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1 Introduction

Problems involving vibration occur in many areas of mechanical, civil and aerospace engi-
neering: wave loading of offshore platforms, cabin noise in aircrafts, earthquake and wind
loading of cable stayed bridges and high rise buildings, performance of machine tools — to
pick only few random examples. Quite often vibration is not desirable and the interest lies
in reducing it by dissipation of vibration energy or damping. Characterization of damping
forces in a vibrating structure has long been an active area of research in structural dynamics.
Since the publication of Lord Rayleigh’s classic monograph ‘Theory of Sound (1877)’, a large
body of literature can be found on damping. Although the topic of damping is an age old
problem, the demands of modern engineering have led to a steady increase of interest in re-
cent years. Studies of damping have a major role in vibration isolation in automobiles under
random loading due to surface irregularities and buildings subjected to earthquake loadings.
The recent developments in the fields of robotics and active structures have provided impe-
tus towards developing procedures for dealing with general dissipative forces in the context
of structural dynamics. Beside these, in the last few decades, the sophistication of modern
design methods together with the development of improved composite structural materials
instilled a trend towards lighter structures. At the same time, there is also a constant demand
for larger structures, capable of carrying more loads at higher speeds with minimum noise and
vibration level as the safety/workability and environmental criteria become more stringent.
Unfortunately, these two demands are conflicting and the problem cannot be solved without
proper understanding of energy dissipation or damping behaviour.

In spite of a large amount of research, understanding of damping mechanisms is quite
primitive. A major reason for this is that, by contrast with inertia and stiffness forces, it is not
in general clear which state variables are relevant to determine the damping forces. Moreover,
it seems that in a realistic situation it is often the structural joints which are more responsible
for the energy dissipation than the (solid) material. There have been detailed studies on the

material damping and also on energy dissipation mechanisms in the joints. But here difficulty
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lies in representing all these tiny mechanisms in different parts of the structure in an unified
manner. Even in many cases these mechanisms turn out be locally non-linear, requiring an
equivalent linearization technique for a global analysis. A well known method to get rid of all
these problems is to use the so called ‘viscous damping’. This approach was first introduced
by Rayleigh (1877) via his famous ‘dissipation function’, a quadratic expression for the energy
dissipation rate with a symmetric matrix of coefficients, the ‘damping matrix’. A further
idealization, also pointed out by Rayleigh, is to assume the damping matrix to be a linear
combination of the mass and stiffness matrices. Since its introduction this model has been
used extensively and is now usually known as ‘Rayleigh damping’, ‘proportional damping’ or
‘classical damping’. With such a damping model, the modal analysis procedure, originally
developed for undamped systems, can be used to analyze damped systems in a very similar
manner.

From an analytical point of view, models of vibrating systems are commonly divided into
two broad classes — discrete, or lumped-parameter models, and continuous, or distributed-
parameter models. In real life, however, systems can contain both distributed and lumped
parameter models (for example, a beam with a tip mass). Distributed-parameter modelling
of vibrating systems leads to partial-differential equations as the equations of motion. Exact
solutions of such equations are possible only for a limited number of problems with simple
geometry, boundary conditions, and material properties (such as constant mass density). For
this reason, normally we need some kind of approximate method to solve a general prob-
lem. Such solutions are generally obtained through spatial discretization (for example, the
Finite Element Method), which amounts to approximating distributed-parameter systems by
lumped-parameter systems. Equations of motion of lumped-parameter systems can be shown
to be expressed by a set of coupled ordinary-differential equations. In this lecture we will
mostly deal with such lumped-parameter systems. We also restrict our attention to the linear

system behavior only.
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2 Brief Review on Dynamics of Undamped Systems

The equations of motion of an undamped non-gyroscopic system with N degrees of freedom
can be given by

Ma(t) + Ka(t) = £(1) (2.1)

where M € RY*Y is the mass matrix, K € RV*" is the stiffness matrix, q(t) € R" is the
vector of generalized coordinates and f(t) € RY is the forcing vector. Equation (2.1) represents
a set of coupled second-order ordinary-differential equations. The solution of this equation
also requires the knowledge of the initial conditions in terms of displacements and velocities

of all the coordinates. The initial conditions can be specified as

q(0) =qo € RY and ¢(0) = Go € RY. (2.2)
2.1 Modal Analysis

Rayleigh (1877) has shown that undamped linear systems, equations of motion of which are
given by (2.1), are capable of so-called natural motions. This essentially implies that all
the system coordinates execute harmonic oscillation at a given frequency and form a certain
displacement pattern. The oscillation frequency and displacement pattern are called natural
frequencies and normal modes, respectively. The natural frequencies (w;) and the mode shapes
(x;) are intrinsic characteristic of a system and can be obtained by solving the associated

matrix eigenvalue problem
Kx; :wf»l\/[xj, Vj=1,---,N. (2.3)

Since the above eigenvalue problem is in terms of real symmetric non-negative definite matrices
M and K, the eigenvalues and consequently the eigenvectors are real, that is w; € R and

x; € RY. Premultiplying equation (2.3) by x} we have
x; Kx; = wJQ-XZMXj (2.4)
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Taking transpose of the above equation and noting that M and K are symmetric matrices
one has

X]Tka = w?x;fpl\/[xk (2.5)
Now consider the eigenvalue equation for the kth mode:
Kx;, = wiMx;, (2.6)
Premultiplying equation (2.6) by x] we have
X]Tka = w,%x;fpl\/[xk (2.7)
Subtracting equation (2.5) from (2.7) we have
(wp — wf) X]TMxk =0 (2.8)

Since we assumed the natural frequencies are not repeated when j # k, w; # wj. Therefore,
from equation (2.8) it follows that
xi Mx; =0 (2.9)

Using this in equation (2.5) we can also obtain
x; Kx; =0 (2.10)

If we normalize x; such that x;Mx; = 1, then from equation (2.5) it follows that x;Kx; =

w]?. This normalization is known as unity mass normalization, a convention often used in

practice. Equations (2.9) and (2.10) are known as orthogonality relationships. These equations
combined with the normalization relationships can be concisely written in terms of Kroneker

delta function ¢;; as

x; Mx; = §; (2.11)

and x] Kx; = w]25lj, vi,j=1,---,N (2.12)

Note that 0;; = 1 for [ = j and d;; = 0 otherwise. I
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This orthogonality property of the undamped modes is very powerful as it allows to trans-
form a set of coupled differential equations to a set of independent equations. For convenience,

we construct the matrices

Q = diag [wy,wy, - ,wy] € RV (2.13)
and X = [x1,Xy, -+ ,xy] € RV (2.14)
where the eigenvalues are arranged such that w; < ws, wy < w3, -+, W < wiyy. Using these

matrix notations, the orthogonality relationships (2.11) and (2.12) can be rewritten as

X"MX =1 (2.15)

and X'KX = Q? (2.16)

where I'is a N x N identity matrix. Use a coordinate transformation (modal transformation)

q(t) = Xy(t). (2.17)

Substituting q(¢) in equation (2.1), premultiplying by X” and using the orthogonality re-
lationships in (2.15) and (2.16), the equations of motion in the modal coordinates may be

obtained as

y(t) + y(t) = £(t)

or jj;(t) +wiy;(t) = fi(t) Vj=1,--- N

(2.18)

where f(t) = XTf(t) is the forcing function in modal coordinates. Clearly, this method
significantly simplifies the dynamic analysis because complex multiple degrees of freedom
systems can be treated as collections of single-degree-of-freedom oscillators. This approach
of analyzing linear undamped systems is known as modal analysis, possibly the most efficient

tool for vibration analysis of complex engineering structures.

2.2 Dynamic Response
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2.2.1 Frequency Domain Analysis

Taking the Laplace transform of (2.1) and considering the initial conditions in (2.2) one has

s*Mq — sMqp — Mo + Kq = f(s) (2.19)

or [YM+K]q=f(s) +Mdo + sMqo = p(s) (say). (2.20)

Using the modal transformation
q(s) = Xy(s) (2.21)

and premultiplying (2.20) by X*, we have
("M + K| Xy(s) =p(s) or {X"[s*M+K]|X}y(s)=X"p(s). (2.22)

Using the orthogonality relationships in (2.15) and (2.16), this equation reduces to

[’ T+ Q%] §(s) = X"B(s) (2.23)
or y(s) = [s"T+ Q% - XTp(s) (2.24)
or Xy(s) =X [s’T+ Q% - XTp(s) (premultiplying by X) (2.25)

1

or q(s)=X[sT+ Q%] X"p(s) (using (2.21)) (2.26)

or q(s) = X [’ T+ 9% XT {F(s) + Mo + sMqo}  (using (2.20)).  (2.27)

Equation (2.27) is the complete solution of the undamped dynamic response using modal
analysis. In structural dynamics often frequency domain analysis is used. The dynamic
response in the frequency domain can be obtained by substituting s = iw as

d(iw) = X [T+ 0?7 X7 {F(iw) + Mo + iwMqp } 28)
= H(iw) {f(iw) + Mdo + iwMqo } .

The term

1

H(iw) = X [T+ @*] " X" (2.29)

is often known as the transfer function matrix or the receptance matrix. Note that [—wQI + QQ]
is a diagonal matrix and therefore its inverse is easy to obtain:

1 1 1

, 5 S,

—w?’ w2 — w? w3 — w?

[—w’T + 7] ! = diag 5 (2.30)

2
1
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The product X [—wQI + QQ} ' XT can be expressed as

x{
) 1 1 1 X3
X [—w’I + Q2 1XT:X,X,---,X dia, , R
| ] b1, %2 v] diag w? —w? Wi — w? w3 — w? :
XN
(2.31)
]
w? — w2
T
2X2 2 X1X{ XQXI‘QF XNX,‘ZA;
= |IX1.X9.+ -+ .X w5 — W e - - v
[17 2 ’ N] 2: w%—wQ w%—wQ WJQV—WQ
Xy
| Wi — w? ]
(2.32)
From this we obtain the familiar expression of the receptance matrix as
NooxxT
. YR
H(iw) =)  ——. (2.33)
j=1 "J
Substituting H(iw) in (2.28) we have
o N XX {f(iw) + Mo + iwMqp } N x;‘rf(iw) + x] Mdo + iwx] Mqq
7j=1 J j=1 J
(2.34)

This expression shows that the dynamic response of the system is a linear combination of the

mode shapes.

2.2.2 Time Domain Analysis

Rewriting equation (2.34) in the Laplace domain we have

N TF T .
B x;f(s)  x;Mdo s T
= ‘M . 2.35
a(s) ]El {52 +WJ2- + 22 +w]2 + 22 +wj2-xj qo ¢ X; (2.35)

To obtain the vibration response in the time domain it is required to consider the inverse

Laplace transform. Taking the inverse Laplace transform of q(s) we have

a(t) = L7 [a(s) = > a;(t)x; (2.36)

j=1

S.Adhikari@swansea.ac.uk
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where the time dependent constants are given by

xT'f(s)

_J 7
52—|—w]2-

a;(t) =L

1
£ [ 2} X;FMqO + L7 [

T
2 T w] 2:| X] Mqo (237)

52+wj

The inverse Laplace transform of the second and third parts can be obtained from the table

of Laplace transforms (see Kreyszig, 1999, for example) as

_ 1 sin (w;t
o L?Jruﬂ] N u(»] ) (2.38)
j j
1 S . '
and L [32 m w?] = cos (w;t) . (2.39)

The inverse Laplace transform of the first part can be obtained using the ‘convolution theorem’,

which says that
£ [F()3(s)] = / F(r)g(t — ). (2.40)

Considering g(s) = 5, the inverse Laplace transform of the first part can be obtained

s2 + w5
as

_ = 1 ! :
£ {XJTHS)W} :/0 w—jX]Tf(T) sin (w;(t — 7)) dr. (2.41)
Combining (2.41), (2.38) and (2.39), from equation (2.37) we have

b1 1
a;(t) = /0 fof(r) sin (w;(t — 7)) dr + " sin(w; t)x; Mdqo + cos(w; t)x] Mqq.  (2.42)
j j

Collecting the terms associated with sin (wdj t) and cos (wdj t) this expression can be simplified

as
¢
1
a;(t) = / —X;-Ff(T) sin (w;(t — 7)) dr + B; cos (w;t + 0;) (2.43)
0 Wi
where
x'Mq, ’
2 ; Vlgo
Bj = | (xIMqp)” + <3T> (2.44)
x] Mdo
d tanf; = ——1——. 2.45
an and, o< N (2.45)

Observe that the second part of equation (2.43), i.e., the term B; cos (w;t + 6;) only depends

on the initial conditions and independent of the applied loading.
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3 Models of Damping

Damping is the dissipation of energy from a vibrating structure. In this context, the term
dissipate is used to mean the transformation of energy into the other form of energy and,
therefore, a removal of energy from the vibrating system. The type of energy into which the
mechanical energy is transformed is dependent on the system and the physical mechanism that
cause the dissipation. For most vibrating system, a significant part of the energy is converted
into heat.

The specific ways in which energy is dissipated in vibration are dependent upon the
physical mechanisms active in the structure. These physical mechanisms are complicated
physical process that are not totally understood. The types of damping that are present in
the structure will depend on which mechanisms predominate in the given situation. Thus, any
mathematical representation of the physical damping mechanisms in the equations of motion
of a vibrating system will have to be a generalization and approximation of the true physical
situation. Any mathematical damping model is really only a crutch which does not give a
detailed explanation of the underlying physics.

For our mathematical convenience, we divide the elements that dissipate energy into three
classes: (a) damping in single degree-of-freedom (SDOF) systems, (b) damping in continuous
systems, and (c) damping in multiple degree-of-freedom (MDOF) systems. Elements such as
dampers of a vehicle-suspension fall in the first class. Dissipation within a solid body, on the
other hand, falls in the second class, demands a representation which accounts for both its
intrinsic properties and its spatial distribution. Damping models for MDOF systems can be
obtained by discretization of the equations of motion. Here, for the sake of generality, we will

deal with damping in MDOF systems.
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3.1 Viscous Damping

The most popular approach to model damping in the context of multiple degrees-of-freedom
(MDOF) systems is to assume viscous damping. This approach was first introduced by
Rayleigh (1877). By analogy with the potential energy and the kinetic energy, Rayleigh
assumed the dissipation function, given by
1 o 1
Fla) =3 Z > Cindjin = 5chq. (3.1)
j=1 k=1

In the above expression C € RV*Y is a non-negative definite symmetric matrix, known as the
viscous damping matrix. It should be noted that not all forms of the viscous damping matrix
can be handled within the scope of classical modal analysis. Based on the solution method,
viscous damping matrices can be further divided into classical and non-classical damping.

Further discussions on viscous damping will follow in Section 4.
3.2 Non-viscous Damping Models

It is important to avoid the widespread misconception that viscous damping is the only linear
model of vibration damping in the context of MDOF systems. Any causal model which
makes the energy dissipation functional non-negative is a possible candidate for a damping
model. There have been several efforts to incorporate non-viscous damping models in MDOF
systems. One popular approach is to model damping in terms of fractional derivatives of the

displacements. The damping force using such models can be expressed by

l

Fo— g, 0%[a(t)]. (3.2)

j=1

Here g; are complex constant matrices and the fractional derivative operator

D" [q(t)] = dzgjt> ~Ta 1_ yj)%/o %dr (3.3)

where v} is a fraction and I'(e) is the Gamma function. The familiar viscous damping appears

as a special case when v; = 1. Although this model might fit experimental data quite well,

S.Adhikari@swansea.ac.uk




DAMPING CHARACTERIZATION IN DYNAMIC PROBLEMS 14

the physical justification for such models, however, is far from clear at the present time.

Possibly the most general way to model damping within the linear range is to consider
non-viscous damping models which depend on the past history of motion via convolution
integrals over some kernel functions. A modified dissipation function for such damping model
can be defined as

1 N t 1 t
Fla=52 | gt =nistriar = 347 [ ge=namar. G4
=1 k=

Here G(t) € R"*" is a symmetric matrix of the damping kernel functions, G;x(t). The kernel
functions, or others closely related to them, are described under many different names in the
literature of different subjects: for example, retardation functions, heredity functions, after-
effect functions, relaxation functions efc. In the special case when G(t — 7) = C(t — 1),
where §(t) is the Dirac-delta function, equation (3.4) reduces to the case of viscous damping
as in equation (3.1). The damping model of this kind is a further generalization of the
familiar viscous damping. By choosing suitable kernel functions, it can also be shown that
the fractional derivative model discussed before is also a special case of this damping model.
Thus, as pointed by Woodhouse (1998), this damping model is the most general damping
model within the scope of a linear analysis. For further discussions on non-viscously damped
system see Adhikari (2000, 2002).

Damping model of the form (3.4) is also used in the context of viscoelastic structures.
The damping kernel functions are commonly defined in the frequency/Laplace domain. Con-
ditions which G(s), the Laplace transform of G (), must satisfy in order to produce dissipative
motion were given by Golla and Hughes (1985). Several authors have proposed several damp-

ing models and they are summarized in Table 1.
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Table 1: Summary of damping functions in the Laplace domain

Damping functions Author, Year
n ags
G(s) = —
(s) =25 5 bkﬂ
Elsa — E()bS
G(s) = =22 —707°
() 1+ bsh

0<a<l 0<p<l1

52 + 2(pwis
G(s) =G> |1
(i) + 2k $2 + 2wy s + w?

) Aks

G(S) _1+Zk_15t+6
— o sh
G(s) = Lo

St()
1+ 2(sto/m)* — e~ 5%
1+ 2(stg/m)?
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4 Proportionally Damped Systems

Equations of motion of a viscously damped system can be obtained from the Lagrange’s
equation and using the Rayleigh’s dissipation function given by (3.1). The non-conservative

forces can be obtained as
oF

ney =~ k=1,--- N 4.1
Quer =~ (@)

and consequently the equations of motion can expressed as
Ma(t) + Cat) + Kat) = £(t). (4.2)

The aim is to solve this equation (together with the initial conditions) by modal analysis as
described in Section 2.1. Using the transformation in (2.17), premultiplying equation (4.2) by
X” and using the orthogonality relationships in (2.13) and (2.14), equations of motion of a

damped system in the modal coordinates may be obtained as
y(t) + XTCXy(t) + Q%y(t) = f(t). (4.3)

Clearly, unless X7 CX is a diagonal matrix, no advantage can be gained by employing modal
analysis because the equations of motion will still be coupled. To solve this problem, it is
common to assume proportional damping which we will discuss in some detail.

With proportional damping assumption, the damping matrix C is simultaneously diag-

onalizable with M and K. This implies that the damping matrix in the modal coordinate

C' =X"CcX (4.4)

is a diagonal matrix. The damping ratios (; are defined from the diagonal elements of the
modal damping matrix as

Cj;=2Gw; Yj=1,---,N. (4.5)

Such damping model, introduced by Rayleigh (1877), allows to analyze damped systems in

very much the same manner as undamped systems since the equations of motion in the modal
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coordinate can be decoupled as

(1) + 2Cw;y; (1) + wiy;(t) = f;(6) Vji=1,--- N. (4.6)

The proportional damping model expresses the damping matrix as a linear combination of

the mass and stiffness matrices, that is
C=aM+ mxK (4.7)

where a7, ay are real scalars. This damping model is also known as ‘Rayleigh damping’ or
‘classical damping’. Modes of classically damped systems preserve the simplicity of the real
normal modes as in the undamped case. Later, in a significant paper Caughey and O’Kelly

(1965) have shown that the classical damping can exist in more general situation.
4.1 Condition for Proportional Damping

Caughey and O’Kelly (1965) have derived the condition which the system matrices must
satisfy so that viscously damped linear systems possess classical normal modes. Their result

can be described by the following theorem

Theorem 1 Viscously damped system (4.2) possesses classical normal modes if and only if

CM 'K =KM'C.

_ See the original paper by Caughey and O’Kelly (1965) for the detailed

proof. Assuming M is not singular, premultiplying equation (4.2) by M~ we have
Ig(t) + (M 'Cla(t) + M 'K]q(t) = M'f(t). (4.8)

For classical normal modes, (4.8) must be diagonalized by an orthogonal transformation.
Two matrices A and B can be diagonalized by an orthogonal transformation if and only if
the commute in product, i.e., AB = BA. Using this condition in (4.8) we have

M~ C|[M™'K] = [M™'K][M"'C],

(4.9)
or CM 'K =KM 'C (premultiplying both sides by M).

S.Adhikari@swansea.ac.uk
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A modified and more general version of this theorem is proved in Adhikari (2001).

Example 1: Assume that a system’s mass, stiffness and damping matrices are given by

1.0 1.0 1.0 2 —1 05 1525 —9.8 3.4
M= |10 20 20|, K=]-1 12 04| and C=]|_98 648 —1.84
1.0 2.0 3.0 0.5 0.4 1.8 34 —1.84 222

It may be verified that all the system matrices are positive definite. The mass-normalized

undamped modal matrix is obtained as

0.4027 —0.5221 —1.2511
X = 105845 —04888 1.1914 |- (4.10)
—0.1127 0.9036 —0.4134

Since Caughey and O’Kelly’s condition
125.45 —80.92  28.61
KM 'C=CM K= |_8.92 52272 -18.176
28.61 —18.176  7.908
is satisfied, the system possess classical normal modes and that X given in equation (4.10) is

the modal matrix.

4.2 Generalized Proportional Damping

Obtaining a damping matrix from ‘first principles’ as with the mass and stiffness matrices is
not possible for most systems. For this reason, assuming M and K are known, we often want
to find C in terms of M and K such that the system still possesses classical normal modes. Of
course, the earliest work along this line is the proportional damping shown in equation (4.7)
by Rayleigh (1877). It can be verified that, for positive definite systems, expressing C in such
a way will always satisfy the condition given by theorem 1. Caughey (1960) proposed that a
sufficient condition for the existence of classical normal modes is: if M™'C can be expressed
in a series involving powers of M'K. His result generalized Rayleigh’s result, which turns

out to be the first two terms of the series. Later, Caughey and O’Kelly (1965) proved that
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the series representation of damping

—_

C=M)Y o, [ MK}’ (4.11)

j:
is the necessary and sufficient condition for existence of classical normal modes for systems
without any repeated roots. This series is now known as the ‘Caughey series’.
A further generalized and useful form of proportional damping was proposed by Adhikari

(2001). It can be shown that we can express the damping matrix in the form

C=Mp (M 'K)+K 3 (K 'M) (4.12)
or C=p; (KM )YM+3 (MK ')K (4.13)
The functions [;(e), i = 1,---,4 can have very general forms— they may consist of an arbi-

trary number of multiplications, divisions, summations, subtractions or powers of any other
functions or can even be functional compositions. Thus, any conceivable form of analytic
functions that are valid for scalars can be used in equations (4.12) and (4.13). In a natural
way, common restrictions applicable to scalar functions are also valid, for example logarithm
of a negative number is not permitted. Although the functions f;(e), i =1,--- 4 are general,
the expression of C in (4.12) or (4.13) gets restricted because of the special nature of the ar-
guments in the functions. As a consequence, C represented in (4.12) or (4.13) does not cover
the whole RV*Y  which is well known that many damped systems do not possess classical
normal modes.

Rayleigh’s result (4.7) can be obtained directly from equation (4.12) or (4.13) as a very
special — one could almost say trivial — case by choosing each matrix function [;(e) as real

scalar times an identity matrix, that is

The damping matrix expressed in equation (4.12) or (4.13) provides a new way of interpreting
the ‘Rayleigh damping’ or ‘proportional damping’ where the identity matrices (always) asso-

ciated in the right or left side of M and K are replaced by arbitrary matrix functions f;(e)
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with proper arguments. This kind of damping model will be called generalized proportional
damping. We call the representation in equation (4.12) right-functional form and that in
equation (4.13) left-functional form. Caughey series (4.11) is an example of right functional
form. Note that if M or K is singular then the argument involving its corresponding inverse
has to be removed from the functions. We will call the functions f3;(e) as proportional damping
functions which are consistent with the definition of proportional damping constants (a;) in
Rayleighs model. From this discussion we have the following general result for damped linear

systems:

Theorem 2 A wiscously damped positive definite linear system possesses classical normal
modes if and only if C can be represented by

(a) C=Mp; (M 'K) +K 3, (K"'M), or

(b)) C=ps (KM )M+, (MK ) K

f07" any Bl(.)’l - ]-7 e a4'
4.3 Dynamic Response

Dynamic response of proportionally damped systems can be obtained in a similar way to that

of undamped systems.

4.3.1 Frequency Domain Analysis

Taking the Laplace transform of (4.2) and considering the initial conditions in (2.2) one has

s*Mq — sMqg — Mdo + sCq — Cqo + Kq = f(s) (4.15)

or [$°M+sC+K]q=1£(s) + Mgo + Cqo + sMqpo. (4.16)
Consider the modal damping matrix
C' = X'CX =24 (4.17)

where

¢ =diag[C1, G, -+, Cv] € RV (4.18)
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is the diagonal matrix containing the modal damping ratios. Using the mode orthogonality
relationships and following the procedure similar to undamped systems, it is easy to show
that

d(s) = X [T+ 25¢Q + Q%] XT {F(s) + Mo + Cqo + sMqp } - (4.19)

The dynamic response in the frequency domain can be obtained by substituting s = iw.
Note that [521 + 2s¢Q + QQ] is a diagonal matrix and therefore its inverse is easy to obtain.
Following the procedure similar to undamped systems, the transfer function matrix or the
receptance matrix can be obtained as

T

N
H(iw) = X [-w’I + 2iw(Q + Q7] IXT = Z T (4.20)

22w<’]w] + w

Using this, the dynamic response in the frequency domain can be conveniently represented
from equation (4.19) as

xf(iw) + xI Mo + x1 Cqo + iwx Mg
X

, 5 (4.21)
—w? 4 2iwjw; + w? J

q(iw) =

M-

1

J

Therefore, like undamped systems, the dynamic response of proportionally damped system

can also be expressed as a linear combination of the undamped mode shapes.

4.3.2 Time Domain Analysis

Rewrite equation (4.21) in the Laplace domain as

N { x}?(s) N ijMqo + X;TFCqO s

als) =
; s2 + 25wy +wi 82+ 25w +wi 824 2s5Cw; + w2

We can reorganize the denominator as
% + 2sCw; + wjz» = (s + Guw;)* — (Gw;)* + wf- = (s + Guw;)* + wﬁj (4.23)

where

wa, = wjy/1 =7 (4.24)
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is known as the damped natural frequency. From the table of Laplace transforms we know

that

_ s (4.25)

(4.26)

Taking the inverse Laplace transform of (4.22) we have

a(t) = £ fals)) = Y as(t)x, (4.27)

where the time dependent constants are given by

xTf(s)
(s + Gw;)? + wi,

1
(s + Gwj)? + wi,

-1

a;(t) =L~ (xj Mdo + x; Cao)

s
(s + Gw;)? + wi,

+ L7t X]TMQO

t
1
= —x]Tf(T)e_Cjwf(t_T) sin (wg, (t — 7)) dr (4.28)
0 Wd,

67<jwjt

o sin(wy; t) (X;-FMC'IO + XJTCqO)
i

- e~ Giwit &
+ {e_cjwl't coS (det) — G ¢ s (wdj t) } X?Mqo

Wd,
The convolution theorem is used to obtain the inverse Laplace transform of the first part.
The formulae shown in (4.25) and (4.26) are used to obtain the inverse Laplace transform of

second and third parts. Collecting the terms associated with sin (wdj t) and cos (wdj t) this

expression can be simplified as

/ —x (7 e~Gwit=T) gin (wa, (t = 7)) dT + €~ 9" B; cos (wy,t + 0;) (4.29)

where
2 1 . 2
Bj = \/(X]T Mdo)” + —= (G Mdo — x] Méo — x7 Cao) (4.30)
dj
1 xI'Mdo + x] Cqq

and tanf;, = — i — —2 J 4.31
J W <§j ! XfMQO ( )

Exercise:
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1.Verify that when damping is zero (i.e., (; = 0,Vj) these expressions reduce to the

corresponding expressions for undamped systems obtained before.
2. Verify that equations (4.22) and (4.27) have dimensions of lengths.

3.Check that dynamic response (in the frequency and time domain) is linear with respect

to the applied loading and initial conditions.
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Example 2: Figure 1 shows a three DOF spring-mass system. The mass of each block is m
Kg and the stiffness of each spring is £ N/m. The viscous damping constant of the damper
associated with each block is ¢ Ns/m. The aim is to obtain the dynamic response for the

following load cases:

k k k k

Figure 1: There DOF damped spring-mass system with dampers attached to the ground

A
1.When only the first mass (DOF 1) is subjected to
an unit step input (see Figure 2) so that f(t) = f(:
{f(t),0,0}" and f(t) = 1=U(t —to) with to = 2
where w; is the first undamped natural frequency to >

of the system and U(e) is the unit step function.
Figure 2: Unit step forcing, t) =
2.When only the second mass (DOF 2) is subjected 2¢

w1

to unit initial displacement, i.e., qo = {0,1,0}7.

3.When only the second and the third masses (DOF
3) are subjected to unit initial velocities, i.e., o =

{0,1,1}7.

4.When all three of the above loading are acting

together on the system.

This problem can be solved by using the following steps

S.Adhikari@swansea.ac.uk




DAMPING CHARACTERIZATION IN DYNAMIC PROBLEMS 25

[. - Obtain the System Matrices: The mass, stiffness and the damping matrices are given

by
m 0 0 2% —k 0O ¢c 00
M=10 m o|, K=|-ft 20 —k| and C=|g ¢ 0of- (4.32)
0 0 m 0 —k 2k 00 c

Note that the damping matrix is mass proportional, so that the system is proportionally

damped.

1. Obtain the undamped natural frequencies: For notational convenience assume that the
eigenvalues \; = wf-. The three DOF system has three eigenvalues and they are the

roots of the following characteristic equation
det [K — AM] = 0. (4.33)

Using the mass and the stiffness matrices from equation (4.32), this can be simplified as

2k — Am —k 0
det |  —k  2k—xm -k | =0
0 —k 2k — Am
(4.34)
20—\ —« 0

or mdet| _o 20—\ —a | =0 where a=—.
m

0 —a 20—

Expanding the determinant in (4.34) we have
(200 — A) { (220 — A — o’} —aa(2a—X) =0
or (2a—A){(2a— A — 20°} =0
or (20— ) {(m - (\/504)2} ~ 0 (4.35)
or (20— M) (2&—)\—\/§a> (2&—)\+\/§a> =0
(
(

or (20— M)

A = (2 _ \/5) 0, A =20, and As— (2 v \/5) a. (4.36)
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Since \; = w]z, the natural frequencies are
wp = (2 — \/5) a, wy=+V2a, and ws= (2 + \/5) a. (4.37)

I11. | Obtain the undamped mode shapes: From equation (2.3) the eigenvalue equation can
be written as

For this problem, substituting K and M from equation (4.32) and dividing by m we

have
200 — A — 0 T
—a 22—\ -« Toj (= 0. (4.39)
0 —a  2a— A T3,

Here 1, x9; and x3; are the three components of jth eigenvector corresponding to the
three masses. To obtain x; we need to substitute A; from equation (4.36) in the above
equation and solve for each component of x; for every j.

The first eigenvector, j = 1:

Substituting A = \; = (2 — v/2) o in (4.39) we have

200 — (2 — \/5) o —Q 0 T11
— 200 — (2 — \/5) a —Q To1 ( 0 (4-40)
0 —Q 2c0 — (2 — \/5) « T31
V2a  —a 0 T11 V2 -1 0 T11
or —a V2a -—a Ty ¢ =0 or |1 2 1| ay ¢ =0 (441)
0 —a V2« T3] 0 -1 V2 T3]

This can be separated into three equations as
\/§$11 — 291 =0, —x1+ \/§$21 —wx31 =0 and —x9 + \/§$31 =0. (4.42)

These three equations cannot be solved uniquely but once we fix one element, the other
two elements can be expressed in terms of it. This implies that the ratios between

the modal amplitudes are unique. Solving the system of linear equations (4.42) we
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have 9, = V2z1; and 9 = \/53631, that is w11 = x31 = 71 (say). Therefore the first

eigenvector is given by

T11 1
X1 = To1 =M \/é . (443)
T3 1

The constant y; can be obtained from the mass normalization condition in (2.11), that

18

T
1 m 0 0 1
xiMx; =1 or %<,/ 0 m 0]|Nnyv2,=1 (4.44)
1 0 0 m 1
T
1 1 00 1
or Yim< /2 01 0/4v2;=1 (4.45)
1 0 01 1
. 1
or yim (1 +V2V2 + 1) =1 thatis » = NG (4.46)
Thus the mass normalized first eigenvector is given by
. 1
- 4.47
X1 =5 m | V2 (4.47)
1
The second eigenvector, j = 2:
Substituting A = Ay = 2« in (4.39) we have
20 — 2« -« 0 T1o
—Q 200 — 2« - Tog [ — 0 (4-48)
0 —a 20 — 2 T3
0 —Q 0 T12 010 T12
o |—q 0 —a|lSaee=0 o |1 0 1| 2w =0 (4.49)
0 — 0 39 010 32
This implies that x99 = 0 and x5 = —x33 = 72 (say). Therefore the second eigenvector
is given by
T12 1
X9 = T99 = Y2 0 . (450)
32 —1
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Using the mass normalization condition

or —a  —2a -« To3
1 V2

0 T33

T
1 m 0 0 1
X;Mx; =1 or 729 0 0 m 0[%”y0 =1 (4.51)
—1 0 0 m -1
1 V2
2 .
or m(l+4+1)=1 thatis = —=—. 4.52
Thus, the mass normalized second eigenvector is given by
X V2
= — : 4.53
X2 2\/ﬁ 0 ( )
v
The third eigenvector, j = 3:
Substituting A = A3 = (2 + v/2) o in (4.39) we have
200 — (2 + \/5) Qo —Q 0 T13
-« 200 — (2 + \/5) o -« To3 (=0 (4.54)
0 — 200 — (2 + \/ﬁ) « T33
—\/50[ — 0 T13 \/5 1 0 T13
=0 or 1 V2 1 Tz ¢ = 0. (4.55)

This implies that
V2213 + To3 = 0 = 293 = —V 2713

T13 + V2293 + 133 = 0 (4.56)
and w93 + \/§$33 =0 = 293 = —\/§$33
that is 13 = x33 = 73 (say). Therefore the third eigenvector is given by
13 1
X3 — To3 =73 _\/§ (457)
1

x33
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Using the mass normalization condition

1 m 0 0 1
x;Mxz =1 or v34 /2 0 m 0|71y —v2¢=1 (4.58)
1 0 0 m 1
T
1 100 1
or yam 2 01 0]4-v2¢=1 (4.59)
1 0 0 1 1
1
or A2m (1+\/§\/§+1>:1, that is, % = 5o (4.60)
m

Thus the mass normalized third eigenvector is given by

1
(4.61)

X3

1
= 5 _\2
1

Combining the three eigenvectors, the mass normalized undamped modal matrix is now
given by
. V2 ool
X = [x1,Xg,X3] = —— _ . 4.62
X1, X2, X3] me/ﬁ 0 V2 (4.62)
1 V2 1

Here the modal matrix turns out to be symmetric. But in general this is not the case.

IV. Obtain the modal damping ratios: The damping matrix in the modal coordinate can

be obtained from (4.4) as

T

. 1 V2 1 ¢c 00 . 1 V2 1 .
C=X"CX=— _ S _ —
ovm V20 =V2] |0 e 0] 5gm V2 0 V2| =

1 V2 1 00 c 1 V2 1
(4.63)

Therefore

C C
J

Since w; becomes bigger for higher modes, modal damping gets smaller, i.e., higher

modes are less damped.
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V. Response due to applied loading: The applied loading f(t) = {f(t),0,0}T where f(t) =

1 —=U(t —ty) with ¢ty = i—f In the Laplace domain

Fls)= LIl —U(t—to) = 1— e_:o (4.65)
Thus, the term X}T‘(S) can be obtained as
T _
T1j f(s) _sto
xTE(s) = { &y, 0 b=y (1 _— - ) vj. (4.66)
T3j 0

Since the initial conditions are zero, the dynamic response in the Laplace domain can

be obtained from equation (4.22) as

@):i :Ulj(l_es)

3 —sto
x1j (s — e %)
.= . 4.67
52 + 25Cw; + wj? Xj Z {3 (32 + 2s(jw; + w?) } i (4.67)

j=1

In the frequency domain, the response is given by

3 . :
o x1; (iw — e” ™M) ‘
qliw) = Z {iw (—w? + 2iwCw; + w?) } 3 (4.68)

J=1

For the numerical calculations we assume m = 1, k = 1 and ¢ = 0.2. Using these values,

from (4.68), the absolute value of the frequency domain response of the three masses
are plotted in Figure 3. The three peaks in the diagram correspond to the three natural
frequencies of the system. The time domain response can be obtained by evaluating the
convolution integral in (4.29) and substituting a,(¢) in equation (4.27). In practice, usu-
ally numerical integration methods are used to evaluate this integral. For this problem

a closed-from expression can be obtained. We have

x (1) = 21, f(7). (4.69)

J

From Figure 2 it can be noted that

fr={t T (4.70)

0 if T>t0.
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10"

10

Dynamic response, |af|

10

0] 0.5 1 1.5 2
frequency @) — rad/s

Figure 3: Absolute value of the frequency domain response of the three masses due to
applied step loading at first DOF

Because of this, the limit of the integral in (4.29) can be changed as

t t
1 ° 1
a;j(t) = [ —x]f(r)e % (t=7) gin (wa, (t — 7)) d7 = / — e %) gin (wa, (t — 7)) dr
0 Wd; 0 Wd;
T4 to
= / e~ wwilt=") gin (wa, (t — 7)) dT.
(4.71)
By making a substitution 7/ = ¢ — 7, this integral can be evaluated as
T e_c.i"-’jt .
a;(t) = o {a;sin (wg,t) + B; cos (wq,t) } (4.72)
i %
where «; = {wdj sin (wdjto) + (jwj cos (wdjto) } eliwito _ Cjwj (4.73)
and f; = {wdj cos (wdjto) — (jw;j sin (wdjto)} ebivito _ W, - (4.74)

The time domain responses of the three masses obtained using equation (4.27) are shown
in Figure 4. From the diagram observe that, because the forcing is applied to the first

mass (DOF 1), it moves earlier and comparatively more than the other two masses.

VI. | Response due to initial displacement: When qo = {0,1,0}7 we have

T
L1 c 0 0 0
X7 Cqo =} 2, 0 ¢ 0]-%81p=ax¢c Vj. (4.75)

J

z5;) 00 ¢ Lo
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0.4

— DOF 1
‘- DOF 2

Dynamic response, q(t)

[o] 5 10 15 20
Time (sec)

Figure 4: Time domain response of the three masses due to applied step loading at first
DOF

Similarly

x; Mqo = z5m  Vj. (4.76)

The dynamic response in the Laplace domain can be obtained from equation (4.22) as

3
_ To;C To;MS
qa(s) = { + } X;
; 82 + 25Qjw; +wi 82+ 25Cw; + W}

23:37 { c+ms }x
— ) N
e 78?2+ 2sCw; +w? [T

From equation (4.64) note that ¢ = 2¢;w;m. Substituting this in the above equation we

(4.77)

have

3
q(s) = ngjm { 200 + 8 } X;. (4.78)

52 + 25(jw; + w?

In the frequency domain the response is given by

3 :
q(iw) = Z Ta;m { e } X;. (4.79)
j=1

—w? 4 2iw(w; + w?

Figure 5 shows the responses of the three masses. Note that the second peak is ‘missing’
and the responses of the first and the third masses are exactly the same. This is due to

the fact that in the second mode of vibration the middle mass remains stationary while
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the two other masses move equal amount in the opposite directions (see the second mode

in equation (4.53)). The time domain response can be obtained by directly taking the

10"

— DOF 1
- DOF 2
- - DOF 3

Dynamic response, |af|

1 1.
frequency @) — rad/s

Figure 5: Absolute value of the frequency domain response of the three masses due to unit
initial displacement at second DOF

inverse Laplace transform of (4.78) as

2Cw; + s 3
Yhat L E ) —Gjwjt )
X ToiMme cos (wy.t) X;.

52 + 25w, +W]2} ! =1 N ( o ) ’

3

qt) = L7 [a(s)] = > wymL™ [
- (4.80)

This expression is plotted in Figure 6. Observe that initial displacement of the second
mass is unity, which verify that the initial condition has been applied correctly. Because

of the symmetry of the system the displacements of the two other masses are identical.

VIL.  Response due to initial velocity: When ¢o = {0,1,1}7 we have

T
L1 m 0 0 0
X} Mdo = { 2, 0 m 0|1 = (w2 +z35)m Vj. (4.81)
w;) oo m] L1

The dynamic response in the Laplace domain can be obtained from equation (4.22) as

a9 =3 { 82(932j +5;)m } . (4.82)

=t + 25Cw; + W}
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— DOF 1

1 .—.. DOF 2
1 - - DOF 3

Dynamic response, q(t)

[o] 5 10 15 20
Time (sec)

Figure 6: Time domain response of the three masses due to unit initial displacement at
second DOF

The time domain response can be obtained using the inverse Laplace transform as

alt) =Y (@5 + ) wﬁ

j=1 dj

e 9" sin (wy,t) x;. (4.83)

The responses of the three masses in frequency domain and in the time domain are

respectively shown in Figures 7 and 8. In this case all the modes of the system can

10" : : :

— DOF 1
'~ DOF 2
- - DOF 3

Dynamic response, |af)|

1 1.5 2
frequency @) — rad/s

Figure 7: Absolute value of the frequency domain response of the three masses due to unit
initial velocity at the second and third DOF
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— DOF 1
MR ‘= DOF 2
AR - - DOF 3

Dynamic response, q(t)

Time (sec)

Figure 8: Time domain response of the three masses due to unit initial velocity at the
second and third DOF

be observed. Because the initial conditions of the second and the third masses are the
same, their initial displacements are close to each other. However, as the time passes

the displacements of these two masses start differing from each other.

VIIIL.  Combined Response: Exercise.
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Exercise problem: Redo the previous example (a) for undamped system, and (b) for the

3DOF system shown in Figure 9.

Ug up
— — —

m J\/\/\/\/i m J\/\/\/\/i n
R ) 2

c c c c

Figure 9: There DOF damped spring-mass system with dampers attached to each other

Hint: The damping is stiffness proportional. Use the associated MATLAB program.

S.Adhikari@swansea.ac.uk




DAMPING CHARACTERIZATION IN DYNAMIC PROBLEMS 37

5 Non-proportionally Damped Systems

Modes of proportionally damped systems preserve the simplicity of the real normal modes
as in the undamped case. Unfortunately there is no physical reason why a general system
should behave like this. In fact practical experience in modal testing shows that most real-life
structures do not do so, as they possess complex modes instead of real normal modes. This
implies that in general linear systems are non-classically damped. When the system is non-
classically damped, some or all of the NN differential equations in (4.3) are coupled through the
XTCX term and cannot be reduced to N second-order uncoupled equation. This coupling
brings several complication in the system dynamics — the eigenvalues and the eigenvectors
no longer remain real and also the eigenvectors do not satisfy the classical orthogonality

relationships as given by equations (2.11) and (2.12).
5.1 Free Vibration and Complex Modes

The complex eigenvalue problem associated with equation (4.2) can be represented by
S?MUJ‘ + SjCllj + Kllj = 0 (5].)

where s; € C is the jth eigenvalue and u; € CV is the jth eigenvector. The eigenvalues, 55,

are the roots of the characteristic polynomial
det [sM + sC + K] = 0. (5.2)

The order of the polynomial is 2N and if the roots are complex they appear in complex
conjugate pairs. The methods for solving this kind of complex problem follow mainly two
routes, the state-space method and the methods in configuration space or ‘N-space’. A brief

discussion of these two approaches is taken up in the following subsections.

5.1.1 The State-Space Method:

The state-space method is based on transforming the N second-order coupled equations into

a set of 2N first-order coupled equations by augmenting the displacement response vectors
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with the velocities of the corresponding coordinates. We can write equation (4.2) together

with a trivial equation Mq(t) — Mq(¢) = 0 in a matrix form as

¢ M| Jan | K O Ja®){ _)f() (5.3)
M O |4 O —-M| |q(t) 0
or Az(t)+Baz(t) =r(t) (5.4)

where

A = C M €R2NX2N, B = K O GRQNXZN,

M O 0O -M
(5.5)

at) = A cpov gy = {TOL v
q(t) 0

In the above equation O is the N x N null matrix. This form of equations of motion is also
known as the ‘Duncan form’.

The eigenvalue problem associated with equation (5.4) can be expressed as

where s; € C is the j-th eigenvalue and z; € C*V is the j-th eigenvector. This eigenvalue
problem is similar to the undamped eigenvalue problem (2.3) except (a) the dimension of the
matrices are 2N as opposed to N, and (b) the matrices are not positive definite. Because of (a)
the computational cost to obtain the eigensolutions of (5.6) is much higher compared to the
undamped eigensolutions and due to (b) the eigensolutions in general become complex valued.
From a phenomenological point of view, this implies that the modes are not synchronous, .e.,
there is a ‘phase lag’ so that different degrees of freedom do not simultaneously reach to their
corresponding ‘peaks’ and ‘troughs’. Thus, both from computational and conceptual point
of view, complex modes significantly complicates the problem and in practice they are often
avoided. From the expression of z(t) in equation (5.5), the state-space complex eigenvectors

z; can be related to the jth eigenvector of the second-order system as

z; =4 4. (5.7)

S;W;j
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Since A and B are real matrices, taking complex conjugate ((®)* denotes complex conjugation)

of the eigenvalue equation (5.6) it is trivial to see that
s;Az; + Bz; = 0. (5.8)

This implies that the eigensolutions must appear in complex conjugate pairs. For convenience

arrange the eigenvalues and the eigenvectors so that

54N = 5j (5.9)

zZjwn=12;, Jj=12,--- N (5.10)

Like real normal modes, complex modes in the state-space also satisfy orthogonal rela-

tionships over the A and B matrices. For distinct eigenvalues it is easy to show that
ZJTAzk =0 and ZJTsz =0; Vj#k. (5.11)
Premultiplying equation (5.6) by y; one obtains
z;‘-Fsz = —sjz;‘-FAzj. (5.12)

The eigenvectors may be normalized so that

1
Z?Azj = = (5.13)
j

where v; € C is the normalization constant. In view of the expressions of z; in equation (5.7)
the above relationship can be expressed in terms of the eigensolutions of the second-order

system as

1
u [25,M + CJu; = - (5.14)
J

There are several ways in which the normalization constants can be selected. The one that
is most consistent with traditional modal analysis practice, is to choose v; = 1/2s;. Observe
that this degenerates to the familiar mass normalization relationship ufMuj = 1 when the

damping is zero.
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5.1.2 Approximate Methods in the Configuration Space
It has been pointed out that the state-space approach towards the solution of equation of
motion in the context of linear structural dynamics is not only computationally expensive
but also fails to provide the physical insight which modal analysis in the configuration space
or N-space offers. In this section, assuming that the damping is light, a simple first-order
perturbation method is used to obtain complex modes and frequencies in terms of undamped
modes and frequencies.

The undamped modes form a complete set of vectors so that each complex mode u; can

be expressed as a linear combination of x;. Assume that

N
u; = Za,(g)xk (5.15)
k=1
where a,(gj ) are complex constants which we want to determine. Since damping is assumed

light, Ozl(f )« 1,Vj # k and ozg»j ) = 1,V7j. Suppose the complex natural frequencies are denoted

by A;, which are related to complex eigenvalues s; through
Substituting s; and u; in the eigenvalue equation (5.1) we have

N
(XM +i0C+ K] af)x, = 0. (5.17)

k=1

Premultiplying by x] and using the orthogonality conditions (2.11) and (2.12), we have
N .
N i Y af) Ol w =0 (5.18)
k=1

where ) = XJTCXk, is the jkth element of the modal damping matrix C’. Due to small
damping assumption we can neglect the product oz,(g )C'J'- > VJ # k since they are small compared

to oéj )Cj’-j. Thus equation (5.18) can be approximated as
N\ + i)\jay)Cj'-j +w? ~ 0. (5.19)
By solving the quadratic equation we have

Aj = fw; +iC; /2. (5.20)
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This is the expression of approximate complex natural frequencies. Premultiplying equation
(5.17) by xi using the orthogonality conditions (2.11) and (2.12) and light damping assump-

tion, it can be shown that
, iw;Cy .
a,gj) ~——L k#j. (5.21)

Substituting this in (5.15), approximate complex modes can be given by

iw;ChXp
k#j k

This expression shows that (a) the imaginary parts of complex modes are approximately
orthogonal to the real parts, and (b) the ‘complexity’ of the modes will be more if w; and wy,
are close, i.e., modes will be significantly complex when the natural frequencies of a system
are closely spaced. It should be recalled that the first-order perturbation expressions are only

valid when damping is small. For moderate to large damping values more general expression

derived by Adhikari (1999) should be used.

5.2 Dynamic Response

Once the complex mode shapes and natural frequencies are obtained (either from the state-
space method or from the approximate method), the dynamic response can be obtained using
the orthogonality properties of the complex eigenvectors in the state-space. We will derive

the expressions for the general dynamic response in the frequency and time domain.

5.2.1 Frequency Domain Analysis

Taking the Laplace transform of equation (5.4) we have
sAZ(s) — Azg + Bz(s) = T(s) (5.23)

where Z(s) is the Laplace transform of z(t), zg is the vector of initial conditions in the state-

space and T(s) is the Laplace transform of r(¢). From the expressions of z(¢) and r(¢) in
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equation (5.5) it is obvious that
Z(s) = a(s) cC*?, 1(s) = eC? and zg={ WL cr¥ (5.24)
SZ($) 0 do
For distinct eigenvalues the mode shapes z; form a complete set of vectors. Therefore, the

solution of equation (5.23) can be expressed in terms of a linear combination of z; as

Z2(s) = > _ Br(s)z. (5.25)
k=1

We only need to determine the constants fi(s) to obtain the complete solution.
Substituting z(s) from (5.25) into equation (5.23) we have
2N
[SA +B] ) _ Bi(s)z = T(s) + Azo. (5.26)
k=1
Premultiplying by zf and using the orthogonality and normalization relationships (5.11)—

(5.13), we have

(5= 5) B5(s) = {£(s) + Azo)
: zTT(s z' Az <5'27)
or f(s) =y i) E 2 A%

S— 85
Using the expressions of A, z; and T(s) from equation (5.5), (5.7) and (5.24) the term
z]T(s) + 2] Azg can be simplified and [ (s) can be related with mode shapes of the second-
order system as

u? {f(s) + Mdo + Cqo + sMq
B(s) = o+ Cao + sMao}

(5.28)

S — Sj
Since we are only interested in the displacement response, we only need to determine the first

N rows of equation (5.25). Using the partition of z(s) and z; we have

a(s) = Z B,(s)u. (5.29)

Substituting f;(s) from equation (5.28) into the preceding equation one has

2N T (P .
_ u; (£(s) + Mo + Cqo + sMqq
) = 3 o, — } (530)
j=1 J
or q(s) =H(s) {f(s) + Mdo + Cqo + sMqp } (5.31)
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where
2N fy-ujuT
H(s)=) 2217 5.32
=21 (532

is the transfer function or receptance matrix. Recalling that the eigensolutions appear in

complex conjugate pairs, using (5.9) equation (5.32) can be expanded as

2N N *o ko kL
YW Y54, 73
H(s) = . 5.33
<S) Zs—sj Z[s—s] s—sj] ( )

Jj=1 J=1

The receptance matrix is often expressed in terms of complex natural frequencies \;. Substi-
tuting s; = 7; in the preceding expression we have

H(s) = i [%uj L
s =i\ S+IA]

J=1

1
ll,]r [QZAJM + C] llj '

and ;= (5.34)

It can be shown that the receptance matrix H(s) in (5.34) reduces to its equivalent
expression for the undamped case in (2.33). In the undamped limit C = 0. This results
Aj = w; = A} and u; = x; = u}. In view of the mass normalization relationship we also have

v = ﬁ Consider a typical term in (5.34):

wwe w1 S SR S B
5 — 1A\, s+ 2)\; 2iwj iw —iw;  —2iw; iw + iw, I
S S N (5.35)
: j
202w (w—w;, wHw; J
T
2w; | (w— wj) (w+ wj) J 2w; |w? — w3 J w? — W2

Note that this term was derived before for the receptance matrix of the undamped system
in equation (2.33). Therefore equation (5.31) is the most general expression of the dynamic
response of damped linear dynamic systems.

Exercise: Verify that when the system is proportionally damped, equation (5.31) reduces to

(4.21) as expected.
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5.2.2 Time Domain Analysis

Combining equations (5.31) and (5.34) we have

N TF TN & T T
B u’ f(s) +u; Mo + u; Cqo + su; Mqo
q(S)IZ{%’ : ’ - : u;

S — i\
j=1 J

. uij(s) + u;TM('lo + ujTCqO + su;TMqO .
2 | w' b, (5.36)
J S + 1A J

From the table of Laplace transforms we know that

£ { ! ] =e" and L7 { ° } =ae™, t>0. (5.37)

s—a s—a
Taking the inverse Laplace transform of (5.36), dynamic response in the time domain can be

obtained as

N
a(t) = L7 [@(s)) = Y _ v, (H)u; + v as, ()] (5.38)
j=1
where
ulf(s 1
ar,(t) =L J—U +L71 [—} (u]Mdo + u] Cqo) + L [7} u; Mg
’ 5 — 1\ 5 — 1\ 5 — 1\ (5.39)
t . . .
:/ e“\j(t’T)u]Tf(T)dT + et (u]TMqo + u]Tqu + i)\juJTMqo) , for t>0
0
and similarly
e
ut f(S) 1 T T
) =1 | -1 (*M * ) -1 <TM
G’QJ() L 5‘|"i)\j L |:S+i>\j:| u] q0+uj CqO +L S+i>\j u;* do

t
= [ e ™ f(r)dr + e ™ (uf M + 1) Cqo — iAjuj Mqp), for ¢>0.
0 ’ ' j Y
(5.40)
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Example 3: Figure 10 shows a three DOF spring-mass system. This system is identical to
the one used in Example 2, except that the damper attached with the middle block is now

disconnected.

k k k k

Figure 10: There DOF damped spring-mass system

1.Show that in general the system possesses complex modes.

2.0btain approximate expressions for complex natural frequencies (using the first order

perturbation method).

Solution: The mass and the stiffness matrices of the system are same as in Example 2 (given
in equation (4.32)). The damping matrix is clearly given by
c 00
C=10 0 ol- (5.41)
0 0 ¢
From this (and also from observation) it clear that the damping matrix is neither proportional
to the mass matrix nor it is proportional to the stiffness matrix. Therefore, it is likely that the
system will not have classical normal mode. It order to be sure we need to check if Caughey
and O’Kelly’s criteria, i.e., CM 'K = KM ' C, is satisfied or not. Since M = mlI a diagonal

matrix, M~! = %I. Recall that for any matrix A, IA = AI = A. Using the system matrices
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we have
. . . 1 00 2 -1 0 , 2 -1 0
c c
CM 'K=C—IK=—CK = — _ ==
m m m 1000 1 2 1 m 100 0
0 01 0 -1 2 0 -1 2
(5.42)
. . " 2 -1 0 1 00 , 2 0 0
and KM™'C=K-IC= ~KC=2" -1 2 =110 0 0 S -1 0 -1
m m m m
0 -1 2 0 01 0 0 2
(5.43)

It is clear that CM 'K # KM™!C, that is, Caughey and O’Kelly’s condition is not satisfied
by the system matrices. This confirms that the system do not possess classical normal modes
but has complex modes.

Exact complex modes of the system can be obtained using the state-space approach
outlined before. For a three DOF system we need to solve an eigenvalue problem of the
order six. This calculation is very difficult to do without computer. Here we will obtain
approximate natural frequencies using the first-order perturbation method described before.
Using the undamped modal matrix in equation (4.62), the damping matrix in the modal

coordinated can be obtained as

T
X 1 V2 1 c 00 X 1 Vv2 1
C=X"CX=_——"_ _ — _
2\/ﬁ\/§ 0 \/5 0002\/—\/§ 0 V2
1 V2 00 ¢ 1 -2 1
Bz 1__1 1 1
C
:R‘/ﬁ 0o —v2| o V2 ) (5.44)
1 V2 1 | [0 0 1 1
I V2 1 1 V2 1 2 0 2 1/2 0 1/2
C C C
oo vz o0 =v2[ o 0 o= 040 =_—]0 1 0
1 V2 1|1 V2 1 2 0 2 1/2 0 1/2

Notice that unlike Example 2, C’ is not a diagonal matrix, i.e., the equation of motion in the

modal coordinates are coupled through the off-diagonal terms of the C’ matrix. Approximate
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complex natural frequencies can be obtained from equation (5.20) as

A~ dwy +iCY /2 = + (2 - \/é) at ¢4i, (5.45)
m
Ao & twy +iCly /2 = +£v/2a + ZQL (5.46)
m
and A3 & fws +iCh, /2 = £ (2 + \/§> at z’4i. (5.47)
m

In the above equations, undamped eigenvalues obtained in Example 2 (equation (4.37)) have
been used. The second complex mode is most heavily damped (as the imaginary part is twice
compared to the other two modes). This is because in the second mode the middle mass is
stationary (look at the second mode shape in (4.50)) while the two ‘damped’ masses move
maximum distance away from it. This causes maximum ‘stretch’ to both the dampers and

results maximum damping in this mode.
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Exercise problem: Redo the previous example for the 3DOF system shown in Figure 11.

k

-

i

Uz. Ue,>
k k
m VYV m VIVY |E

C

Figure 11: There DOF damped spring-mass system with dampers attached between mass

1 and 2

C

Hint: The damping is given by C = | _..

0

—C

c
0

0
0l-
0
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Nomenclature

a;(t) Time dependent constants for dynamic response
A 2N x 2N system matrix in the state-space
B; Constants for time domain dynamic response
B 2N x 2N system matrix in the state-space

C Viscous damping matrix

C’ Damping matrix in the modal coordinate
f(t) Forcing vector

f(t) Forcing vector in the modal coordinate

F Dissipation function

G(t) Damping function in the time domain

1 Identity matrix

0 Unit imaginary number, i = /—1

K Stiffness matrix

L(e) Laplace transform of (e)

L7(e) Inverse Laplace transform of (e)

M Mass matrix

N Degrees-of-freedom of the system

@) Null matrix

p(s) Effective forcing vector in the Laplace domain
q(t) Vector of the generalized coordinates (displacements)
do Vector of initial displacements

do Vector of initial velocities

q Laplace transform of q()

Qne, Non-conservative forces

r(t) Forcing vector in the state-space

r(s) Laplace transform of r(t)

S Laplace domain parameter
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55 7th complex eigenvalue

t Time

u; Complex eigenvector in the original (N) space
X; 7th undamped eigenvector

X Matrix of the undamped eigenvectors

y(t) Modal coordinates

z(t) Response vector in the state-space

zZ; 2N x 1 Complex eigenvector vector in the state-space
Zo Vector of initial conditions in the state-space
Z(s) Laplace transform of z(t)

ozl(f ) Complex constants for jth complex mode

Vi 7-th modal amplitude constant

o(t) Dirac-delta function

Ojk Kroneker-delta function

G j-th modal damping factor

¢ Diagonal matrix containing ¢;

0; Constants for time domain dynamic response
Aj j-th complex natural frequency

T Dummy time variable

w frequency

w; j-th undamped natural frequency

Wa, 7-th damped natural frequency

Q Diagonal matrix containing w;

DOF Degrees of freedom

C Space of complex numbers
R Space of real numbers
RY*N  Space of real N x N matrices

RN Space of real N dimensional vectors
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det(e)  Determinant of (e)

diag A diagonal matrix

€ Belongs to

\ For all

(o) Matrix transpose of (e)

(o) Matrix inverse of (e)

(o) Derivative of (e) with respect to ¢
(o) Complex conjugate of (e)

|o| Absolute value of (e)
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A Matlab codes

A.1 The main code: ThreeDof.m

1 % 3 DOF system for lecture notes
clear;clf;close all;
N=3;

V]

m_n=1;

k_n=1;

c.n=0.2;

fsize=12;

% Undamped System matrices

10 M= [mcn 0 0;0 m.n 0;0 0 m_n];

11 K=[2«k.n -k.n 0; -k.n 2+xk.n -k_n;0 -k_n 2+«k_n];
[X, omega] =UndampedEigen (K, M) ;

© 0w N O U s W

12
13
14 %Damping matrix

15 C=[cn 0 0;0 c.n 0;0 0 c.n];

16 zeta=(c_.n/m.n)/2./omega;

17 omegad=omega.x*sqrt (l-zeta. 2);

18

19 % Create time & frequency array

20 om_max=1.3*xomega (3);

21 freg=[0.001l:ommax/100:om.max]"';nf=length(freq);
22

23 tm_max=3«* (2xpi) /omega (1) ;

24 time=[0:tm_max/99:tmmax]';nt=length(time) ;

25

o\

26 Response calculation: Step @ DOF 1
27 t.0 = 2«pi/omega(l)/16;

28 % Load case 1, f(t) =1 - U(t-t_0)

29 gbarl=zeros(nf,N);

30 for j=1:N

e

31 denom (:, J)=—freq. 2+2+ixzeta (]j) romega (j) +tomega (j) "2;
32 fom=1.0-exp (-1i.xfreg+«t_0) ./ (ixfreq);

33 termj(:, j)=X(1,J) «fom./denom(:, J);

34 end

35 for k=1:N

36 for j=1:N

37 gbarl(:,k)=gbarl(:,k)+termij(:,J)*X(k, J);

38 end

39 end

40
41 figure (1)

42 semilogy (...

43 freq,abs (gbarl(:,1)),"'-",

44 freqg,abs(gbarl(:,2)),"'-.", ...
45 freqg,abs(gbarl(:,3)),'——", ...

S.Adhikari@swansea.ac.uk




DAMPING CHARACTERIZATION IN DYNAMIC PROBLEMS 55

46
47
48
49
50

51
52
53
54
55
56
57
58
59

60
61
62
63
64
65
66
67
68
69
70
71
72
73
74
75
76
7
78
79
80
81
82
83
84
85
86
87
88
89
90
91
92
93
94
95
96
97
98

'linewidth',1.5)
axis ([0 om.max —-0.06 1071);
hl2=legend('DOF 1','DOF 2','DOF 3');

xlabel ('frequency (\omega) - rad/s', 'fontname', 'times', 'FontSize', fsize);
ylabel ('Dynamic response,
|a(i\omega) | ', 'fontname', 'times', 'FontSize', fsize');

set (hl2, 'linewidth', 2, 'FontName', 'Times', 'FontSize', fsize);
ha=gca;set (ha, 'linewidth',2, '"FontName', 'Times', 'FontSize', fsize);

gl=zeros (nt,N);
for j=1:N
tl=zeta (]j)*omega (j);
alpha (j)=(omegad(j) *sin (omegad (j) »t_-0)+tl*cos (omegad(j)*t_-0))rexp(tl+t_0)
beta (J)
= (omegad (j) *cos (omegad (j)*t_0) —tlxsin (omegad(j)»t_0)) +exp (tl+xt_0)-omed
termlj(:, J)=X(1,7)/ (omegad(j)+omega (j) “2) xexp (-tlxtime) .*...
(alpha(j) *sin(omegad(j) *time) + beta(j) *cos (omegad(]j)*time) );
end
for k=1:N
for j=1:N
gl (:,k)=ql (:,k)+termlj(:, ) *X(k,J);
end
end

figure (2)
plot (...
time, (

ql ),
time, (gl
gl

) ), ..
), =,
.5)

]

T_
r
Tt
L
time, ( ! !
'linewidt
axis ([0 tm.max -0.4 0.471);
hl2=legend('DOF 1', 'DOF 2','DOF 3'");
xlabel ('Time (sec)', 'fontname', 'times', 'FontSize', fsize);

(:,1
(:,2
(:,3
h',1

ylabel ('Dynamic response, qg(t)', 'fontname', 'times', 'FontSize', fsize');
set (hl2, 'linewidth', 2, 'FontName', 'Times', 'FontSize', fsize);
ha=gca;set (ha, 'linewidth',2, '"FontName', 'Times', 'FontSize', fsize);

Response calculation: unit displacement @ DOF 2
Load case 2
gbar2=zeros (nf,N) ;termj=zeros (size (termij)) ;;
for j=1:N
numer=(X (2, j)»m_n) x (2xzeta (j) romega (j) ones (size (freq))+ixfreq);
termj(:, j)=numer./denom(:, j);
end
for k=1:N
for j=1:N
gbar2 (:,k)=gbar2(:,k)+termij(:, J) *X(k, J);
end
end

o° o

figure (3)

semilogy (...
freqg,abs(gbar2(:,1)),"'-", ...
freqg,abs(gbar2(:,2)),"'-.", ...

Ftl;

ad(3);
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99
100
101
102
103
104

106
107
108
109
110
111
112
113
114
115
116
117
118
119
120
121
122
123
124
125
126
127
128
129
130
131
132

134
135
136
137

139
140
141
142
143
144
145
146
147
148
149
150
151
152

freqg,abs(gbar2(:,3)),"'"——", ...
'linewidth',1.5)
axis ([0 om.max —-0.06 1071);
hl2=legend('DOF 1','DOF 2','DOF 3');

xlabel ('frequency (\omega) - rad/s', 'fontname', 'times', 'FontSize', fsize);
ylabel ('Dynamic response,
|a(i\omega) | ', 'fontname', 'times', 'FontSize', fsize');

set (hl2, 'linewidth', 2, 'FontName', 'Times', 'FontSize', fsize);
ha=gca;set (ha, 'linewidth',2, '"FontName', 'Times', 'FontSize', fsize);

g2=zeros (nt,N);termlj=zeros(size(termlj));
for j=1:N
tl=zeta (]j)*omega (j);
termlj(:,J)=(X(2,])*m.n) xexp (-tlxtime) . *cos (omegad(]j)+*time) ;
end

for k=1:N
for j=1:N
g2 (:,k)y=g2(:,k)+termlj(:, ) *»X(k, J);
end
end
figure (4)
plot (...
time, (g2 (:,1)),"'-", ...
time, (g2 (:,2)),"'—.", ...
time, (g2 (:,3)),"'"——", ...
'linewidth',1.5)

axis ([0 tm.max -0.6 11);

hl2=legend('DOF 1','DOEF 2', 'DOEF 3');

xlabel ('Time (sec)','fontname', 'times', 'FontSize', fsize);

ylabel ('Dynamic response, g(t)', 'fontname', 'times', 'FontSize', fsize');
set (hl2, 'linewidth', 2, 'FontName', 'Times', 'FontSize', fsize);

ha=gca;set (ha, 'linewidth',2, '"FontName', 'Times', 'FontSize', fsize);

Response calculation: unit velocity @ DOF 2 & DOF 3
Load case 3
gbar3=zeros (nf,N) ;termj=zeros (size(termj));;

o° o

for j=1:N
termj (:, J)=((X(2,J)+X(3,3))*m.n) ./denom(:, J);
end
for k=1:N
for j=1:N
gbar3(:,k)=gbar3(:,k)+termij(:,J) *X(k, J);
end
end
figure (5)

semilogy (...
freqg,abs (gbar3(:,1)),'-", ...
freqg,abs (gbar3(:,2)),'-.", ...
freqg,abs (gbar3(:,3)),"'——", ...
'linewidth',1.5)

axis ([0 om.max -0.06 1071);

hl2=legend('DOF 1','DOEF 2', 'DOEF 3');
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153
154

155
156
157
158

160
161
162
163
164
165
166
167
168

170
171
172
173
174
175
176
177
178
179
180
181
182
183
184
185
186

188
189
190
191
192
193
194
195
196

198
199
200
201
202
203
204
205

xlabel ('frequency (\omega) - rad/s', 'fontname', 'times', 'FontSize', fsize);
ylabel ('Dynamic response,
|a(i\omega) |', 'fontname', 'times', 'FontSize', fsize');
set (hl2, 'linewidth',2, 'FontName', 'Times', 'FontSize', fsize);
ha=gca;set (ha, 'linewidth',2, '"FontName', 'Times', 'FontSize', fsize);

g3=zeros (nt,N);termlj=zeros(size(termlj));
for j=1:N

tl=zeta (]j)+omega (j);

termlj(:, J)=((X(2,73)+X(3,7J))*m.n) xexp (-tl+time) .xsin (omegad(j) *time) /omeg
end

for k=1:N
for j=1:N
g3 (:,k)=g3(:,k)+termlJ(:, ) *X(k, J);
end
end
figure (6)
plot (...
time, (g3 (:,1)),'-",
time, (g3 (:,2)),"'—.", ...
time, (g3 (:,3)),"'"——", ...
'"linewidth',1.5)

axis ([0 tm.max -0.6 11);

hl2=legend('DOF 1','DOF 2', 'DOF 3');

xlabel ('Time (sec)', 'fontname', 'times', 'FontSize', fsize);

ylabel ('Dynamic response, g(t)', 'fontname', 'times', 'FontSize', fsize');
set (hl2, 'linewidth', 2, 'FontName', 'Times', 'FontSize', fsize);

ha=gca;set (ha, 'linewidth',2, '"FontName', 'Times', 'FontSize', fsize);

figure (7)

plot (...
time,gl(:,1)+g2(:,1)+g3(:,1),"'—-", ...
time,ql(:,2)+g2(:,2)+qg3(:,2),"'—.", ...
time,ql (:,3)+g2(:,3)+qg3(:,3),"'——"', ...
'linewidth',1.5)

% axis ([0 tmmax -0.6 1]);

hl2=legend('DOF 1','DOEF 2', 'DOEF 3');

xlabel ('Time (sec)', 'fontname', 'times', 'FontSize', fsize);

ylabel ('Dynamic response, g(t)', 'fontname', 'times', 'FontSize', fsize');
set (hl2, 'linewidth', 2, 'FontName', 'Times', 'FontSize', fsize);

ha=gca;set (ha, 'linewidth',2, '"FontName', 'Times', 'FontSize', fsize);

save_fig=input ('Save figures (Adjust before saving)? [y,n] ','s'");
if save_fig == 'y'
for j=1:3
figure (2+x3-1)
eval (['print -depsc2 ../figs/freg.cs' num2str(j) '.eps'l);

figure (2x7)
eval (['print —-depsc2 ../figs/time_cs' num2str(j) '.eps'l);
end
end
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A.2 The function: UndampedEigen.m

[un

The function "Eigen" calculates sorted natural frequencies

2 % and mass normalized modes of linear undamped systems
3 % 1f pdid =0 system is positive definite

4 % 1if pdid =1 system is NOT positive definite (ignore it!)
5 function [U, omega]=UndampedEigen (K, M) ;

6 [Uraw D]=eig(K,M);

7 nf2raw=diag (D) ;N=length (nf2raw);

8 % Check for positive definiteness

9 1f sum(nf2raw<0) > 0

10 pdid=1;

11 lambda=zeros (N, 1) ;,U=zeros (N,N);

12 display('system is NOT positive definite');
13 return

14 else

15 pdid=0;

16 % sorting of eigens in ascending order

17 [lambda, infrm]=sort (nf2raw) ;

18 Ul(:,1:N)=Uraw(:,infrm);

19 % mormalise modes by mass

20 md=Ul."'«MxUl;

21 for j=1:N

22 U(:,3)=U1(:,73)/sqgrt(md(J,3));

23 end

24

25 end

26 omega=sqgrt (lambda) ;
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