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Rayleigh-type surface waves propagating in an incompressible isotropic half-space of
nonconducting magnetoelastic material are studied for a half-space subjected to a finite
pure homogeneous strain and a uniform magnetic field. First, the equations and boundary
conditions governing linearized incremental motions superimposed on an initial motion
and underlying electromagnetic field are derived and then specialized to the quasimag-
netostatic approximation. The magnetoelastic material properties are characterized in
terms of a “total” isotropic energy density function that depends on both the deforma-
tion and a Lagrangian measure of the magnetic induction. The problem of surface wave
propagation is then analyzed for different directions of the initial magnetic field and for
a simple constitutive model of a magnetoelastic material in order to evaluate the com-
bined effect of the finite deformation and magnetic field on the surface wave speed. It is
found that a magnetic field in the considered (sagittal) plane in general destabilizes the
material compared with the situation in the absence of a magnetic field, and a magnetic
field applied in the direction of wave propagation is more destabilizing than that applied
perpendicular to it.

Keywords: Nonlinear magnetoelasticity; magnetoacoustics; surface waves; finite
deformation.

1. Introduction

Coupling of electromagnetic and mechanical phenomena in continuous media has
received considerable attention in the recent literature due to the development of
electro- and magneto-sensitive elastomers and other polymers for use as “smart
materials”; see, for example, Jolly et al. [1996], Ginder et al. [2002], Lokander and
Stenberg [2003], Yalcintas and Dai [2004], Varga et al. [2006], Boczkowska and Awi-
etjan [2009]. The problem of wave propagation under a state of finite deformation in
the presence of an electromagnetic field is, in particular, very important for various
applications, such as nondestructive evaluation through electromagnetic acoustic
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transducers [Shapoorabadi et al., 2005]. The effect of initial stress on the propa-
gation of magnetoelastic waves was addressed as early as 1966 by Yu and Tang
[1966], who considered the propagation of plane harmonic waves for some special
cases of initial stress relevant to seismic wave propagation. Two papers by De and
Sengupta [1971, 1972] used the equations from Yu and Tang [1966] in order to dis-
cuss surface and interfacial waves in magnetoelastic conducting solids. However, it
has been noted elsewhere [Destrade and Ogden, 2011a] that the formulation of the
equations of a material with initial stress, discussed in more detail in the paper by
Tang [1967], is incorrect.

A paper by Maugin [1981] reviewed the major developments in deformable mag-
netoelastic materials up to that date with special emphasis on wave propagation in
magnetizable conducting materials. This was followed by a series of works, notably
those by Maugin and Hakmi [1985] on magnetoelastic surface waves with a bias
magnetic field orthogonal to the sagittal plane, Abd-Alla and Maugin [1987] on
the general form of the magnetoacoustic equations, Abd-Alla and Maugin [1988] on
magnetoelastic waves in anisotropic materials, Lee and Its [1992] on Rayleigh waves
in an undeformed magnetoelastic conductor and Hefni et al. [1995a, 1995b, 1995¢]
on surface and bulk magnetoelastic waves in electrical conductors. Most of the work
in this field is based on the study of electromagnetic phenomena in continua by Pao
[1978], Maugin [1988] and Eringen and Maugin [1990a, 1990b]. Although our main
concern in the present paper is with magnetoelastic waves, the parallel development
of the theory for waves in electroelastic materials should also be mentioned. Rele-
vant references include Baumhauer and Tiersten [1973], Nelson [1979], Sinha and
Tiersten [1979], Pouget and Maugin [1981], Maugin et al. [1992], Tiersten [1995],
Chai and Wu [1996], Yang [2001], Simionescu-Panait [2002], Liu et al. [2003], Yang
and Hu [2004], Hu et al. [2004] and Dorfmann and Ogden [2010].

Recently, a new constitutive formulation based on a “total” energy density func-
tion was developed by Dorfmann and Ogden [2004], wherein the solutions of some
basic boundary-value problems were obtained using two alternative forms of the
energy density with different independent magnetic vectors; see also Dorfmann and
Ogden [2005] for the discussion of further boundary-value problems. In the paper by
Otténio et al. [2008], which was based on the formulation of Dorfmann and Ogden
[2004], the equations governing time-independent linearized incremental deforma-
tions and magnetic fields superimposed on a static finite deformation and magnetic
field were derived. These were then applied to analyze the effect of the presence of
a magnetic field normal to the half-space boundary on the stability of a deformed
magnetoelastic half-space.

In the present paper, we build upon the work of Otténio et al. [2008] by ana-
lyzing surface waves on a half-space of an incompressible isotropic magnetoelastic
material subjected to a homogeneous finite deformation and a uniform magnetic
field. In Sec. 2, we first summarize the basic continuum kinematics and the gov-
erning equations and boundary conditions of continuum electromagnetodynamics
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in both Eulerian and Lagrangian forms, and the notations to be used in this paper.
Section 3 follows the formulation of the incremental equations of electrodynamics
superimposed on a finite motion in the presence of an electromagnetic field sum-
marized in Ogden [2009], and the equations are then specialized to the case of the
quasimagnetostatic approximation.

In Sec. 4, the constitutive equations for both compressible and incompressible
isotropic magnetoelastic solids are introduced based on a “total” energy density
that is expressed in terms of (six and five, respectively) independent invariants that
combine the deformation and a Lagrangian form of the magnetic induction vector.
This is then used to derive the magnetoelastic “moduli” tensors and the governing
equations explicitly. The Cartesian components of these tensors, referred to the
principal axes of the underlying deformation, are summarized in Appendix B for
ease of reference. The focus of the remainder of the paper is then on incompressible
materials. Following Destrade and Ogden [2011b], a brief account of homogeneous
plane waves propagating in an infinite space subject to a homogeneous deformation
and a uniform magnetic field is provided in Sec. 5 in order to derive a generalized
form of the strong ellipticity condition appropriate for magnetoelastic materials that
is used subsequently.

In Sec. 6, the general equations from Sec. 3 are specialized to two dimensions in
order to consider plane motions in a principal plane of an underlying pure homoge-
neous strain with the magnetic field lying parallel to the considered (sagittal) plane.
Then, in Sec. 7, these equations, along with appropriate boundary conditions, are
applied in consideration of surface waves propagating parallel to the boundary of
a deformed half-space, with the displacement and incremental magnetic field com-
ponents restricted to the sagittal plane. Two special cases of the magnetic field
direction are examined in detail by the way of illustration — a magnetic field par-
allel to the direction of propagation and the one normal to the direction within the
sagittal plane. We then show that on taking the magnetic field to be zero the equa-
tions reduce to those obtained for a purely elastic material [Dowaikh and Ogden,
1990].

For each magnetic field direction numerical results are obtained based on a
simple, so-called Mooney-Rivlin magnetoelastic material model in order to illus-
trate the dependence of the surface wave speed on the magnitude of the magnetic
induction (as well as the underlying deformation). It is found that in general the
magnetic field compromises the mechanical stability of the half-space, although for
some values of the magnetoelastic coupling parameters small values of the mag-
netic induction stabilize the half-space, but this effect is reversed as the magnitude
of the magnetic induction increases further. This applies to a magnetic induction
perpendicular to or in the direction of propagation within the sagittal plane, but a
magnetic induction parallel to the direction of propagation has a stronger influence
than that is perpendicular to it.

It is also shown, in Sec. 8, that if the magnetic field is perpendicular to the
sagittal plane then, for the considered material model, it has no influence on the
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surface wave speed, although for other possible models this will not in general be
the case. Finally, Sec. 9 contains some brief concluding remarks.

2. Basic Equations
2.1. Kinematics

The undeformed stress-free reference configuration of a continuous body is denoted
by B, and its boundary by 0B,. Let By, the current configuration, be the region
occupied by the body at time ¢ and 9B, its boundary. The material points in B, are
identified by the position vector X which becomes the position vector x in 5;. The
time-dependent deformation (or motion) of the body is described by the invertible
mapping x, with x = x(X,t), and x and its inverse are assumed to be sufficiently
regular in space and time. The velocity v and acceleration a of a material particle
X are defined by

2

v(x,t) =x; = gx(X,t), a(x,t) =vi=xu (X, 1), (2.1)

ot "= X

where the subscript ¢ following a comma denotes the material time derivative.

Throughout this paper, grad, div, curl denote the standard differential operators
with respect to x, and Grad, Div, Curl denote the corresponding operators with
respect to X.

The deformation gradient tensor is defined as F = Gradx(X,t¢) and its deter-
minant is denoted by J = detF, with J > 0. For an incompressible material the
constraint

J=detF =1 (2.2)

has to be satisfied. Associated with F are the left and right Cauchy—Green tensors,
defined by

b=FF", ¢=F"'F, (2.3)

respectively.

Let I' = gradv denote the velocity gradient, tr and T the trace and transpose of
a second-order tensor, respectively, 0 the zero vector and O the second-order zero
tensor. Then the following standard kinematic identities are noted:

F,=TF, (2.4a)
(FY,=-F'I, (2.4Db)
Jy=Jtl = Jdivv, (2.4c)
Div(JF~!) =0, (2.4d)
div(J7'F) = 0, (2.4e)
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Curl(F") = O, (2.4f)
curl(F~T) = O. (2.4g)

For an incompressible material divv = 0.

2.2. Equations of electromagnetism

Let E,D,B,H,J, K, p. and o, be the electric field, electric displacement, magnetic
induction, magnetic field, volume current density, surface current density, volume
charge density and surface charge density, respectively. It should be noted that
the volume current density J is different from J = detF defined in the above
subsection. We work within the nonrelativistic framework, with Maxwell’s equations
of electromagnetism given in Eulerian form by

curlE = —88—]?7 curlH = %_]t) +J, divD=yp., divB=0, (2.5)
with the boundary conditions
nx [E4+vxB]=0, (2.6a)
n - [D] = o, (2.6b)
nx [H—-vxD]=K-—oevs, (2.6¢)
n-[B] =0 (2.6d)

on 0B;, where n is the unit outward normal to 9B; and vy is the value of v on
OB;. Here [a] represents the jump in vector a across the boundary in the sense
[a] = a® — a!, where the superscripts “o” and “i” signify “outside” and “inside”,
respectively, and surface polarization is not included.
Lagrangian forms of the physical quantities in (2.5) are defined by (see, e.g.,
Maugin [1988] and Ogden [2009])
D,=JF'D, E =FTE, H,=F'H, B,=JF 'B,
(2.7)
Jg = JFY(J —pev), pE = Jpe.

Using these relations and following the analysis in Ogden [2009], we can rewrite
Maxwell’s equations in Lagrangian form as

Curl (E; + V x B)) = —By,, DivD; = pg, (2.8)
Curl(H, — V x D;) = Dy, + Jg, DivB; =0, (2.9)
where V = F~'v, along with the boundary conditions
Nx[E/+VxB]=0, N-[D]=og, (2.10)
Nx[H - VxDJ]=K, —opVs, N-[B]=0 (2.11)
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on 9B,. The transformation from (2.6a)—(2.6d) to (2.10) and (2.11) requires use of
Nanson’s formula nda = JF~TNdA connecting reference and current area elements
dA and da, where N is the unit outward normal to 08,.. Here each term is evaluated
on 0B, V, is the value of V on the boundary, K; is the surface current density
per unit area of 9B, given by K; = F"1Kda/dA and o = o.da/dA is the surface
charge density per unit area of 0B,

2.3. Continuum electromagnetodynamic equations
In Eulerian form, the linear momentum balance equation may be written as
divT + pf = pa, (2.12)

where p is the mass density, f is the mechanical body force density per unit mass and
T is the so-called total Cauchy stress tensor, which incorporates the electromagnetic
body forces. In Lagrangian form, the equation of motion is

DivT + p.f = pra, (2.13)

where T is the total nominal stress tensor and p, is the reference mass density, and
we note the connections

T=J'FT, p,=pl (2.14)

The transformation from (2.12) to (2.13) is effected by use of (2.4e).

If there are no intrinsic mechanical couples, which is assumed to be the case,
then, by virtue of the definition of the total stress, the electric and magnetic couples
are absorbed in such a way that 7 is symmetric. The angular momentum balance
equation is then expressed in either of the equivalent forms

T =7, (FT)' =FT. (2.15)

On any part of the boundary 05,- where the traction is prescribed the boundary
condition may be given as

TTN = ta + tur, (2.16)

where ta and ty; are the Lagrangian representations of the mechanical and magnetic
contributions to the traction per unit area on the boundary 95;..

3. Incremental Equations
On the initial motion x = x/(X,t), we superimpose an incremental motion given by
x =x(X,1), (3.1)

where here and henceforth incremented quantities are denoted by a superimposed
dot. The Eulerian counterpart of x is the displacement u(x,t) = %(X,¢). Then, an
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increment in the velocity v is given by

V=X t = Upg. (32)

)

We define L = gradu and then obtain the useful relations
F = LF, (3.3a)
F; = (gradv)F, (3.3b)

which supplement those in (2.4a)—(2.4g).
For an incompressible material, the constraint J = 1 leads to

divv =0, (3.4a)
divu =0, (3.4Db)
divv =0, (3.4c)

the first of which is exact while the second and third are linear approximations.
On taking increments of the Maxwell equations (2.8) and (2.9), we obtain

Curl(E; +V x B+ V xB)) = —B;;, DivD; = g, (3.5)

Curl(H; =V xD; =V x D)) =D, +Jg, DivB; =0, (3.6)
and from the mechanical balance equations (2.13) and (2.15), we have

DivT + p,f = pouy, LFT +FT =TTFILT + TTFT, (3.7)

wherein use has been made of (3.3a).

Analogously to Eq. (2.7), we define updated (i.e., pushed-forward) forms of the
increments T, B;, D;, E;, H; as

Ty =J'FT, Bj=J'FB;,, Dj=J'FD,, 33)

. . . . 3.8

E=F"TE;, Hp=F "H,

where the subscript 0 is used to indicate the push-forward operation. We use these
push-forward forms to update the incremented governing equations to obtain

curl(Elo +v x By + v x B) = —Bl,to, divDy = PEO, (3.9)
curl (Hyg — v x Djg — v x D) = Dy 40 + Jro, divBi =0 (3.10)

and
divTy + pf = ppuyy, Lr+To=7L"+T7. (3.11)

It should be noted that the push-forward and material time derivative operations
do not in general commute. However, in the special case of v = 0, they do and then
Bio,: = Byto and Dy = Dy 0.
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3.1. The quastmagnetostatic approximation

We now consider the initial configuration to be purely static and subject only to
magnetic and mechanical effects, with E = 0, D = 0, v = 0 and no mechanical
body forces (f =0). We assume that there are no volume or surface charges or
currents, so that p, = 0, = 0 and J = 0, while H and B are independent of time.
Additionally, we consider a nonconducting material so that Jio = 0. The updated
incremented governing equations then specialize to

curl (Bjo + v x B) = —=Byo;, divDj =0, (3.12)
curl Hyp = Dy 40, divBj =0 (3.13)

and
divTy = pyus. (3.14)

We now focus on the magnetoacoustic (or quasimagnetostatic) approximation
of the equations, which allows the incremental electric field and displacement to be
neglected. It can be shown that they are of order v/c (< 1) times the retained terms
in the equations, where c¢ is the speed of electromagnetic waves in vacuum and v is
a typical magnitude of the acoustic wave speed. After the approximation is applied,
the remaining equations, coupling magnetic and mechanical effects, are

curlHjp = 0, divBjy =0, divTy = pyu. (3.15)

These are the equations we use in the rest of the paper for the interior of the
material.

Outside the material, which may be vacuum or a nonmagnetizable (and
nonpolarizable) material we use a superscript * to indicate field quantities. Thus,
H* and B*, respectively, are the magnetic field and magnetic induction, which are
in the simple relation B* = uoH*, where pg is the vacuum permeability. Then the
magnetostatic equations are

divB* =0, cwlH* =0, (3.16)
and in the quasimagnetostatic approximation their incremental counterparts are
divB* =0, cwlH* =0, (3.17)

with B* = ,uOI:I*.
Henceforth, we use the notations B and 0B for the (time-independent) initial
configuration upon which the infinitesimal motion is superimposed.

3.2. Incremental boundary conditions

The boundary condition (2.6d) for the magnetic induction is written (B—B*)-n =0
on 9B. Since there is no deformation outside the material (in the case that it is a
vacuum, which we assume henceforth) there is no physical meaning attached to
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a Lagrangian form of the magnetic induction, so when the boundary condition is
expressed in Lagrangian form it becomes

(B, —JF'B*).N=0 on0dB,. (3.18)

On taking an increment of the above equation, and then updating and using the
incompressibility condition (3.4b) we obtain the incremental boundary condition

(By—B*+LB*) . n=0 ondB. (3.19)

The corresponding incremental form of the boundary condition (2.6¢) for the
magnetic field, with K = 0, now becomes

(Ho—L™H* —H*) xn=0 on dB. (3.20)

In order to arrive at the corresponding incremental traction boundary condition
we need to define the Maxwell stress outside the material, denoted by 7*. This is
symmetric and given by

1
T =yt |B*@B* — 5 (BB, (3.21)

where I is the identity tensor. The incremental Maxwell stress is then obtained as
+* = py ' B*@B* + B* @ B* — (B* - BY)I). (3.22)

The Lagrangian form of the Maxwell stress is JF~17* which is defined only on
the boundary B,, and the magnetic contribution ty to the traction on B, in (2.16)
is given by

ty = JT*F TN on 08B,. (3.23)
On taking an increment of this equation, we obtain
ty = JFFIN - Jr*F TFTFIN + J(divu)m*F TN, (3.24)
which on pushing forward and using the incompressibility condition (3.4b), gives
tyo = 7*n—7LTn  on 0B. (3.25)

When there is also a mechanical traction ta, with increment { A, the traction
boundary condition is written as

Tgn = ta0 + tao (3.26)

at any point of 9B where the traction is prescribed.
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4. Constitutive Relations

Following Dorfmann and Ogden [2004, 2005], we consider a magnetoelastic material

for which the constitutive law is given in terms of a total potential energy function,

Q = Q(F,By), defined per unit reference volume. This yields the simple formulas
9] 09

=20 g = &0
LT 9B,

g (4.1)

for the total nominal stress and the Lagrangian magnetic field. Their Eulerian
counterparts are
o9 _p-T o9

r=J'F—, H

IF 9B, (4.2)

In the case of an incompressible material, we have the constraint J = 1 and the
above equations for the stresses are modified to

o . 9
T—a—F—pF , T—Fa—F—pI, (4.3)

where p is a Lagrange multiplier associated with the constraint and I is again the
identity tensor.

For an isotropic magnetoelastic material, {2 can be expressed in terms of six inde-
pendent scalar invariants of ¢ = FTF and B; ® B;. One possible set of invariants, is

1
L =tre, L= 5[(trc)2 —tr(c?)], I3=detc=J? (4.4)
I4 = Bl . Bl, I5 = (CB[) . Bl, 16 = (C2Bl) -Bl. (45)

We adopt these here and confine our attention to isotropic magnetoelastic materials.
The total nominal stress and the Lagrangian magnetic field can then be
expanded in the forms

T:ZQia_F’ Hl:ZQia—Bl’ (4.6)
i€l (ASVE

where Q; = 0Q/0I;,1 = 1,...,6, T is the set {1,2,3,5,6}, or {1,2,5,6} for an
incompressible material, and J the set {4,5,6}. The derivatives of the I; with
respect to F and B; are given in Appendix A in component form. Explicitly we
calculate the expressions for 7 for an incompressible material and H as

T = —pl+2Q:b+2Q(I;b—b?) +20:Bo B +206(B2bB+bB®B), (4.7)
and
H =2(Qb 'B + QB + QsbB), (4.8)

where I3 = 1 and we recall that b = FF7 is the left Cauchy—Green tensor.
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4.1. Magnetoelastic moduli tensors

By taking the increments of (4.1) we obtain the linearized equations

T = AF +CB,, (4.9a)
H, = C"F + KB, (4.9b)
where the magnetoelastic “moduli” tensors are defined by
2 2 2 2
Az%, :af?—aQBl’ ﬂ:%, :%, (4.10)
the products in (4.9a) and (4.9b) are defined by
(AF)ai = Aaigi Fjg,  (CB)ai = CaiisBis, (4.11)
(CTF)g = ChjaiFia,  (KBi)a = KapBig,
and we note the symmetries
Aaigj = Apjais  Cailp = Clais  Kap = Kpas (4.12)

which reflect the commutativity of the partial derivatives. The vertical bar between
the indices on C is a separator used to distinguish the single subscript from the pair
of subscripts that always go together. Here and henceforth we use only Cartesian
components.

For an incompressible material, (4.9a) is replaced by

T = AF +CB; — pF ! + pF'FF 1, (4.13)

and subject to det F = 1, (4.9b) is unchanged.
On updating (pushing forward in Eulerian form) the incremented constitutive
equations (4.9a), (4.9b) and (4.13), we obtain

Ty = AgL + CoBy, (4.14a)
H), = CIL + K,By. (4.14b)
and

Ty = AyL + CoByy — pI + pL, (4.15)

respectively, where Ay, Co and K are defined in component form by
Aopiqj = Aogjpi = JﬁleanﬁAaiﬁj = JﬁleanﬁAﬁjaia (4.16)
Coijik = Cokjij = Fia iy, Cajis = Fia Fii Cajajs (4.17)
Koij = Koji = JF ) Fj;'Kag, (4.18)

which apply for an incompressible material with J = 1. Explicit formulas for these
components for an isotropic magnetoelastic material referred to the principal axes
of the left Cauchy—Green tensor b are given in Appendix B.
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On substituting (4.14a) and (4.15) into (3.11) in turn, we obtain
AL + Lt = (A L)T + 7LY, CoBjy = (CoB)" (4.19)
and
AL + pL + Lt = (AoL)" + pL” + 7LT,  CoByo = (CoBu)", (4.20)
respectively, from which we deduce the symmetries
Avipgj + 05 (Tpg + POpq) = Aopigs + 0pj (Tgi +Pdgi),  Coijie = Cojilks (4.21)

which are additional to (4.12), with p = 0 in the case of an unconstrained material.

Henceforth we restrict our attention to incompressible materials. We now use the
constitutive Eqs. (4.15) and (4.14b) together with (3.15) to arrive at the governing
equations

curl (CEL + KoByg) = 0, (4.22a)

divBjo = 0, (4.22b)

divu = 0, (4.22¢)

div (ApL + CoBlo) —gradp + LTgradp = pU 4. (4.23)

Let us now assume that the underlying configuration is homogeneous, so that p, Ay,
Co and Ky are uniform. Then, in component form, Eqs. (4.22a)—(4.22c) and (4.23)
become

€ije(Copqlitp.aj + KorpBiop.j) = 0, (4.24a)
BlOi,i =0, (4.24b)

Ui =0, (4.24c¢)

Aopiqjtjpg + COpiququ,p — D = PUit (4.25)

5. Homogeneous Plane Waves
We now consider infinitesimal homogenous plane waves propagating with speed v
in the direction of unit vector n in the form of

u=mf(n-x—vt), By=qgm-x—vt), p=P(n-x—ut), (5.1)

where m and q are constant (polarization) unit vectors in the directions of the
incremental displacement and magnetic induction, respectively, and f, g and P
are appropriately regular functions of the argument n - x — vt. Substituting these
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expressions into Eqs. (4.24a)—(4.24¢) and (4.25), we obtain

n x {R(n)"mf” 4+ Koqg'} =0, (5.2a)
q-n=0, (5.2b)

m-n =0, (5.2¢)

Q(n)mf” + R(n)qg’ — P'n = pv’mf”, (5.3

where Q(n), the acoustic tensor, and R(n), the magnetoacoustic tensor, are given by
[Qm)]ij = Aopigjnpng,  [R(n)lij = Coip|jnp, (5.4)

and a prime signifies differentiation with respect to the argument n - x — vt. Note
that Q(n) is symmetric but in general R(n) is not.

Let I(n) = I-n®n denote the symmetric projection tensor onto the plane with
normal n. Then, following Destrade and Ogden [2011b], we define the notations

~

Q) =Im)Qm)im), Rn)=In)Rm)in), Ko@) =In)Km)im), (5.5)

which are the projections of Q(n),R(n) and Ky(n), respectively, onto the plane
normal to n.
Using (5.2¢) we obtain from (5.3)

P'=[Q(m)m| - nf" + [R(n)q] -ng’, (5.6)
and substitution of this back into (5.3) enables the latter to be written as
Qm)mf” +R(n)qg’ = pv’myf". (5.7)
Similarly, from (5.2a) we deduce that
R(n)"mf" +Koqg' = {{R(n)"m] - nf" + [Koq] - ng'}n, (5.8)
which can be written more compactly as
R(n)Tmf” + Koqg' = 0. (5.9)

As in Destrade and Ogden [2011Db], we assume that Ko is nonsingular as an
operator restricted to the plane normal to n and also positive definite in view of its
interpretation as the inverse of the incremental permeability tensor. We then obtain
q¢’ = —K; 'R(n)"mf”, and substitution into (5.7) and elimination of f” # 0 yields
the propagation condition for acoustic waves under the influence of a magnetic field,
explicitly

Pm)m = Q(n)m — R(n)K;'R(n)"m = pv’m, (5.10)

wherein the generalized acoustic (or Christoffel) tensor P is defined as Q(n) —
R(n)K,'R(n)T, which is symmetric. Equation (5.10) is a generalization of the
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propagation condition for homogeneous plane waves in an incompressible elastic
solid in the absence of a magnetic field. This prompts a corresponding generalization
of the strong ellipticity condition in the form

m - [P(n)m] > 0, (5.11)

for all unit vectors m and n such that m-n = 0, as given in Destrade and Ogden
[2011Db]. This guarantees that homogeneous plane waves have real wave speeds.
In component form, which will be useful later, the generalized strong ellipticity
inequality (5.11) can be written as

(AOpiqj — Cin‘kngllCqu“)mimjnpnq > 0. (5.12)

6. Two-Dimensional Specialization
Let the initial deformation of the material be given by the pure homogeneous strain
T =MX1, T2=MXX2, w3=2A3Xj3, (6.1)

where the principal stretches A1, A2, A3 are uniform. The component matrix [F] of
the deformation gradient is then [F] = diag(A1, A2, A3). We also assume that the
initial (uniform) magnetic induction has components (By, Bz, 0) in the material and
(BT, B3,0) outside.

We now study two-dimensional (2D) motions in the (1,2) plane and seek solu-
tions depending only on the in-plane variables ;1 and x5 such that usg = Blog =
Bl*03 = 0. The third component of the equation of motion (4.25) and the first two
components of (4.24a) are then satisfied trivially, and the remaining equations are

Aot111ur,11 + 2Ao1121u1,12 + Ao2121U1,22 + Aoi112U2,11

+ (Aor122 + Ao1221)u2,12 + Ap2122u2 22 + 0011|13101,1

+Co211Biot,2 + Cor1j2Bioz,1 + Cozij2Boz,2 — P.1 = pua ee, (6.2)
Agiz11u,11 + (Aor221 + Aor122)ui,12 + Ao2a21 01,22

+ Ao1212u2,11 + 2A01222u2,12 + Ao2222U2 22 + 0012\13101,1

+ Co221 Biot,2 + Cor2j2Bioz,1 + CozzjoBioz,2 — P2 = pus e, (6.3)
6011\2161,11 + (6021\2 - C011\1)U1,12 - 6021\1161,22

+C012|2U2,11 + (Co22|2 - C012\1)U2,12 - Co22|1U2,22

+ Ko12Bio1,1 — Ko11 Bion 2 + Ko2a Bio2.1 — Ko12Bioz,2 = 0. (6.4)

Elimination of p from (6.2) and (6.3) by cross differentiation and subtraction
yields

Aopi211u1,111 + (Aoi221 + Aor122 — Aorii1)ur 112 + (Ao2221 — 2A01121)u1,122

— Ap2121u1 222 + Aoi212u2 111 + (2Ao01222 — Ao1112)u2,112
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— (Aor122 + Ao1221 — Ao2a22)u2 122 — Ao2122U2 222 + Co12|1Blo1,11
+ (Cozz1 — Cor11)Bior,12 — Coz11 Biot 22 + Coraj2Bioz, 11
+ (Co2j2 — Co1)2) Bioz,12 — Coz1j2Bioz.22 = pluzy — u12) u- (6.5)
The corresponding equations in (3.17) outside the material may be written as
Bi,+Bj, =0, (6.6a)
B3, —Bi,=0. (6.6b)

Since By and u satisfy the Eqs. (4.22b) and (4.22c) and B* satisfies Eq. (6.6a),
we can define potentials 1, ¢ and ™ such that

Biot =2, Bie =1, ui=6¢o us=-¢1, Bf= Y, Bj = -5 (6.7)

Substituting these expressions into the governing Eqs. (6.5), (6.4) and (6.6b), we
obtain the two coupled equations

ad 1111 + 200 1112 + 280, 1122 + 2601222 + VP 2202 + a) 111 + b 112
+ctp1oo + dip 200 = p(d11 + ¢.22) 1t (6.8)

ap111 + bd 112 + ¢h 122 + do 222 + Ko119,22 + Ko2a9 11 — 2Kp1290,12 =0, (6.9)

for ¢ and ¢ in the material, where, for compactness of representation, we have
introduced the notations

a = Agi212, 20 = Aoii11 + Ao2222 — 2401122 — 2Ap1221, ¥ = Ao2121,  (6.10)

§ = Ao1222 — Ao1211, € = Aor121 — Ao2221,  a = Coizp2, (6.11)
b= Coa2i2 — Co11j2 — Co12j1, ¢ = Co11j1 — Co22)1 — Co21j2,  d = Co211- (6.12)

Outside the material we have the single equation
Y+l =0. (6.13)

When there is no time dependence and By = 0, Egs. (6.8) and (6.9) reduce to
equations given in Sec. 5.2 of Otténio et al. [2008], but partly in different notation.

7. Surface Waves

In this section, we consider two separate cases: first, By = 0 with By # 0; and
second, By # 0 with By = 0. The material forms a half-space X5 < 0 in the
reference configuration, with unit outward normal N to its boundary Xo = 0 having
components (0,1,0). Under the deformation (6.1), the material occupies the half-
space ro < 0 in the deformed configuration and the unit outward normal n to its
boundary x2 = 0 has components (0,1, 0).
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7.1. Magnetic induction components (0, Bz, 0)

In this first example, we take the initial magnetic induction to be perpendicular
to the surface of the half-space so that the components of B are (0, B3,0). The
boundary condition B - n = B* - n applied to 2 = 0 then gives B5 = Bs. It
follows from (3.21) and (3.22) that the matrix representations of 7* and 7* are,

respectively,
-1.0 0 -B; Bf 0
B: B =2 71
™ =52 0, #F1==21|8B By 0 | (7.1)

7.1.1. Incremental equations and boundary conditions

For the given values of F and B, many of the components of the moduli listed in
Appendix B vanish, and Egs. (6.8) and (6.9) simplify to

ag 1111 + 280 1122 + Y9,2202 + b 112 + dvp 202 = p(D,11 + D.22) 115 (7.2)

bop 112 + do 222 + Ko119 22 + Koz 11 = 0. (7.3)
Using the values of 7* and 7* from (7.1) and assuming there is no incremental
mechanical traction on x5 = 0 the components of the incremental traction are
obtained from (3.25) with TN = ty0 as
. B . B? . B . B?
Too1 — —2.Bik — —2UQ,1 =0, Tyoo — —QBS + —2’LL2’2 =0 onaxy=0, (74)
Ho 210 Ho 210
with Tyes = 0 satisfied identically. From (3.19) and (3.20) we obtain
Bio2 — B3 + Bous s = 0, (7.5a)
) B )
Hio — M—Qum —H =0 onay=0. (7.5b)
0

By substituting the updated incremented constitutive equations (4.15)
and (4.14b), appropriately specialized, into the incremental boundary condi-
tions (7.4) and (7.5a) and making use of the connection

Ao1221 + 22 + p = Ao2121, (7.6)

which comes from (4.21), we obtain

B2 . Bo -
(A02121 — Ty — 2—2>u2,1 + Ao2121u1,2 + Co21)1 Blo1r — —QBT =0, (7.7)
Ho Ho

2

B . By,
Aor122u1,1 + («%2222 +p+ ﬁ)uz,z + Co22j2Bio2 — p — M—QB2 =0, (7.8)
0 0

) B 1.,
Coi211u2,1 + Coz1j1u1,2 + Ko11 Bior — 'u_2u2,1 - H_Bl =0, (7.9)
0 0

each holding on z9 = 0.



On Surface Waves in a Finitely Deformed Magnetoelastic Half-Space 649

Next, we differentiate (7.8) with respect to 21 and make use of (6.2) to eliminate
p,1. We then introduce the potentials ¢, and * into the resulting equation and
Eqgs. (7.5a), (7.5b), (7.7) and (7.9) and use the notations (6.10)-(6.12). We also
note that if there is no mechanical traction applied on the boundary x5 = 0 in the
underlying configuration then the normal stress 792 in the material must balance
the Maxwell stress 75, on 2 = 0, which gives

B3
Tog = Tyy = 5 7.10
22 292 2/140 ( )
The boundary conditions can then be written as
B *
(Y= 2755)611 — Y22 — dip 2 + u_jw,z =0, (7.11)

B
(2B +7)p,112 + P 200 + (b + d)p 11 + dip 20 — u—jw,*n — pP 2t =0, (7.12)

Bagaz+1 —¢h =0, (7.13)
B 1

d(p11 — ¢22) — Ko11th 2 — —2¢,11 + — =0, (7.14)
Ho Mo

which apply on z2 = 0.

Hence, the problem is reduced to solving the governing Egs. (7.2) and (7.3) in
22 < 0 and (6.13) in 23 > 0 and applying the boundary conditions (7.11)—(7.14) on
x9 = 0 and appropriate decay behavior as x9 — £o0.

7.1.2. Surface wave propagation

We now study 2D surface waves propagating in the x; direction with the increments
having nonzero components lying in the (1, 2) plane. We consider harmonic solutions
of the form

¢ = Pexp(skxs + ikzy — iwt),

(7.15)
Y = kQexp(skxs + ikx; —iwt) in a9 <0,

Y* = kRexp(s*kxe + ikx; —iwt) in xo > 0, (7.16)

where P,Q, R are constants, k is the wave number and w the angular frequency,
and s and s* are to be determined subject to the requirements Re(s) > 0 and
Re(s*) < 0 needed for decay of the surface wave amplitude away from the boundary.
Substituting these solutions into the governing equations (7.2), (7.3) and (6.13), we
obtain

[ — 285% + st + pv?(s2 — 1)]P + (ds* — b)sQ = 0, (7.17)
(d82 — b)SP + (K01182 — KQQQ)Q =0, (718)

and s*2 = 1, where the wave speed is v = w/k. For the solution 9* to decay as
T9 — 00, we necessarily take s* = —1. For nontrivial solutions for P and @ from
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(7.17) and (7.18), we set the determinant of coefficients to be zero and obtain a
cubic equation for s2, namely
(vKo11 — d2)86 + [K011(p’l)2 —20) — vKpaz + 2bd]84
+ [Ko22(28 — pv?) + Kop1 (@ — pv?) — b%]s% + (pv* — @)Kz = 0. (7.19)

We denote by s1, s2, s3 the three solutions satisfying the requirement Re(s) > 0.
The general solutions of the equations that satisfy the decay conditions are now
given by

¢ _ (Plesﬂca:z + P2682kw2 + P3653kw2)ei(ka:17wt)7 (720)
,(/} _ k(Qlesﬂmz 4 Qzeszkxz + Q?’ese;ka:g)ei(kwlfwt)’ (721)
,(/}* _ kRefkra:2+i(kw17wt). (722)

For each 7, Q; is related to P; by Eq. (7.18), which we rewrite here as

(b—ds?)s;
Koné‘l2 — Koz

Qi = P, i=1,2,3. (7.23)

Next, we substitute the general solutions (7.20)-(7.22) into the boundary
conditions (7.11)—(7.14) to obtain

B
(v—275) ) P +7253Pj+dzszj+u—jR:o, (7.24)
J J J

B
(25—|—’y—pv2)ZSij—’st;’»Pj—F(b—Fd)ZQj—dZS?Qj—M—ijO,
J J J J

(7.25)
BQZS]‘P]‘—I—ZQ]‘ —R=0, (7.26)
J J
2 By 1
d) (s7+ 1P + Kot > 5,Q; — i > P+ %R =0, (7.27)
J J J

where ). indicates summation over j from 1 to 3.

We now have seven linear equations in Py, P5, P3,Q1,Q2,Q3 and R, and for a
nontrivial solution the determinant of coefficients must vanish. The result is the
secular equation relating the wave speed v to the initial deformation, the material
properties and the initial magnetic induction By, and we note that, by (7.10), the
stress 75, depends on Ba.

7.1.3. Pure elastic case

Here we take the magnetic field to vanish in order to reduce our results to known
results in the purely elastic case. For this purpose we set C =0, Q; = 0,71 =1,2,3
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and R = 0. Equation (7.19) reduces to a quadratic for s, namely
vst — (28 — pv?)s® +a — pv? =0, (7.28)
from which we deduce that the solutions s7 and s satisfy
V(s +53) =28 —pv®, 7sisi=a—p’. (7.29)

For a surface wave we take s; and s2 to be the solutions satisfying Re(s) > 0, and,
as discussed in Dowaikh and Ogden [1990], we require v > 0 and pv? < a.
The boundary conditions (7.11)—(7.14) reduce to the two equations

(’Y - 7'22)¢,11 - 7¢,22 =0, (25 +7 - 7'22)¢,112 + 7¢,222 - ,0¢,2tt =0, (7-30)

which hold on z9 = 0, where, for comparison with the results of Dowaikh and Ogden
[1990], we have assumed that there is a normal mechanical traction 792 on 29 = 0
in the underlying configuration. The general solution for ¢ can be rewritten as

¢ = (Pre®h72 4 Pyet2krz)ei(km—wh), (7.31)

Substitution into the boundary conditions then yields
(v — T2 +v82) Py + (v — o2 +v83) P, = 0, (7.32)
(2847 — T2 — pv? —vs3)s1 Py + (2B + v — Ta2 — pv? — v53) s Py = 0, (7.33)

from which, on use of (7.29), the explicit secular equation is obtained as

Y(a = pv?) + (28 + 2y — 27129 — pv* )/ (o — pv?) = (7 — T22)*. (7.34)

Apart from some minor differences of notation, this agrees with the formula (5.17)
obtained by Dowaikh and Ogden [1990].

7.1.4. Application to a Mooney—Rivlin magnetoelastic material

For purposes of illustration we now consider the energy function of a Mooney—Rivlin
magnetoelastic material as used by Otténio et al. [2008]. This has the form

Q= %N(O)[(l +n)(I1 = 3) + (1 = n)(Iz — 3)] + Uy + mIs, (7.35)

where £(0) is the shear modulus of the material in the absence of magnetic fields
and, to avoid a conflict of notation, we use [, m, n, respectively, in place of the /g,
B/ 10, v used in Otténio et al. [2008]. Note that lug, mpuo and n are dimensionless,
with n restricted to the range —1 < n < 1, as for the classical Mooney—Rivlin
model. For the reasons discussed in Otténio et al. [2008] we take [ and m to be
non-negative parameters.
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The relevant nonzero components of the magnetoelastic tensors are easily cal-
culated from the formulas in Appendix B as

1
Aoi111 = 5#(0))\%[1 +n+ (1—n)(A3+ A3)], (7.36)
1
Ap2222 = 5#(0)/\3[1 +n+4 (1 —n)(AT + A3)] + 2mB3, (7.37)

1 _
Ao1212 = 5M(O)Af[l +n+ (1 -n)A3], Aogior = AN 2Aoiziz +2mB3,  (7.38)

Aoti22 = —2Ap1221 = p(0)(1 — n)AIN3, (7.39)
Coz2j2 = 2Co12)1 = 4mBy, (7.40)
K011 = 2(m + A;2l), K022 = 2(m + A52l), (741)

from which we deduce, using the notation defined in (6.10)—(6.12), that
28=a+y, b=d. (7.42)
With these values, Eq. (7.19) factorizes in the form

(s? = D{(vKor1 — d*)s* = [yKoaz + (v = pv*)Kon1 — d?]s* + (e = pv*)Koaa} = 0.
(7.43)
Let the solutions with positive real part be denoted s1 (= 1), s2 and s3. Then,

s o Koz + (o = pv*)Konn — @?

S5+ 83 = , 7.44a

2 vKor1 — d? ( )
— 2K

5253 = w. (7.44b)

vKo1r — d?
Note that when v = 0 the bi-quadratic in (7.43) factorizes easily to give the equation
(52 - )\4)[(M0K011 + 4lmB§)52 — uoKOQQ] = O, (745)

as shown by Otténio et al. [2008], although there is a slight error in their Eq. (112),
wherein their o and g should be replaced by 2« and 23, respectively. This has only
minor repercussions for their subsequent results. We also note in passing that for
v # 0, in the special case A = 1, the bi-quadratic factorizes as (s* — 1)[(vKo11 —
d*)s* — Kori (o — pv?)].

Now, by specializing the generalized strong ellipticity condition (5.12) to the
present constitutive model and setting n; = 1,no = 0,m; = 0, me = 1 we obtain
vKo11 — d? > 0. Then, following the same argument as used in the purely elastic
case, we require s3s% > 0 and we therefore conclude from (7.44b) that

p? < a. (7.46)

For the considered model, this upper bound is identical to that in the purely elastic
case and hence independent of the magnetic field.
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We now use s; = 1 and the expressions (7.44a) and (7.44b) in the boundary
conditions (7.24)-(7.27) and set the determinant of coefficients to zero to obtain
the secular equation. The resulting equation is too lengthy to reproduce here, and
we obtain the solutions numerically. For this purpose, we use the standard value
1.257 x 1075 NA~2 of pg together with the value 2.6 x 105 Nm~2 of x(0) that was
adopted by Otténio et al. [2008] based on data for an elastomer filled with 10% by
volume of iron particles from Jolly et al. [1996]. We also use a series of values of
[ and m consistent with the values of the magnetoelastic coupling constants used
in Otténio et al. [2008].

First, we consider the underlying deformation to be one of plane strain in the
(1,2) plane, and we take \; = A\, Ao = A~!, A3 = 1. In this case, the results
are independent of the parameter n in the Mooney—Rivlin model and the upper
bound (7.46) is (0)A2. Let ¢ = pv?/u(0). Then we plot the variation of ¢ with A
for a selection of values of [ and m and a range of values of By in Figs. 1 and 2.
We also consider a deformation for which \; = 1, Ao = A, A3 = A~ and we use
the value n = 0.3 in the Mooney—Rivlin model. Then, the upper bound (7.46) is
1(0)(0.65 +0.35172). Results for this case are plotted in Fig. 3 for two representative
pairs of values of [ and m and a range of values of Bs.

Figures 1 and 2 relate to a plane strain deformation in which the half-space is
subject to compression or extension parallel to its boundary. The result for By = 0
corresponds to the purely elastic case and provides a point of reference. The By = 0
curve cuts the A axis at A\ = A\, ~ 0.5437, which agrees with the classical result for
the critical value of A corresponding to loss of stability of the half-space under com-
pression for the neo-Hookean model (for which n = 1); see Biot [1965] and Dowaikh

Fig. 1. Plot of ¢ = pv?/u(0) versus A1 = X with A3 = 1 for By = 0,2,4,6,8,10 T (curves reading
from left to right): (a) pol = 2, wom = 1; (b) pol = 0.1, wom = 1.
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Fig. 2. Plot of ¢ = pv?/u(0) versus A1 = X with A3 = 1: (a) pol = 2, uom = 0.2 with By =
1,0,2,3,4,5T; (b) pol = 0.2, ugom = 0.2 with B2 = 0,1,2,3,4,5 T (curves reading from left to right
in each case).

and Ogden [1990] for details. By referring to the ¢ = 0 axis in Figs. 1 and 2(b) it can
be seen that the magnetic field destabilizes the material, i.e., instability occurs at a
compression closer to the undeformed configuration where A = 1. For each value of
B5 there is a critical value of A beyond which a surface wave exists, and the wave
speed increases with A consistently with the upper bound (7.46). Note, in particu-
lar, that the undeformed configuration A = 1 becomes unstable as By increases. In
Fig. 2(a) the situation is slightly different since for small values of B the half-space
is initially stabilized as By increases (i.e., the critical value of A decreases below
the classical value A.), but then as B is increased further stability is lost again.
Note that the B, = 0 and By = 1 curves cross over in this case. These results are
consistent with the stability analysis of Otténio et al. [2008].

When there is no compression or extension parallel to x5 = 0 in the sagittal plane
but there is extension (or compression) normal to the boundary and a corresponding
compression (or extension) normal to the sagittal plane the effect of the magnetic
field is different. Figure 3 illustrates this case. Now there is instability for A > 1, at
A >~ 3.4 for B, = 0, and the critical value of A\ decreases with increasing Bs, i.e.,
the magnetic field again has a destabilizing effect. The wave speed increases as A
decreases, again consistently with the upper bound (7.46).

Figure 4 shows plots of the dimensionless squared wave speed as a function of
Bs for the undeformed configuration A = 1 for (a) a fixed value of m and a series
of values of I, and (b) a fixed value of | and a series of values of m. For By = 0 the
curves cut the ¢ axis at the classical Rayleigh value (~20.9126). As By increases then,
depending on the values of the parameters [ and m, the wave speed either increases
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20F

1.5+

(a) (b)

Fig. 3. Plot of ¢ = pv?/u(0) versus A2 = A with A\; = 1 for By = 0,1,2,3,4,5T (curves reading
from right to left): (a) pol = 2, pom = 1; (b) pol = 0.2, pgom = 0.2.

1.0} 1.0}

Fig. 4. Plot of ¢ = pv?/u(0) versus Ba with A1 = Ay = A3 = 1: (a) pol = 0.4,0.8,1.2,1.6,2 and
pom = 1 (curves reading from left to right); (b) pol = 1 and pom = 0.9,1.1,1.3,1.5,1.7 (curves
reading from right to left).

or decreases initially but in each case subsequently decreases to zero with further
increase in By. This emphasizes that the undeformed configuration is destabilized
at a critical value of By dependent on the material parameters. From Fig. 4(a), for
the selected value of m, it can be seen that increasing the value of [ has a stabilizing
effect, while from Fig. 4(b) the reverse is true for increasing m at a fixed value of [.
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7.2. Magnetic induction components (B1,0,0)

The initial deformed configuration is considered to be the same as in Sec. 7.1,
but now we take the magnetic induction B to have components (Bi,0,0). The
corresponding magnetic field H is given by (4.8) and has components (Hy,0,0),
with

Hy = 2(Qu\ 2 + Q5 + QA2 By, (7.47)

which, for the model (7.35), reduces to H; = 2(I\;?+m)B;. The magnetic
boundary conditions on xo = 0 require that H = Hi, so that B} = poHy =
240(INT% +m)By.

From (3.21) and (3.22), the Maxwell stress and its increment in x5 > 0 are
given by

1 0 0 By By 0
SR [ R S P R (7.48)
210 7 po |2 ! | '
0 0 -1 0 0 -B;

7.2.1. Incremental equations and boundary conditions
For the present situation, Egs. (6.8) and (6.9) reduce to
ad 1111 + 2001122 + V9 2202 + ) 111 + P 122 = p(Pa1 + b22) 1,  (7.49)
ad 111 + cd 122 + Kot 11 + Ko119 22 = 0 (7.50)

for x5 < 0, while again (6.13) holds for z5 > 0.
Using the values of 7* and 7* from (7.48) and assuming there is no incremental

mechanical traction on zo = 0 the components of the incremental traction are
obtained from (3.25) with T{ N = €y as
. B* . B*Q . B* . B*Q
Too1 — L B; + L U2,1 = 0, Too2+ L Bf -1 U2,2 = 0 onas =0, (751)
Ho 240 to 2410

with Tyg3 = 0 satisfied identically. From (3.19) and (3.20) we obtain
Bl02 — B; + BTUQJ =0, Hl01 — Hfum — Hf =0 onaxy=0. (752)

Next, we substitute the updated incremented constitutive Eqgs. (4.14) and (4.15)
into Eqs. (7.51) and (7.52) and use (7.6) and the boundary condition o2 = 735,
where 73, = —B;? /240, and follow the same procedure as in the previous section
to eliminate p. This yields

*

B
(v = 2755)11 — vd22 +athy — M; Py =0, (7.53)

B*
(28 +7)b,112 + 7P 200 — P 2ve + 1P 12 — /l; Yy =0, (7.54)
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Bl +¢a1—95 =0, (7.55)

B 1
(c +a— = )¢,12 — —% =0, (7.56)
Ho Ho

each of which holds on x5 = 0.

7.2.2. Surface waves in a Mooney—Rivlin magnetoelastic half-space
We again study surface waves as in Sec. 7.1, with solutions of the form (7.15)
and (7.16). Substituting these solutions into Egs. (7.49), (7.50) and (6.13), we obtain
[ys* — (28 — pv?)s® + a — pv?]P +i(cs? —a)Q =0, (7.57)
i(CS2 — a)P + (K01182 — KOQQ)Q =0, (758)
and s*? = 1, where the wave speed is again given by v = w/k.

For the solution ¥* to decay as xo — o0, we take s* = —1. For nontrivial

solutions for P and @, we set the determinant of coefficients to zero and obtain a

cubic equation in s2:

YKo115% — [Ko11(26 — Pvz) + vKo2z2 — 62]34
+ [Kori(a — pv?) 4 Koz (28 — pv?) — 2ac]s?
— Kogz(a — pv?) +a? = 0. (7.59)
For the Mooney—Rivlin magnetoelastic material given by (7.35), the nonzero

components of the magnetoelastic tensors are obtained from the general formulas
in Appendix B as

1

Aoi111 = 5#(0)/\%[1 +n+ (1 —n)(A; + A3)] + 2mB3, (7.60)

1
Ao2222 = 5#(0))\3[1 +n+(1—n)(A] +A3)], (7.61)

1

Ao2121 = 5#(0))\3[1 +n+(1-n)A3], Aoi2iz = A A 2 Aozia1 +2mB;,  (7.62)
Aot122 = —2Ao1221 = p1(0)(1 — n)ATA3, (7.63)
Coi1j1 = 2Co12)2 = 4mBy, (7.64)
Ko = 2(m + A\ 21),  Koga = 2(m + Ay 21), (7.65)

from which, using the notation defined in (6.10)-(6.12), we obtain

28=a+7vy, c=a. (7.66)
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Substitution of these values in (7.59) yields the factorization
(82 = 1) {vKo115* — [YKoaa + (a— pv?)Ko11 —a?]s? + (a— pv*)Koee —a®} = 0. (7.67)

We note in passing that the second factor in the above can be factorized in simple
form in two cases: for v = 0, we obtain (52 — A\*)(vKo115% — vKozz — 4lmA~2B?); for
A = 1, the result is (52 — 1)[yKo115% + a? — Ko11 (o — pv?)].

Let s;1 = 1, and let so and s3 be the solutions of the second factor with positive
real part. As in the previous section we require s3s3 > 0, which, after noting that
v > 0, Kg11 > 0 and Kgoe > 0 and specializing the generalized strong ellipticity
condition as in Sec. 7.1, gives

pv? < a —a?/Koaz, (7.68)
the right-hand side of which is positive. As distinct from (7.46) the upper bound in
(7.68) does in general depend on the magnetic field.

We again take the solutions for ¢, ¢ and * as (7.15) and (7.16). Substituting
these into the boundary conditions (7.53)—(7.56), we obtain

(7_2752)2Pj+’723?13 IGZQJ
J J

(28 + v — pv?) Z‘Sﬂ 7233P 1chij—1—R—0 (7.70)

= (7.69)

By Pi—iY Q;+iR=0, (7.71)
J J

B’f) o1
ct+a—— siP; —i—R =0, 7.72
( o ZJ: 7 o ( )

along with the connection between @); and P; from (7.58):

i(a — cs?)

3
Koi1s; — Kooz

Qi = P, i=1,23. (7.73)

Again, > j signifies summation over j from 1 to 3.

As in the previous section, we have seven linear equations in Pi, Py, Ps,
Q1,Q2,Q3 and R, and the solution follows the pattern therein. The results for
AM=Md =X A3=1and \; =1, Ay = A\, A\3 = A~! are shown in Figs. 5 and 6,
respectively, and are broadly similar to those shown in Figs. 1 and 3 except that the
effect of Bj is significantly stronger than that for By. Indeed, much smaller values
of By than By are required to produce comparable effects. The upper bound (7.68)
depends on the magnitude B; but the values of ¢ shown do not reflect this because
of the relatively small values of B; used.
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(b)

Fig. 5. Plot of ¢ = pv?/u(0) versus A1 = A with A3 = 1 for By = 0,0.03,0.06,0.09,0.12 T (curves
reading from left to right): (a) pol = 2, uom = 1; (b) pol = 1, uom = 1.

20F 20F

1.5

0.5

Fig. 6. Plot of ¢ = pv?/u(0) versus Az = A with A\; = 1 for By = 0,0.03,0.06,0.09,0.12 T (curves
reading from right to left): (a) pol = 2, pom = 1; (b) pol = 2, pom = 0.2.

8. Out-of-Plane Considerations
8.1. Magnetic induction components (0,0, Bs)

The initial and deformed configurations are considered to be the same as in Sec. 7.2
except that the magnetic induction is taken to have components (0,0, B3). The
incremental quantities are as in the previous sections, i.e., we consider only incre-
mental motions and magnetic induction components within the (1, 2) plane. In fact,
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the full three-dimensional (3D) equations decouple in this case and the out-of-plane
motion can be considered separately, as discussed in Maugin and Hakmi [1995].

From Egs. (6.8) and (6.9), with the components of the moduli tensors appropri-
ately specialized, we obtain

ag 1111 + 200 1122 + 79,2222 = p(P,11 + D,22) 11 (8.1)

Ko22%,11 + Ko119,22 = 0, (8.2)

which apply in 29 < 0, and again (6.13) holds in x5 > 0.
The boundary conditions for the underlying configuration require that H3 = Hs.

Thus, Bf = uoHs = 2,uo(l)\§2 + m)Bs. If we assume there are no mechani-
cal tractions, then 799 = 735. The normal components of the Maxwell stress are
735(1,1,—1), where 73, = —B3? /2. The incremental boundary conditions reduce
to Too1 = —Tiata1, Tooe = —Tiyuz 0, Toos = pg By Bs, Bios = By and Hypy = Hf.

Note, in particular, the appearance of the out-of-plane shear traction term. After
differentiating the Tyso condition with respect to a1, substituting for p,1 from an
appropriately specialized form of (6.2) and then substituting for the potentials ¢,
1 and ¢*, we obtain (on dropping the factor v # 0 from the first equation)

P11 —¢P22=0, (28+7)p112+7b22 —pdot =0 onzy=0, (83)

my = (L+mA32)n, i =v7%, Koua=pp v onzy=0. (84)

Except in the very special case for which [ = 0 and A3 = 1 the latter equations
are incompatible unless there is no incremental magnetic field. Thus, the problem
reduces to a purely mechanical problem for the potential ¢. For the considered
model none of the moduli components depend on Bj, so the magnetic field has no
effect on the propagation of elastic surface waves. More generally, however, for the
considered underlying deformation and magnetic field, Eq. (8.1) and the boundary
conditions (8.3) apply for an arbitrary form of isotropic energy function 2 and
therefore, the coefficients then do involve Bs.

9. Concluding Remarks

The analysis in Sec. 7 shows that magnetic fields can have a significant effect on
the speed of surface waves propagating in a half-space of magnetoelastic material
and on the mechanical stability of the half-space. For each of the in-plane directions
of the magnetic field an upper limit on the wave speed is obtained, similar to that
obtained in the purely elastic case but with, in general, dependence on the magnetic
field. In the absence of a magnetic field, the equations reduce to those of the purely
elastic case given by Dowaikh and Ogden [1990], and for the purely static problem
results on the stability of a magnetoelastic half-space due to Otténio et al. [2008]
are recovered.

For a Mooney—Rivlin type magnetoelastic material an initial magnetic induction
in the sagittal plane in general destabilizes the material and surface waves exist
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only for values of the stretch beyond a certain critical value (which depends on
the chosen material parameters). If the magnetic induction is in the direction of
wave propagation, it has a significantly stronger effect than in the case when it is
perpendicular to the direction of wave propagation within the sagittal plane. For
configurations in which the half-space is stable the dependence of the surface wave
speed on both the underlying finite deformation and the magnitude of the magnetic
induction was illustrated graphically.

We have also discussed briefly the equations governing in-plane motion for the
situation in which the initial magnetic induction is normal to the sagittal plane.
For the Mooney—Rivlin model it was found that the magnetic field has no effect
on the surface wave speed. As is well known, the fully 3D equations decouple into
planar and out-of-plane modes. We have not considered the out-of-plane (SH or
Bleustein—-Gulyaev wave) motion here but the combined effect of deformation and
the magnetic field on such motions will be examined in a forthcoming paper.
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Appendix
A. Derivatives of the Invariants

The first and second derivatives of the invariants (4.4) and (4.5) with respect to F
and B; were given in Otténio et al. [2008]. We repeat the nonzero ones here for ease
of reference.

ol 0l 013 _
oF, ~ 2Fiw R, = Aenlia = cali), Gp-=2BEL
ol ol
8F-5 = 2By (Fiy Biy), 3F§— = 2(F;yBycapBig + Fircy3BigBia),
ol ol Is 1
= (e8] —:2(XB7 —:20( B7 7:2515(X7
0Bl ™ BBy, PP gp,, T T CBT Gp ok, i0es
0%1,
OFa0F,; 2(2FiaFjp — FigFjo + ¢y10ij0ap — bijbap — capdij),
82.[3 —1 —1 —1 —1 82_[5
S ALF'F 2L F L, ———2— =26, Bia B,
OFia0F;5 2ot 701 T E3Tei T8 R 9F, J e
%I
DFdly; 2(6i (Cary Biy Big + €3y Biy Bia) + dapFiy Biy Fjs Bis

+ Fi'yBl'ijaBlﬁ + Fj'yBl’yFiﬁBla + bijBlaBl,B]y
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ﬂ—za Fy By, + 2B, F;
8FiaaBlﬁ = afliyDly lat™iB,
921,
OF,00Bis 2Figcay Bry + 2Fiy Brycap + 2FiyypBia + 20ap Fiyeys B,
0%1, 05 %I 5 %I 5
5 — 208 o5 an— — 2CaB T ap— — 2Ca~rCys-
9B1a0By3 7 9B1,0Bis 7 9B1,0Bis S

B. Magnetoelastic Tensors

For an isotropic material, Ag, Co and Ky can be expanded in terms of the derivatives
of the invariants as follows, with Q,, = 9Q/d1,, and Q,,, = 0*Q/01,,01,:

A .,_J—lzZQ FF %%+J—12QF F ﬂ
B meT nel e qﬁaFm OFjp nex o qﬁaFiaaij’,

6
oI, OI 0%1,
B ‘ 1 m n . -1__ = n
Cgmk = E E anFJoz Bk (9315 OF,, + ZQ"FJO‘Fﬁk 6Fm(93m7
n=>

meJ nel
al,, I, oI
Koij =T Y Y QP Fpl 22 T Y F Pyt
med ned 8Bla aBm e aBlaaBm

We recall that 7 = {1,2,3,5,6} and J = {4,5,6}. For an incompressible material
7={1,2,5,6} and J = 1.

When referred to the principal axes of the left Cauchy—Green tensor b with
principal stretches A1, A2, A3 and components (B, Bz, Bs) of the magnetic induction
B the components of Ay, Cy and K are given explicitly for a compressible material

as, for i #£ j £ k #£ 1,

Avizii = 27 A7 [ 4 (A7 + A8) Q2 + ATAEQs + AJA;B7 (5 4 6A7€%)]
FATTINHQu + 200 + A0 Q2 + (A + M) Qoo
+ NN (203 4 2(AF + A7)Qas + ATAZQas] 4+ 2A5A7 BY [Q45 + 2M7 Q16
(N2 22) Q05 + 202(A2 + A2) Qg + A2AZ Qg5 + 203823]
+ /\?/\%321(955 + 4AN2 Q56 + 40 Q66) ),

Aviiij = 4B; B JN{Q6 + Q5 4+ (A7 + A2)25 + ATAZ 235
+ (A7 4 A0 [Q16 + (A7 + A7) Q26 + ATAT Qse]
+ XA B Q55 + (3A7 + A7) Q56 + 2A7 (A + A3)es]}

Aviiji = 2BiB;J{Qs5 + (A7 4 3A7)Q6 + 207 [Q1s5 + (AT + A7) Qa5 + AT A7 Q5]
+ 207 (A7 + AD)[Q6 + (AT + A7) Qa6 + AT AR Qs6)
+2J%B7[Q55 4 (3X7 + A2)Qs6 + 2A7 (A7 4 A7) Q] },
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Aoiijj = 4J71>\12)\?{Qz FA2Q3 + Q1+ (I + A0 + (I + A Qa0
+ AT + X5 + (T2 + ATA) Qa3 + I5€233]
+AL(NIB? 4 N B3) (15 + ApQas) + 213(A7 B + A2 B2) (a6 + AfQs6)
+ I3(B} + B2) (206 + Q25 + 203 Q26 + A7 235)
+ IsAY B} B7 [Q55 + 2(A7 + A7) Q56 + 4A7 A7 Q6]
Aoijij = 2J 7N + A2 + BIXIAIQs + AAL(2BIA? + BIA? + BIA7)Qg
+2B7 B2 NIN Q55 + 2(N] + A0)Qs6 + (A7 + AZ)* Qo)
Aoijji = 2 NN = Q2 — A\fQs + AR (NI B + A7B7)Qs
+2B7 BTN [Qs5 + 2(A7 + A)Qs6 + (A + A)*Qesl},
Aviiji = 4B BrJ N {5 + (A3 4+ A7) (Q25 + Qi6) + (A + A7)* Qa6 + AT A7 085
F A2+ A2) Qa6 + BIAIAZ Q5 + (I1 + AD)Qs6 + 207 (A2 + A7) 6]}
Aoijki = Avijir = 2B; BrJ {3 Q6 + 2B2J*[Qs5 + (I1 + A1) Q6 + (12 + X)) Q6] },
Aojiri = 2B BrJ{Qs + I + 2B J?[Qs5 + (I + 22)Qs6 + (I2 + A})Q66]
Coiifi = AB; J{Qs + 203Q6 + Qua + N7 Qu5 + A Q6
+ (A7 + A7) (R4 + A7 Qa5 + AfQag) + ATAZ (Qas + A7 Qa5 + A} Qs6)
+ B?A?Ai [Qus + A2Qs5 + A Qs6 4+ 202 (Qug + A2Qs6 + A7 Q6] ],
Coii|j = 4BjJ)\12)\;2{Ql4 + A?Q15 + )\?916 + ()\f + A2) (a4 + )\?Q% + )\?Q%)
+ NIAL (34 + A2Qs5 + AjQ36) + BIATAL Qs + A3 Q55 + AjQs6
+ 227 (Q6 + A3 Q6 + AJ6)] )
Coijli = 2B;J{Qs + (A7 + X)) + 2B NI AR [Qus + A7 Qs5 + AfQs6
+ (A7 4 A3) Qs + AP Qs6 + A/ Q66)]}
Coijik = 4Bi BB X} A3 [Qs + AiQs5 + Ais6 + (A7 4 A7) (Qus + AiQs6 + AuL6)],
Koii = 2JA72{Q4 4+ A7 Qs + Af Q6 + 2BI NI AR [ Qs + A7 Qus + A Q6
+A2(Quas + A5 + A Qs6) + A (Qug + A2 Qs6 + A Q6] ),
Koij = 4B; B J A;[Quas + A7 Qs + AfQug + A2 (Qus + A7 Q55 + Afs6)
+ NS Qs + A7 Q56+ A} Q6)].

For an incompressible material the above formulas apply with J = 1,13 =1 and
with all terms in ) carrying a subscript 3 omitted.
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