compared  to  the  local
approach  in  most  cases.  Numerical  results  show  the  importance  of  considering  the  distributed  nature  of
the added  mass  while  using  the  nonlocal  theory.  The  performance  of  the sensor  is  governed  on  the  spatial
distribution  of the  attached  mass  on  the  graphene  sheet.  Discussion  on the  numerical  results  illustrate

phen
that  the  sensitivity  of gra

. Introduction

Recently graphene [1,2] has attracted huge attention among
he scientific and nanotechnological communities. The graphene,

 basic structure for graphitic materials of all dimensionalities, is a
ingle layer of carbon atoms packed into a two-dimensional hon-
ycomb lattice [3]. Graphene sheets may  be single-layer (SL) [4]
tomic thick or multilayer [5] consisting of several SL graphene
heets.

The electronic properties of graphene nanoribbons defined by
heir quasi-one-dimensional electronic confinement [6] indicate
emarkable applications in graphene-based devices. Graphene has
arallels with many properties of carbon nanotubes (CNTs) [7].
owever, due to their planner structure, some of the proper-

ies seem to be easier to handle than CNTs. Graphene has many

otential area of applications [8]. Applications of graphene include
omposites for windmill blades and aircraft components, low cost
fficient solar cells [9], high frequency transistors, hydrogen storage
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[10], ultracapacitors, faster recharging batteries, display in mobile
devices, energy harvesting [11].

Detection systems or sensors are important instruments. Sen-
sors at nanoscale are devices that detect small number of
molecules/atoms of gas, biological and chemicals objects needed
to be detected. This is upon consideration with least amount of
change in some measured quantity. It measures the desired physi-
cal quantity and converts it into required parameter. The detection
of presence of chemical and biological molecules with high sen-
sitivity and selectivity is crucial in various fields. Some practical
area of sensing and detection comprises detection of gas leakage,
diagnosis of diseases and health care.

Sensors are of different types, and among the various types
of sensors; solid state sensors have received significant atten-
tion. These sensors include solid electrolyte sensors [12], catalytic
sensors [13], bio sensor [14] and semiconducting oxide gas sen-
sors. With the advent of nanotechnology, a new class of sensors
were developed based on the utilisation of fullerene, graphene
and carbon nanotubes (CNT). Electronic sensors fabricated of
fullerene are very sensitive to any adsorbed molecule. The sen-

sitivity of CNT based sensors can be enhanced by controlling
the defect sites as electron transport through CNT is influenced
by the functionalisation of side walls of CNT. After the recent dis-
covery of graphene [1], a completely new area has opened that
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romises ultra-sensitive and ultra-fast electronic sensor devices
ue to being low electrical noise material [15]. Further having supe-
ior electronic properties, graphene offers large surface area, high
exibility and biocompatibility and good facile chemical function-
lisation which brands it as efficient sensing element. Graphenes
re also important for sensor applications such as for diagnosis of
iseases [16]. In graphene sensors, the molecules that are sensitive
o particular diseases can attach to the carbon atoms in graphene.
he graphene sheets can also be employed as chemical sensors
ffective at detecting explosives [17]. These sensors enclose sheets
f graphene in the form of foam which affects the resistance when
ow levels of vapours from chemicals are present. Graphene is also
sed as potential mass sensors and dust detectors [18], gas sensors
19,20], electrochemical sensors [21], pressure nanosensors [22],

agnetic field sensor [23].
The mechanical behaviour of graphene sheets are analysed and

nderstood by experimental methods, molecular dynamics sim-
lations [24,25] and continuum mechanics. Within continuum
echanics, size-dependant theories [26] are quite popular as it

ields faster and reasonable predictions with less resource. One
idely used size-dependant continuum theory for the mechan-

cal analysis of graphene sheets is the nonlocal elasticity theory
ioneered by Eringen [27].

At nanometre scales, surface and size effects often become
rominent and cannot be ignored. Both experimental and atomistic
imulation results have shown a significant size-effect [24,28–30]
n the mechanical properties when the dimensions of these struc-
ures become small. The theory of nonlocal elasticity accounts for
he small-scale (size) effects at the atomistic level; and can also
ccount for macro structures. Size-effects are associated to atoms
nd molecules that constitute the materials. Computational meth-
ds such as molecular dynamic (MD) simulation are reasonable in
he analysis of nanostructures [4], however the approach is com-
utationally exorbitant for nanostructures with large numbers of
toms. This asks for the usage of conventional continuum mechan-
cs [5] applied in analysis of macro structures. Classical continuum

odels are considered scale-free and it lacks the accountability
f the effects arising from the small-scale where ‘size-effects’ are
rominent. The application of classical continuum models may
e questionable in the analysis of nanostructures such as car-
on nanotubes and graphene sheets. One popular size-dependant
ontinuum theory is the nonlocal elasticity theory pioneered by
ringen [27] which bring in the scale-effects and physics within the
ormulation. The theory of nonlocal elasticity finds general appli-
ation in the area of nanostructural study such as in nanorods [31],
anobeams [32], nanoplates [33], nanorings [34], carbon nanotubes
35], graphenes [36], nanoswitches [37] and protein microtubules
38]. Via nonlocal elasticity theory the small-scale effects are incor-
orated by assuming that the stress at a point as a function of
he strains at all points in the domain. Nonlocal theory considers
ong-range inter-atomic interaction and yields results dependent
n the size of a body. Some of the drawbacks of the classical con-
inuum theory (such as beam and plate theories) could be efficiently
voided and size-dependent phenomena can be clarified by the
onlocal elasticity theory. A good review on nonlocal elasticity and
pplication to nanostructures (CNTs and graphene) is reported in
ef. [39].

Though nonlocal elasticity theory is an important analytical
heory for nanoscale structures, it has been scarcely used for sen-
or analysis. Lee et al. [40] has proposed carbon-nanotube-based
antilever sensor with an attached mass using frequency anal-
sis and nonlocal elasticity theory. Analytical sensor equations

ere provided. Mathematical relationship between the frequency

hift of the sensor and the attached mass were obtained. The
ouble-walled carbon nanotube (DWCNT) as micromass sensor
sing nonlocal Timoshenko beam vibration theory was explored
ators B 188 (2013) 1319– 1327

by Shen et al. [41]. The results were also compared with finite ele-
ment method considering no nonlocal effects. It was also reported
that the nonlocal Timoshenko beam model is more accurate than
the nonlocal Euler–Bernoulli beam model for short DWCNT sen-
sors. Considering flexural vibration of nanotubes, sensor theories
were developed [40,41]. Sensors based on nonlocal axial vibration
are recently addressed. Aydogdu and Filiz [42] proposed carbon
nanotube-based mass sensors based on axial vibration and nonlocal
elasticity theory. The works above however have not been com-
pared with molecular dynamics simulations. Murmu  and Adhikari
[14] have studied the carbon nanotube based cantilever bio sensor
using nonlocal elasticity theory and vibration analysis. The nonlo-
cal elastic formulations were compared with molecular mechanics
simulations and optimal value of nonlocal parameter was proposed.
According to their study the nonlocal approach generally predicts
the frequency shift accurately compared to the local approach in
most cases. Numerical results show the importance of considering
the distributed nature of the added mass while using the nonlocal
theory.

Based on nonlocal elasticity theory and vibration analysis, car-
bon nanotube based sensors are proposed. Very limited work on
nonlocal graphene sensors are carried out. Shen et al. [43] illus-
trated the potential of resonating single-layered graphene sheet
(SLGS) as a nanomechanical sensor using nonlocal Kirchhoff’s plate
theory. The effects of the mass and position of the nanoparticle
on the frequency shift of the graphene sheet are discussed. The
mathematical development of CNT and graphene based sensors
via nonlocal elasticity is in its nascent stage, and further study is
required for its realistic applications.

Resonance based sensors [44–46] offer significant potential of
achieving the high-fidelity requirement of many sensing appli-
cations, and reaches very high resolutions. According to their
Aydogdu and Filiz [42], theoretically the mass sensitivity of
nanotube-based mass sensors can reach zeptograms. According
to Ekinci et al. [47], theoretically, nanosensors can achieve ulti-
mate mass sensitivity limits of 1 yg (1 yg = 10−24 g). Recently Chaste
et al. [48] established the extreme sensitivity of mass sensing car-
bon nanotube sensor via experiments. Their experimental work
showed that a resolution of 1.7 yg which corresponds to the mass
of one proton, or one hydrogen atom can be achieved. Using the
high resolution nanosensor of this type, different chemical ele-
ments in future inertial mass spectrometry measurements can be
distinguished.

In resonance based sensors, the principle of mass detection
employing resonators is based on the fact that the resonant fre-
quency is sensitive to the resonator mass [45]. The resonator mass
comprises the self-mass of the resonator and the attached mass. The
variation of the attached (adsorbed) mass on the resonator causes
a shift to the resonant frequency. The key issue of mass detection is
in monitoring (quantifying) the change in the resonant frequency
due to the added mass.

Nano-scale sensors and the nonlocal theory is a valid efficient
theory for a wide range of nano-scale objects, in this paper we
aim to put these together for SLGS sensor. Being one atom thick,
graphene may  either be in direct contact with substrate or would
be suspended. Therefore interface state should play important role
in sensing. Building and designing such nanosensors that is able to
make measurements of external deposited agents with ultrahigh
resolution is one of the main goals in the field of nanomechanics. In
particular, we develop a new analytical approach for graphene sen-
sor using nonlocal elasticity theory (Fig. 1). Graphene is modelled
as nonlocal thin plate. We derive the updated calibration constants

necessary for using single layer graphene sheet (SLGS) as nanome-
chanical resonators in nano sized mass sensors. Via nonlocal theory,
natural vibration of SLGS with bio-fragment (e.g. adenosine) is dis-
cussed in Section 2. Four types of mass loadings are considered and
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Fig. 1. (a) Schematic diagram of single-layer graphene sheets, (b) nonlocal contin-
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planar SLGS is given by
um  plate as a model for graphene sheets, (c) resonating graphene sheets sensors
ith attached bio fragment molecules such as adenosine.

losed-form equations have been derived for the frequency shift
ue to the added mass. Nonlocal sensor equations and sensitiv-

ty calculations are discussed in Section 3. A molecular mechanics
pproach based on the universal force field (UFF) model is used
n Section 4 to validate the new results derived in the paper. The
esults obtained using the analytical approach is discussed for three
ases of mass distributions. It is illustrated that the new sensor
quations obtained using the proposed nonlocal theory can provide
ore accurate prediction of the attached mass compared to the

ame using the classical theory.

. Natural vibration of SLGS with bio-fragment and
mall-scale effects

Various methods are used to investigate the vibration phe-
omenon of single and multiple layer graphene sheets. They

nclude molecular mechanics method [49], equivalent lattice struc-
ures made by atomistic-continuum models representing the C C
onds, classical continuum mechanics, modified couple stress the-
ry [26]. Further the out-of-plane deformation of SLGS has been
onsidered using the continuum mechanics models, together with
ontinuum and truss-like structural assemblies.

In the present work, we consider thin nonlocal elastic plate
odel [43,50–54] for vibration analysis of single layer graphene

heets due to its simplicity. Conditions based on Kirchhoff’s plate
heories are assumed. Small-scale or nonlocal effects arising at
tomic level are included in the formulation. According to nonlocal
lasticity, the stress at a point is a function of the strains at all points
n the domain. The stress at a point is defined as

ij(x) =
∫

V

�(|x − x′|, ˛)HijklεkldV(x′), ∀x ∈ V.

he terms �ij, εkl, Hijkl, are the stress, strain and fourth-order elas-
icity tensors respectively. The integral equation couples the stress
ue to nonlocal elasticity and the stress due to classical elastic-

ty. The kernel function �(|x − x′|, ˛) denotes the nonlocal modulus.
he nonlocal modulus acts as an attenuation function incorporat-
ng into constitutive equations the nonlocal effects at the reference

oint x produced by local strain at the source x′. The nonlocal

ntegral equation is difficult to solve, thus a differential equation
s used [27].
ators B 188 (2013) 1319– 1327 1321

Assuming the nonlocal thin plate (Fig. 1b) has dimension c × b,
the vibration equation can be expressed as [50]

D∇4u + m(1 − (e0a)2∇2)

{
∂2u

∂t2

}
= 0, 0 ≤ x ≤ c; 0 ≤ y ≤ b

(1)

Here u = u(x, y, t) is the transverse deflection, ∇2 = ((∂/∂x2) +
(∂/∂y2)) is the differential operator, x, y are coordinates, t is the
time, m is the mass per unit area and the bending rigidity is defined
by

D = Eh3

12(1 − v2)
(2)

E is the Young’s modulus, h is the thickness and � is the Poisson’s
ratio. For some practical device, a graphene layer would be sup-
ported on some kind of substrate. This would alter the bending
rigidity in Eq. (2), if the proposed theory to be used. We  consider
rectangular graphene sheets with cantilevered (clamped at one
edge) boundary condition (Fig. 1c). For single layer graphene sheets,
the thickness is generally assumed as one atomic thick (though
it can be scattered). It can be assumed as 0.34 nm.  The term e0a
is the dimensional nonlocal parameter or scale coefficient. Term
e0a is a parameter associated with the material, where ‘a’ is the
intrinsic characteristic length such as lattice parameter, distance
between C C atoms, granular length. Here e0 is a constant for cal-
ibrating the model with experimental results and other validated
models [27]. The parameter e0 is estimated such that the relations
of the nonlocal elasticity model could deliver satisfactory approx-
imation to the atomic dispersion curves of the plane waves with
those obtained from the atomistic lattice dynamics. According to
Duan et al. [55] nonlocal parameter is not unique and depends on
various parameter. Researchers are working to find an optimum
value of nonlocal parameter for nanotubes and graphene sheets.
For carbon nanotubes and graphene sheets, the e0a is assumed in
the range of 0–2.0 nm.  One important way of obtaining the values
of nonlocal parameter is by evaluating from the molecular dynam-
ics simulation. Various values of nonlocal parameters as suggested
by researchers are discussed in Ref. [56].

2.1. Vibration of SLGS without attached mass

In this section, we formulate the natural frequencies of vibra-
tion of SLGS without any attached masses. We  consider cantilever
boundary condition in our study. The study is primarily interested
on the first vibration mode of the system.

The first natural frequency (in rad/s) of a rectangular plate of
dimension c × b can be expressed as [57]

ω2
0 =

(
�4D

c4	

)
0.0313
0.2268

(3)

Here the graphene sheets are assumed to be in perfect planar
configuration. According to Meyer et al. [58] spontaneous ripples
and wrinkling are found on free-standing graphene sheets through
vacuum between metal struts. Edge stress induced warping and
instability are noticed using analytical [59], first principles study
[60] and numerical methods [61]. Since the SLGS considered here
is clamped at one edge, the substrate at the clamping edge may
contain atomistic-scale defects resulting wrinkles along that edge.
In this paper we have neglected the inaccuracies arising due to the
wrinkling of SLGS.

The vibration mode-shape for the first mode of vibration of the
w(x, y) = 1 − cos
(

�x

2c

)
(4)
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and size of the molecules to be detected in to account. The analysis
ig. 2. (a) Masses at the cantilever tip in a line (b) masses in a line along the width,

The natural frequency of the system can be alternatively
btained using the energy principle. Using variational and energy
rinciples, Adali [62] has carried out analysis orthotropic graphene
heets embedded in an elastic medium. Assuming the harmonic
otion, the kinetic energy of the nonlocal vibrating plate can be

xpressed by

 = ω2

∫
A

w2(x, y)	dA + ω2

∫
A

(e0a)2{∇w(x, y)}2	dA (5)

ere ω denotes the frequency of oscillation and A denotes the area
f the graphene plate. Here e0a is the nonlocal parameter as dis-
ussed above. We  have neglected the nonlocality arising from the
dded mass. Using the expression of w(x, y) in Eq. (4) we get

 = 1
2

ω2(cb	)

(
3� − 8

2�
+ 
2�2

8

)
(6)

here the nondimensional length scale parameter (dimensionless
onlocal parameter)

 = e0a

c
(7)

he potential energy can be obtained as

 = D

2

∫
A

{(
∂2w

∂x2
+ ∂2w

∂y2

)
− 2(1 − v)

[
∂2w

∂x2

∂2w

∂y2
−

(
∂2w

∂x∂y

)2
]}

dA (8)

Using the expression of w(x, y) in (4) we have

 = D

2
	

∫ c

0

∫ b

0

(
∂2w

∂x2

)2

dx dy = 1
2

�4D

c3
b
(

1
32

)
(9)

onsidering the energy balance, that is Tmax = Umax, from Eqs. (7)
nd (9) the resonance frequency can be obtained as(

�4D 1/32
)

2
0 =

c4	 (3�  − 8)/2� + 
2�2/8
(10)

his matches reasonably well with the numerical value reported in
q. (3) with consideration of small scale effects. Next, we calculate
asses in a line along the length, and (d) masses in a line with an arbitrary angle.

the kinetic energy due to additional attached mass and use the
energy principle to obtain the modified resonance frequency.

2.2. Vibration of SLGS with attached mass

Because of the two dimensional nature of the graphene sheet,
the SLGS resonator offers more flexibility in terms of attaching dif-
ferent types of molecules at different spatial locations. By exploiting
the spatial spread of a two-dimensional graphene sheet, SLGS sen-
sors can be designed such that it can effectively substitute an
array of cantilever nanotube sensors. A two dimensional surface
offers vast opportunities for attaching (adsorbing) molecules to
the graphene sheet. Compared to carbon nanotubes, monolayer
graphene resonators have the benefit of more larger surface area
for the arrest of the additional mass [63]. As in Adhikari and Chowd-
hury [45], we  have considered four possible arrangements by which
bio-molecules can be attached with the graphene sheet. The four
cases are: case (a): masses at the cantilever tip in a line; case (b):
masses in a line along the width; case (c): masses in a line along
the length; case (d): masses in a line with an arbitrary angle. Fig. 2
shows the schematic diagram of the four cases.

Apart from the four cases considered here, it is certainly possible
to have different mass distributions. The method developed here is
general and can be applied to more general cases if the geometry
is known. The considered four cases in Fig. 2 are for development
of the understanding on the behaviour of the proposed sensor for
typical mass distributions and nonlocal effects.

From the practical standpoint, for label-free sensors it is gener-
ally not possible to a priori identify exactly the spatial location of
the attached molecules. Techniques such as high resolution imag-
ing can be employed to capture the spatial location of the attached
molecules. Further, many nanomechanical biosensors practise spe-
cific coatings on the resonators to make them sensitive to particular
biomolecules. Here, the sensor will not be label-free but the spa-
tial location of the attachment region will be a priori known. The
attachment region can even be optimally designed taking the shape
presented below is valid for both of these approaches as in Adhikari
and Chowdhury [45]. The analytical results to be derived precisely
quantify the effect of spatial location of the attached molecules (not
just their mass) on the performance of the sensor.
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The relative frequency shift can be obtained from (25) as
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.2.1. Attached masses are at the cantilever tip
Let us consider the case when the attached masses are at the

antilever tip in a line as shown in Fig. 2(a). Assuming the total
ttached mass is M,  the combined kinetic energy of the SLGS and
he attached mass can be obtained as

a = 1
2

ω2

{∫
A

[w2(x, y)+(e0a)2{∇w(x, y)}2]	 dA+Mw2(x, y)|x=a

}

= 1
2

ω2

{
Mg

(
3� − 8

2�
+ 
2�2

8

)
+ M

}
(11)

here

g = 	cb (12)

s the mass of the graphene sheet. Considering the energy balance,
hat is Tmax = Umax, from Eqs. (11) and (9) the resonance frequency
an be obtained as

2
a = (1/2)(�4D/c3)b(1/32)

1/2{Mg(((3� − 8)/2�) + (
2�2/8) + M)}

=
(

�4D

c4	

)
1/32

(3�  − 8)/2� + 
2�2/8 + M/Mg
(13)

rom this equation we can see how the added mass M reduces the
esonance frequency.

.2.2. Attached masses arranged in a line along the width
Here we consider the case when the attached masses are

rranged in a line along the width as shown in Fig. 2(b). It is assumed
hat the masses are at a distance of �c, � ≤ 1, from the fixed edge
f the graphene sheet. The kinetic energy of the system can be
btained as

b = 1
2

ω2

{∫
A

[w2(x, y)+(e0a)2{∇w(x, y)}2]	 dA+Mw2(x, y)|x=�c

}

= 1
2

ω2

{
Mg

(
3� − 8

2�
+ 
2�2

8

)
+ M˛b

}
(14)

here the factor

b =
(

1 − cos
(

��

2

))2
(15)

.2.3. Attached masses arranged in a line along the length
For the case shown in Fig. 1(c), we consider that the length of

he attached mass is �c and its density along the length is uniform.
e also consider that the mass is placed at a distance of �c from the

xed edge. Since the mass always rests within the graphene sheet,
oth � ≤ 1, � ≤ 1 and additionally � + � ≤ 1. The kinetic energy of the
ystem with nonlocal effects can be obtained as

c = 1
2

ω2

{∫
A

[w2(x, y) + (e0a)2{∇w(x, y)}2]	 dA

+
∫ (�+�)c

�a

M

�a
w2(x, y)dx

}

= 1
2

ω2

{
Mg

(
3� − 8

2�
+ 
2�2

8

)
+ M˛c

}
(16)

here by calculating the above integral one has

c = 3�� + [sin((� + �)�) − sin(��)] − 8[sin((� + �)�/2) − sin(��/2)]
2��

(17)
n the above expression use M as the mass per unit length of the
ttached object.
ators B 188 (2013) 1319– 1327 1323

2.2.4. Attached masses arranged with arbitrary angle
The most general case of the attached object is that arranged in

an arbitrary angle and is shown in Fig. 2(d). Depending on the value
of , it reduces to the earlier two previous cases. The values of � and
� should be such that the mass remains within the graphene sheet.
This implies that � + � cos() ≤ 1 and �c ≤ b cos(). Considering the
mass per unit length along the x-axis as M,  kinetic energy with
nonlocal effects of the system can be obtained as

Td = 1
2

ω2

{∫
A

[w2(x, y) + (e0a)2{∇w(x, y)}2]	 dA

+
∫ (�+� cos())c

�a

M

�a cos()
w2(x, y)dx

}

= 1
2

ω2

{
Mg

(
3� − 8

2�
+ 
2�2

8

)
+ M˛c

}
(18)

where

˛d =
3�� cos() + [sin((�  + � cos())�) − sin(��)]
−8[sin((� + � cos())�/2) − sin(��/2)

2�� cos()
(19)

Taking the limit  → �/2 and  → 0, Eq. (18) reduces to Eqs. (14) and
(16) respectively. The resonance frequency corresponding to cases
(b)–(d) can be obtained using the energy principle used for case
(a). Considering the energy balance, the resonance frequency can
be expressed in a general form as

ω2
b,c,d = (1/2)(�4D/c3)b(1/32)

1/2{cb	((3� − 8)/(2�) + (
2�2/8)) + ˛b,c,dM}

=
(

�4D

c4	

)
1/32

(3�  − 8)/2� + 
2�2/8 + ˇ˛b,c,d
(20)

Here the ratio of the added mass

 ̌ = M

Mg
(21)

and ˛b,c,d are factors which depend on the mass distribution as
defined before.

3. Sensor equations and sensitivity analysis

For notational convenience, we  express the natural frequency
of the mass loaded graphene sheet as

ω2
� =

(
�4D

c4	

)
1/32

(3�  − 8)/2� + 
2�2/8 + ˇ˛n
(22)

where ˛n stands for different values of ˛, which in turn depend
on the distribution of the attached mass. Taking the ratio with the
resonance frequency of the graphene sheet without any mass in
(10), we have

ωn

ω0
= 1√

1 + cnˇ
(23)

Here the calibration constant cn is given by

cn = 8�˛n

4(3� − 8) + 
2�3
(24)

Considering ω = 2�f, the frequency shift in Hz due to the added mass
can be obtained as

�f  = f0 − fn = 2�(ω0 − ωn) (25)
�f

f0
= 1 − 1√

1 + cnˇ
(26)
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Fig. 3. Calibration constants corresponding to four cases. (a) Case (a): Masses at the cantilever tip in a line and is independent of � and �; (b) case (b): masses in a line along
t  the le
0  and 
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ˇ
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T
t

T
c
b
n

f
t
c

he  width and the value of � = 0.75 is considered; (c) case (c): masses in a line along
.75;  (d) case (d): masses in a line with an arbitrary angle. The value of angle  = �/4

 nm for the purpose of calculating 
 = e0a/L.

sing this expression, the relative added mass of the bio-fragment
an be found from the frequency shift as

 = 1

cn(1 − (�f/f0))2
− 1

cn
(27)

he normalised sensitivity of the graphene based sensor can be
btained by the differentiation of Eq. (26) as

∂(�f/f0)
∂ˇ

= cn

2(1 + cnˇ)3/2
(28)

he dimensional sensitivity (in Hz/g) can be obtained from Eq. (28)
s

∂(�f )
∂M

= f0
Mg

cn

2
(1 + cnˇ)−3/2 (29)

he absolute maximum sensitivity of a grapheme based sensor
herefore given by

∂(�f )
∂M

|max = f0
Mg

cn

2
(30)

his implies that for a given graphene sheet, the higher value of
n will result in a sensor with higher sensitivity. The four cali-
ration constants presented are plotted for different values of the
ormalised length � in Fig. 3 and nonlocal parameter e0a.
The nonlocal parameter is taken in the range 0–2 nm.  Among the
our cases considered here, case (a), that is, when the masses are at
he cantilever tip is the most sensitive case since the value of the
alibration constant is highest for this case. Therefore, for graphene
ngth and the value of � = 0.25 and the normalised length � is varied between 0 and
rest of the values are kept same as case (c). The length of the SLGS is assumed to be

based sensors in the cantilever configuration, it is desirable to place
the mass at the free edge.

4. Numerical results and discussion

The nonlocal sensor equations derived in Section 3 are validated
herewith. The nonlocal sensor equations are based on frequency
shift of the SLGS. An armchair single layer graphene sheet of length
4.12 nm and width 2.21 nm is considered. Any other size would
have been taken. The small size of the graphene layer considered
in the numerical study is due to the computational limitation of
the molecular mechanics method. A complete simulation with up
to 10–12 different mass ratios for each of the four cases is signif-
icantly time consuming. Note that the proposed sensor equation
(26) is based on nonlocal continuum theory and therefore is not
limited to this small size. We expect that if the proposed sen-
sor theory works for such a small scale, it is expected to work
better for larger scale. The mass of the SLGS is 7.57 zeptogram
(1 zg = 10−21 g) and in the cantilever configuration its first natu-
ral frequency without small-scale effects is 23.96 GHz. We  use an
adenosine as the added bio-fragment. The adenosine is a nucleo-
side composed of a molecule of adenine attached to a ribose
sugar molecule. Adenosines are important in biochemical pro-

cesses. It helps in energy transfer as adenosine triphosphate (ATP)
and adenosine diphosphate (ADP) as well as in signal transduc-
tion as cyclic adenosine monophosphate. It is also an inhibitory
neurotransmitter, believed to play a role in promoting sleep and
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Fig. 4. Free vibration response at the tip of the graphene sheet due to the unit initial
displacement obtained from molecular mechanics simulation. Here T0 is the time
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Fig. 5. Identified attached masses from the frequency-shift of a cantilevered SLGS
resonator for case (a). The shaded area represents the results between the two pos-
sible  extreme values of the nonlocal parameter. The SLGS mass is 7.57 zg and the
mass of each adenosine molecule is 0.44 zg. The proposed approach is validated
using data from the molecular mechanics simulations. Up to 9 adenosine molecules
eriod of oscillation without any added mass. The shaded area represents the motion
f all the mass loading cases considered for case (a).

uppressing arousal, with levels increasing with each hour an
rganism is awake.

In this paper we investigate the possibility of detecting Adeno-
ine using a cantilevered single layer graphene sheet and nonlocal
lasticity theory. The mass of each adenosine molecule is 0.44 zg,
hich is about 6% of the graphene mass. The Gaussian software

n conjunction with the UFF model is used. Fig. 4 shows the nor-
alised free vibration response at the tip of the graphene sheet

ue to unit initial displacement obtained from molecular mechan-
cs simulation. Responses of the graphene sheet without and with
dded mass are shown. Here T0 = 2�/˝0 is the time period of oscilla-
ion without any added mass. A damping factor of 10% is considered
or this plot. The shaded area represents the motion of all the mass
oading cases considered. Added mass results the system to move
lowly.

The added mass and the corresponding frequency-shift are
etermined from the molecular mechanics approach. Here the nat-
ral frequencies of the simple graphene sheet and graphene sheet
ith attached bio fragments are calculated. From these two sets of

requencies (with and without added mass), the frequency shifts
re calculated. These frequency shifts in turn are considered as
xperimental observations and used in the nonlocal sensor Eq. (27).
he magnitudes of the mass predicted by this equation are then
ompared with the known values used in the molecular mechanics
imulations. The results from the molecular mechanics simulations
re plotted as dots in the figure.

Since the nonlocal parameter in nonlocal plate theory is an
mportant parameter and exact value is unknown, we  choose a span
or the value of parameter. We  assume the range of parameter as
rom e0a = 0–2 nm.  When e0a = 0, it represents the analysis based
n classical sensor equations. When e0a > 0 nm,  it represents the
nalysis based on nonlocal sensor equations. Highly nonlocal case
s represented when e0a = 2 nm.  In other words, this means that the
tress at a point in the graphene is heavily influenced by the strains
t all the other points. The analytical approach is verified with the
xact approach in Fig. 5 for the case when the added molecules are
t the cantilever tip in a line.

It can be seen that the results from the energy based analytical

onlocal approach are close to the molecular mechanics results for

ower frequency shift. However it has to be noted that the small
cale effects are less (i.e. smaller e0a) for the present graphene
are  attached to the graphene sheet.

sensor. The present analytical approach however deviates from the
molecular mechanics results at higher relative frequencies shift (i.e.
0.4–0.6). This may  be accounted for the fact that larger biofrag-
ment generates higher frequency shifts, and we have ignored the
nonlocality due to the added mass. Thus for analytical approach
with e0a = 2.0 nm, the added mass and the frequency plot is away
from the molecular mechanics results. The maximum sensitivity
obtained from Eq. (30) without nonlocal effect is calculated as
6.9761 GHz/zg. Further when the added mass is very high (when
mass ratio is more than 0.3); the proposed analytical approach
becomes less accurate. For such high value of the added mass,
the assumed deformation shape in Eq. (4) is not strictly applicable
as it was derived for SLGS without any added mass. As a conse-
quence the energy expressions and consequence the frequency
estimate becomes inaccurate. This analysis without nonlocal effect
showed that the proposed expressions are accurate up to added
mass weighing 35% of the SLGS mass. Beyond this the proposed
approach starts to lose accuracy. This may  not be a severe limitation
as 35% of the SLGS mass can be adequate for practical applica-
tions. If higher mass needs to be identified, one can simply use a
larger SLGS within the sensor device. We  therefore conclude that
the mass of SLGS should be approximately more than 3 times the
mass to be detected in order to reliably use the proposed analytical
expressions.

Fig. 6 depicts the identified masses from the nonlocal frequency-
shift for case (b), that is, when the added adenosine molecules are
arranged in a line along the width. For the analytical calculation we
consider � = 0.85. The maximum sensitivity obtained form Eq. (30)
and e0a = 0 nm is calculated as 4.0992 GHz/zg.

It can be seen that, the results from the energy based non-
local analytical approach match the exact results obtained from
the molecular mechanics reasonably well. Most of the results
within the span of analytical nonlocal elasticity cover the
results from molecular mechanics approach. Unlike the local ana-
lytical approach, nonlocal analytical approach caters to majority
of added mass generating different frequency ratios. Compared to
the previous case it can also be seen that for a given value of added

mass, the relative frequency shift is less for this case with and with-
out nonlocal effects. This implies that the SLGS based sensor for this
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Fig. 6. Identified attached masses from the frequency-shift of a cantilevered SLGS
resonator for case (b). The shaded area represents the results between the two pos-
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Fig. 8. Identified attached masses from the frequency-shift of a cantilevered SLGS
resonator for case (d). The shaded area represents the results between the two pos-
ible extreme values of the nonlocal parameter. The proposed approach is validated
sing data from the molecular mechanics simulations. Up to 10 adenosine molecules
re  attached to the graphene sheet.

ass distribution is less sensitive compared to the case when the
ass was placed at the edge.
Identified masses corresponding to case (c) are depicted in Fig. 7.

n the figure we consider � = 0.25 and � = 0.6. The maximum sensi-
ivity obtained from Eq. (30) without nonlocal effects is calculated
s 1.7401 GHz/zg. For this case the sensitivity is less and lowest
ompared to earlier cases. Without nonlocal effects, the proposed
pproach generally captures the trend of the added mass but the
ccuracy is lower compared to the last two cases. However consid-
ring nonlocal effects, the accuracy is good for lower frequency
hifts. This shows the superiority of nonlocal sensor equations over
he local sensor equations for graphene sensors.

Identified masses corresponding to case (d) are shown in

ig. 8. This is the most general case when the added masses
re arranged in a line with an arbitrary angle. For the results
hown in Fig. 6, we consider � = 0.25, � = 0.7 and  = �/6. The maxi-
um sensitivity obtained from Eq. (30) without nonlocal effects is

ig. 7. Identified attached masses from the frequency-shift of a cantilevered SLGS
esonator for case (c). The shaded area represents the results between the two  pos-
ible extreme values of the nonlocal parameter. The proposed approach is validated
sing data from the molecular mechanics simulations. Up to 7 adenosine molecules
re  attached to the graphene sheet.
sible extreme values of the nonlocal parameter. The proposed approach is validated
using data from the molecular mechanics simulations. Up to 9 adenosine molecules
are  attached to the graphene sheet.

calculated as 1.7401 GHz/zg. The proposed approach generally cap-
tures the trend of the added mass with that of molecular mechanics
approach. Here we can see that the nonlocal sensor equations cover
most of the added mass compared to local sensor equations.

In summary in this paper an analytical method for calculat-
ing the frequency shift in a graphene based resonator is shown
using nonlocal elasticity. Validation is carried out with molecular
mechanics simulation results. Up to 60% of mass loading is con-
sidered in the numerical examples involving four possible loading
patterns. In general the proposed nonlocal theory is accurate up to
35% of mass loading. The trend in resonating graphene sensors is
to increase the sensitivity by making the resonators smaller. The
theoretical model is reasonable, however it cannot be denied that
many technological problems still, such as manufacturability, read-
out and functionalisation are present. The work presented here
could act as an input to understand such graphene sensors once
they become realisable. This is a case where the theory might be
ahead of the fabrication capabilities, but it will be a valuable model
to have for evaluating future cantilever graphene sensors.

5. Conclusions

In this paper, we theoretically investigate the application of non-
local elasticity for the possibility of using single layer graphene
sheet (SLGS) as a nanoscale label free mass sensor. Nonlocal the-
ory is appropriate theory as it considers small-scale effects at
nanoscale such as in graphene. The shift in the resonance frequen-
cies obtained via nonlocal sensor equations due to the additional
mass is exploited in the proposed sensor. The SLGS resonator is
assumed to be in cantilevered configuration. Four physically real-
istic mass distributions are addressed. These comprise masses at
the (i) cantilever tip in a line, (i) masses in a line along the width,
(iii) masses in a line along the length and (iv) masses in a line with
an arbitrary angle. Since the nonlocal parameter in nonlocal elas-
ticity is an important parameter and exact value is unknown, we
choose a span for the value of parameter. This comprises analysis

without nonlocal effects too. It is observed that the performance of
the sensor depends on the spatial distribution of the attached mass
on the graphene sheet with and without nonlocal effects. Explicit
closed-form nonlocal analytical expressions have been derived to
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etect the added mass from the frequency shift. Sensitivities of
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 molecular mechanics based approach is used to validate the
nalytical sensor equations. We  used the UFF force field model,
herein the force field parameters are estimated using the general

ules based on the element, its hybridisation and its connectivity.
cceptable agreements between the proposed approach and the
olecular mechanics simulations have been observed.
Numerical results indicate that the new equations derived in the

aper are acceptable when the added mass is up to 1/3 of the mass
f the SLGS cantilever without nonlocal effects. Our analysis shows
hat by placing the adenosine at the edge of the graphene sheet
esults in the most sensitive sensor. This observation is related to
he modal profile of the graphene, i.e. that a mass at the tip is moving
p and down more vigorously than a mass at a different position.
urther research will include the dynamics of the subgrade which
s essential for immobilising the bio-molecules on to the graphene
heets. For some cases i.e. external masses at the cantilever tip in a
ine and in a line along the width of graphene, the classical local

odel can be used with very good accuracy. Cases of graphene
ensor with additional masses in a line along the length and in a
ine with an arbitrary angle, on the other hand, show strong non-
ocal effect. Since the nonlocal elasticity approach is more general
nd consider the classical local elasticity as a special case, the sen-
ors equations derived here can be used for all the four cases in
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